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Abstract. Lattice-based polynomial commitment schemes (PCSs) promise post-quantum
SNARKs with two properties that elliptic curves provide and hash-based schemes, today’s
deployed post-quantum default, do not: concretely small proofs and commitment time propor-
tional to the number of nonzero entries in the committed polynomial rather than its length.
The second property is essential to Twist and Shout (CRYPTO 2026), the fastest known
memory-checking arguments and a core component of the Jolt zero-knowledge virtual machine
(zkVM): their prover commits to enormous polynomials that are almost entirely zero. Yet
despite a wave of recent work, existing lattice-based PCSs achieve at most two of the three
properties that deployment demands: small proof size, fast verification, and soundness from
standard assumptions such as Module-SIS.

We present Akita, a lattice-based PCS that achieves all three. We improve on the square-
root-time verifier of Hachi (ePrint 2026), our direct predecessor, through a new setup offloading
technique: the public setup matrices are committed ahead of time, and the verifier’s work in
processing them is deferred and proved against these commitments. For any fixed K ≥ 2, this
reduces verification time to ÕK,λ(N

1/K) while preserving ÕK,λ(logN) proof size, ÕK,λ(N)
prover time, and security from standard Module-SIS. We also optimize every fold from root to
tail and iterate the fold to completion. This includes an optimized digit range check, relation-
specific ring dimensions and subring challenges, complementary methods for embedding field
evaluations and checking ring relations, commitments compressed to 128 bytes each, and exact
Euclidean norm checks for tighter Module-SIS parameters.

Beyond the core protocol, Akita provides the capabilities needed for deployment in a zkVM:
batched openings of separately committed polynomials, low-communication distributed proving,
and an offline planner for selecting secure parameters under configurable cost objectives. We
implement Akita in Rust and benchmark it against existing lattice-based and hash-based PCSs.
Across these benchmarks, Akita produces proofs of only 61–72 KB, matching Greyhound’s when
both schemes are calibrated to the same lattice-security target, while verifying 19.2× to 89.7×
faster. Akita’s prover uses the least memory: beyond storing the polynomial itself, its memory
overhead grows sublinearly in the polynomial size. We also integrate Akita into Jolt. For every
program size we evaluate, Jolt-with-Akita achieves a 1.3× to 2.2× prover speedup and 2.2× to
7.4× verifier speedup over Jolt-with-Dory, while producing comparable proof sizes, with every
proof below 100 KB.
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1 Introduction

Succinct non-interactive arguments of knowledge (SNARKs) are undergoing the same post-quantum transi-
tion as the rest of deployed cryptography, away from the elliptic curves that many SNARKs in production
today [45,41,26] are based on. Most SNARKs follow a common template: an information-theoretic polyno-
mial interactive oracle proof (PIOP) [29,27] composed with a polynomial commitment scheme (PCS) [55].
The migration thus concentrates in the PCS: replacing a curve-based PCS with a post-quantum one makes
the entire argument post-quantum.1

In practice, this “post-quantum PCS” slot has been filled almost entirely by hash-based schemes: Reed-
Solomon-based protocols such as FRI [15], STIR [8], and WHIR [9]; general code-based multilinear com-
mitments such as Ligero [6], Brakedown [44], BaseFold [89], and Ligerito [81]; and the binary-field line of
Binius [34,35], Blaze [25], and Bolt [47]. These now underpin deployed proof systems at scale, including
Succinct’s SP1 [87], Lighter’s Plonky2-based exchange rollup [69], and the many provers in the Ethereum
Foundation’s real-time proving effort, Ethproofs [36,37].

The dominant hash-based PCS paradigm gives up two advantages of elliptic-curve commitments that
matter: small proofs and pay-per-bit commitment time. On proof size, its concrete proofs commonly reach
hundreds of kilobytes: with proven soundness (that is, no reliance on conjectured proximity gaps [7,38]) and
practical code rates such as 1/2 or 1/4 (avoiding the prover slowdown of lower rates), the smallest proofs
(using WHIR) are O(λ2 logN + λ log2N/ log logN) asymptotically, where N is the polynomial size, and
at least 160KB for non-trivial instances [9,67]. On commitment time, a curve-based commitment applies a
linear map directly to the data, m 7→

∑
imiGi, for fixed public group elements Gi. Committing to a sparse

vector therefore costs only its support, the set of nonzero entries. The dominant Reed–Solomon-and-Merkle
construction instead commits to a dense error-corrected codeword, so its standard commitment procedure
processes the entire codeword even when the original vector is sparse.2

Lattice-based PCSs recover both properties in principle: an Ajtai-style commitment applies a linear map
to a small-integer decomposition of the message, retaining pay-per-bit commitment time. Some schemes
achieve logarithmic-size opening proofs; among these, some attain concrete proof sizes as small as 50–
60 KB [78,76]. A flurry of recent constructions [16,78,76,52,56,57,58,53,51] has pushed the family toward
practicality, yet none is ready to be deployed, in a sense we make precise by looking at what our target
application demands.3

Jolt [10,11] is a zero-knowledge virtual machine (zkVM) that proves correct execution of (64-bit) RISC-
V programs, and its Twist and Shout memory-checking arguments [86] commit to one-hot polynomials:
concatenations of standard basis vectors ej , one per execution step, with j the memory cell that step touched.
Hence, we first desire that commitments and openings exhibit pay-per-bit cost. Second, the opening protocol
must verify in tens of milliseconds rather than hundreds of milliseconds or seconds. Third, proof size should
be concretely small, tens of kilobytes rather than the hundreds that hash-based schemes pay, and finally,
security should rest on standard, well-studied assumptions. Jolt today uses Dory [68], a curve-based PCS
that satisfies all four, but is not post-quantum secure; a lattice-based PCS built on Ajtai commitments seems
to be the natural replacement.

What, then, prevents Jolt from adopting an existing lattice-based PCS? For existing constructions, the
latter three requirements form a trilemma: each scheme achieves at most two of the three. Greyhound [78]
and Hachi [76] obtain small proofs from standard Module-SIS,4 but verify in time square-root in the polyno-
mial size. Alternate designs such as RoKoKo [58] and Grand Danois [53] reach polylogarithmic verification

1 A rigorous proof requires security against quantum adversaries, which means, among other things, that Fiat-Shamir
security needs to be in the quantum random oracle model (QROM); we discuss the status of Akita in Section 1.1.

2 This linear cost is not inherent to every code. Systematic-code constructions such as Brakedown and Bolt [44,47]
retain the original message as part of the codeword, and hence could benefit from one-hot or other highly repetitive
structure, though the practical speedups remain unclear.

3 The closest to deployment is the recent LaBRADOR-based zero-knowledge toolkit of Biasioli et al. [17], which
extends the LaZer library with a concrete implementation. Its verification time is linear, as in LaBRADOR: on
large instances, verification takes more than one second and runs at one-third to one-half of the proving time (see
Tables 1 and 2 of [17]).

4 Module-SIS (along with Module-LWE and their unstructured versions) are among the most well-studied lattice
assumptions, with known worst-case-to-average-case reductions [2,60], an extensive history of cryptanalysis, and
underlying the security of NIST-standardized ML-DSA [75].
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by leaning on stronger, more structured assumption variants (vanishing SIS [30]) that have received far less
cryptanalytic attention, and the former also on a heuristic challenge set ensemble. The final set of schemes
obtains polylogarithmic verification from standard lattice assumptions [23,3,31], but either gives no concrete
parameterization or carries proofs in the megabyte range. This trilemma is only the first obstacle. A de-
ployable PCS must also provide the specific capabilities that a zkVM requires. Namely, Jolt commits to its
execution trace, untrusted advice, and preprocessed program data at different stages of the protocol, includ-
ing offline stages, then opens them together in one proof, each commitment’s parameters fixed long before
the online commitments are known. Its prover must scale beyond a single machine for large statements;
its many interacting parameters must be chosen mechanically and auditably rather than by hand; and its
implementation must withstand scrutiny.5

This brings us to the central question this paper sets out to answer:

Can we design and implement a lattice-based PCS with concretely small proofs, a fast
verifier, and security from standard Module-SIS?

1.1 Our Contributions

We answer this question with Akita, a new lattice-based PCS that satisfies all three properties. We build
on Greyhound and Hachi, which achieve small proofs under standard Module-SIS but retain a square-
root-time verifier [78,76]. Our new setup offloading technique reduces the verifier’s asymptotic work to
any constant root; with concrete parameter tuning, single-threaded verification takes less than 20 ms even
for a 230-sized polynomial (Theorem 1.1 and Section 13). We also introduce techniques that substantially
improve Hachi’s central folding reduction, making its range checks and ring-relation checks cheaper and
its commitments smaller, and tune these techniques across the recursion to make folding to completion
practical. Our evaluation shows that Akita is competitive with existing lattice-based and hash-based PCSs,
and when integrated into Jolt, gives 1.3–2.2× faster proving and 2.2–7.4× faster verification, with proofs
remaining below 100 KB (Section 13). We prove noninteractive knowledge soundness of Akita in the classical
random oracle model (ROM); a proof in the quantum random oracle model (QROM) remains future work
(Sections 10 and 14).6

Verifier offloading and constant-root verification. We start by isolating the two contributions to Hachi’s
verifier cost, and explain how we overcome the square-root barrier. For a multilinear polynomial represented
byN Boolean evaluations, Hachi divides these evaluations into B blocks; in the first fold, the verifier processes
B folding weights and evaluates a public commitment matrix on a block of length roughly N/B. These costs
sum to roughly B +N/B, minimized at B ≈

√
N ; using fewer blocks is offset by a larger matrix evaluation

(Section 9.1).
We break this tradeoff by asking the prover to prove the matrix contribution using Akita itself. Since the

setup is public and fixed in advance, we can commit to the required setup prefixes during preprocessing.7

At opening time, an inner-product sum-check reduces the matrix computation to an evaluation of a setup
polynomial. We pass this opening to the next fold alongside the recursive-witness opening, so both claims
are checked in that fold against their respective commitments (Section 9). We can repeat this process in
subsequent folds until offloading no longer provides a benefit, then return to direct matrix evaluation.

We tune the block counts and offloading depth to obtain an asymptotically Kth-root verifier for any
constant K ≥ 2, while preserving quasilinear prover time and polylogarithmic proof size. The recursion
schedules keep the combined witness and setup obligations shrinking through the recursion, giving the
following guarantee.

5 A recent security review found critical vulnerabilities in several open-source lattice argument implementations [83].
Appendix F records two issues in public protocol descriptions and several additional mismatches that we found
between released implementations and their stated security arguments.

6 Our Module-SIS parameters are evaluated against quantum lattice attacks, see Appendix C. That cost model is
separate from the Fiat–Shamir theorem.

7 As we explain in Section 4.3, our matrices are sampled as prefixes of a shared flat setup vector of random field
elements. This optimization has appeared in prior lattice-based PCS implementations; our security proof explicitly
accounts for the shared entries (Section 10).
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Table 1: High-level comparison of concretely oriented lattice PCSs. Every scheme has Õ(N) prover time.
Concrete proof sizes are each work’s reported benchmark or estimate, not an apples-to-apples parameter
comparison; see Section 1.2 and Appendix F for qualifications.

PCS Binding
assumption

Proof size Verifier Artifact

Greyhound [78] M-SIS Õλ(logN); 46–53 KB for
N = 226–230

Õλ(N
1/2) End-to-end C,

AVX-512 only

Hachi [76] M-SIS Õλ(logN); 55 KB for
N = 230 (estimate)

Õλ(N
1/2) Partial Rust, single

fold

Jindo [51] M-SIS Õλ(N
1/3); 315–1207 KB for

N = 214–220
Õλ(N

1/3) End-to-end Go

RoKoKo [58] vSIS Õλ(logN); 115 KB for
N = 226–230 (Table 8 in
Section 13.2)

Õλ(logN) End-to-end Rust

Grand
Danois [53]

vSIS Oλ(logN); 80–90 KB for
N = 232 (estimate)

Oλ(logN) No implementation

Akita M-SIS Õκroot,λ(logN); 61.3–67.3 KB
for N = 222–230 (Table 8 in
Section 13.2)

Õκroot,λ(N
1/κroot) Production-feature-

complete Rust

Theorem 1.1 (Constant-root verifier, informal). For every fixed integer K ≥ 2, Akita can be param-

eterized to open a multilinear polynomial represented by N Boolean evaluations with prover time ÕK,λ(N),

ÕK,λ(logN) proof size, and verifier time ÕK,λ(N
1/K). Knowledge soundness holds in the classical random-

oracle model, assuming Module-SIS remains hard for the growing parameters specified in Section 9.4.

The verifier’s expanded setup has the same asymptotic size as its running time, in addition to the
setup seed and commitments to the offloaded prefixes. The notation hides polylogarithmic factors in N and
dependence on K and the security parameter λ. We give an explicit family of schedules realizing this tradeoff
in Section 9.4, including the required growth of the SIS parameters.

For concrete efficiency, we often offload only one or two levels: removing the largest setup scans already
saves substantial verifier work, while further offloading may no longer provide any verifier benefit. This comes
at a minor increase in prover time, which goes asymptotically to zero, and a 2.4− 4.4KB overhead in proof
size; see Section 2.4 for precise data.

An optimized digit range check. Norm checks are a central component of lattice-based proof systems; existing
works either check coefficient-wise (L∞) or Euclidean (L2) norm of the recursive witness. Hachi uses sum-
check to prove the former, which take the form of a degree-b vanishing polynomial for a balanced b-element
digit alphabet;8 for L digits, this incurs O(b2L) prover work and Θ(b logL) proof size. The optimizations we
provide reduce the prover time to O(bL), and, with equality-factored sum-checks [46], the range sum-check
round communication to 2(log2 b− 1)⌈log2 L⌉+O(1) challenge-field elements; see Sections 2.3 and 6.1.

Our first optimization exploits the symmetry of the balanced alphabet: since the digits k and −(k + 1)
give the same value under w 7→ w(w + 1), we only need to check half as many transformed values. We then
apply a GKR-style product-tree reduction [43] to this smaller (b/2)-degree predicate, checking layers with
branching factors of two or four to give the smallest proof size. Our implementation further accelerates the
prover using the small-value techniques of Dao et al. [33].

A complete opening optimized from root to tail. To make Akita efficient, we must carefully optimize all folding
steps, which have very different requirements at the root and toward the tail end. For the former, efficiency
is the most important concern; this is where we optimize for the least verifier work through reducing the

8 Both Hachi and Akita use the negative-biased balanced alphabet Ab := {−b/2, . . . , b/2−1}. For example, three-bit
digits have b = 23 = 8 and range over {−4,−3,−2,−1, 0, 1, 2, 3}.
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setup sizes, and possibly doing offloading on this already-small setup. At the end, we remove components
that trade off smaller proof size in that fold for a larger witness in the next fold, and adopt tighter L2

norm checks (in addition to the digit range check above) to reduce the size of the remaining witness parts.
These considerations are possible due to the different ways in which we embed evaluation claims, check ring
equations, send commitments, and bound responses across the recursion.

First, to embed evaluation claims for the large early witnesses, we pack coefficients directly into the
commitment ring and restrict folding challenges to a subring, allowing each block’s partial evaluation to
occupy fewer coordinates. In later folds, Hachi’s trace-based packing permits smaller commitment rings and
shorter opening material, at the cost of using Diamond and Posen’s tensor reduction [35] to connect the
original base-field evaluation to the packed claim. This reduction supplies the binding missing from Hachi’s
base-field shortcut [76, Section 3.2, p. 14] (Appendix F.1). We also incorporate the trace identity directly
into the field relation, removing the ring element Hachi transmits for its trace check (Section 2.5).

Second, we introduce a quotient-free method for checking the ring equations over a field, using sum-check
over the field itself. The alternative used in Hachi is the quotient-lifting technique of Huang, Mao, and
Zhang [50], whose tensor-structured matrix weights give cheaper prover and verifier evaluations, but need
to supply additional quotient polynomials that become extra witness material for subsequent folds. Our
quotient-free method instead incorporate the ring reduction into public weights, using the same linear map
that concurrent Grand Danois [53] expresses through a rotation matrix. These weights are concretely more
expensive to process (though asymptotically the same), but eliminating the quotient material benefits the tail
end, where witness savings are important. We otherwise adopt the ring quotient-lift sum-check unchanged
from Hachi at the early folds (Section 2.6).

Third, we reduce the size of the two commitments sent in each fold by compressing them to only 128
bytes each. The idea is simple: we start with normal commitments (which is anywhere from 1− 8KB), then
repeatedly digit-decompose then re-commit, using binary digits for the smallest final payload; for 128-bit
security, two rounds of this is enough (Section 2.7). This closely matches the idea in Orthus [18]; however, we
use a more gradual process of compression, compared to their one-step approach, which yields compressed
commitments more than twice as large (Appendix F.2), and handle the resulting binary-ness obligation
differently, by fusing with the already-present digit range check. We eventually stop compression when the
compression binary digits starts becoming a non-trivial part of the next witness.

Fourth, we further reduce the witness size by adopting sum-checks that certify an exact bound on the
response’s total squared norm, combined with possible operator-norm rejection sampling for the ring folding
challenges.9 While both are established ideas and adopted in many prior works, here our contributions
are two-fold: we verify exact, not approximate L2 norm, and we seamlessly integrate this check with the
existing sum-check instances for range and ring-relation checks (Section 2.8). When the field is too small for
the whole-response bound to fit, we prove smaller inner products between the digits, recover their integer
values, and reconstruct the full squared norm over the integers (Section 6.2). Finally, we adopt LaBRADOR’s
specialized handling of the terminal opening. In particular, we use a single layer of commitment, send the
partial opening evaluations instead of committing to them, and send only the folded response last.

Batching commitments formed at different times. We support opening independently formed commitments
in one proof, as required by Jolt, which commits to its trace, advice polynomials, and preprocessed data at
different stages of execution. This builds on Greyhound’s batching [78, §3.2], but extends it to handle these
temporally separated cases. The main issue in our setting is the digit alphabet certified by the shared range
check. We fix this alphabet before forming the commitments,10 while allowing the source, carried-digit, and
response bases to differ. Their digits must fit the common alphabet, and each commitment must be sized
for its full digit-difference bound. We impose the same compatibility condition when batching a setup-prefix
opening with the next recursive witness (Sections 4.6 and 5.5).

Response chunking for distributed proving. For huge polynomials that cannot fit on a single machine, such
as arises in Jolt proving of large RISC-V programs, we provide an option for Akita to be able to prove across
multiple machines, keeping low (sub-square-root) communication. The key bottleneck is the computation of

9 Adopting both these levers can often lower the module rank by 1 or 2, compared to only using the coefficient-wise
L∞ norm check, for the concrete tail witnesses that we observe.

10 For prover efficiency, we choose 3-bit balanced digits, or equivalently the set {−4,−3,−2,−1, 0, 1, 2, 3}
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the folded response, which requires an all-gather-reduce followed by an all-broadcast between the machines.
The solution is to change the protocol itself: let each machine, which we assume is holding some number of
consecutive blocks, compute its own response chunk and decompose it, then modify the relation checks to
recompose and sum up these chunks whenever needed. This avoids the exchange needed to form a global
response, at the cost of a larger recursive witness, proof, and verifier workload. We thus do response-chunking
only until communication is cheap enough, then switch to a regular fold; the verifier explicitly rejects protocol
parameters with too many chunks, which may inflate its needed work.

Offline planning and independent validation. Akita is a complex protocol with many moving parameters,
making it a non-trivial task to choose parameters that lead to secure and efficient protocols. While many
parameters have clear, Pareto-optimal choices, others may not, wherein increasing one may positively affect
some aspects (e.g., proof size or prove time) at the expense of another (e.g., verifier time).

We provide a comprehensive offline planner that does this automatically, given the input polynomial
shapes. Our planner searches exhaustively over complete recursive schedules; For each candidate fold, it
derives the witness and any setup opening passed to its successor, then compares the cost of finishing the
proof. We set the planner to roughly prioritize for verifier efficiency (via the minimum setup size as a rough
metric), followed by proof size and prover work. A selected schedule, once created, is validated to be secure
independently of the search. We provide a separate validator that reconstructs every folding transitions and
checks the protocol and security conditions. Prover and verifier then reuse the validated schedule (Sections 10
and 12.3).

Implementation and evaluation. We implement Akita in Rust with optimized field and cyclotomic-ring arith-
metic, sparse commitments for Jolt’s one-hot inputs, batched openings, distributed proving, and independent
schedule validation. Our evaluation answers two questions: whether Akita is competitive with existing lattice-
based and hash-based PCSs, and whether Jolt integrated with Akita is meaningfully better than the current
version of Jolt (with Dory as the PCS). We report on the numbers, including Akita’s strengths and current
weaknesses in (Section 13).

Another standalone implementation we provide is a SIS estimator written in Rust, following the Python /
Sage version [4]. Its efficiency is around 3 orders of magnitude over the latter, which provides the scalability
needed to generate a comprehensive table of secure SIS parameters; our planner subsequently uses these
cached tables to generate schedules.

1.2 Related Work

From LaBRADOR to Hachi. We build on a line of lattice arguments that predates the first lattice PCS.
Bootle, Lyubashevsky, Nguyen, and Seiler developed sublinear lattice arguments without PCPs [24], while
Bootle, Chiesa, and Sotiraki brought sum-check into this setting [22]. ALS20 introduced the weak-opening
abstraction and the cross-multiplication argument that underlies its binding [12]. LaBRADOR assembled
these ingredients into a recursively self-composed argument with a two-tier Ajtai commitment and an explicit
norm reset [16]. Its proofs grow logarithmically, with reported sizes of 47–58 KB for R1CS instances with
210–220 constraints, but its verifier remains linear in the witness size [16]. Our aim is to retain this concrete
compactness while reducing the verifier work.

The short ring challenges used in this lineage have a still older provenance. Sparse, small-norm challenges
already appear in lattice identification and Fiat–Shamir protocols [71]. Lyubashevsky and Seiler [73] proved
the small-element invertibility theorem for partially splitting cyclotomic rings that makes the difference of
two such challenges invertible.

Greyhound turned the LaBRADOR machinery into the first concretely efficient lattice PCS [78]. Its split-
and-fold evaluation protocol has a square-root verifier, and recursive compression gives a reported 53 KB
proof at degree 230. Hachi moves the verification of a fold from ring arithmetic to field arithmetic using
two ingredients [76]. Its trace identity for embedding extension-field inner products into a cyclotomic ring
generalizes the trace technique of LNP22 [72]; its reduction of ring relations to field sum-check is the quotient-
based ring-switching method of Huang, Mao, and Zhang [50]. Hachi reports a 12.5× verification speedup over
Greyhound at comparable proof size, but its concrete protocol performs one Hachi fold before delegating the
remaining witness to a Greyhound tail.
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Recent extensions of LaBRADOR. The LaZer toolkit makes LaBRADOR useful for witness-private ap-
plications by integrating the linear-size zero-knowledge proof of LNP22 and implementing the resulting
composition [17,72]. Orthus addresses a different limitation: it adds a reduction for batched lattice relations
that achieves square-root verification under standard assumptions [18]. These are substantive advances in
privacy and verification, respectively. Akita’s verifier offers substantially better runtimes, even when used in
no-offloading mode against Orthus’ verifier, while still having security based on standard Module-SIS.

Lattice PCSs with single-level folding. CELPC [52] obtains square-root proof size and verification with a
transparent setup. Jindo [51] combines ideas from CELPC and Greyhound for client-side proving, reaching
cube-root communication and verification and reporting an order-of-magnitude improvement over CELPC
across its measured metrics. Both schemes fold only once, leading to large proof sizes but no further recursive
folds. Jindo’s concrete parameter choices also include a heuristic challenge set.

Asymptotically succinct lattice PCSs. A separate line aims directly for polylogarithmic proof size and ver-
ification. Fenzi, Moghaddas, and Nguyen [39] construct a PCS under a ring variant of BASIS; SLAP [3]
uses a multi-instance Power-Ring BASIS assumption and gives a further reduction to Module-SIS; and Cini,
Malavolta, Nguyen, and Wee [31] give a transparent-setup construction from standard Module-SIS with
knowledge soundness against quantum adversaries. These results obtain asymptotics stronger than Grey-
hound and Hachi, but their concrete proof sizes are much larger at the scales we target. At degree 230, the
respective papers report proofs of 8.3 MB, 767 MB, and 5.17 MB [39,3,31]. We approach the tradeoff from
the other direction: we retain the small concrete proofs of the Greyhound and Hachi family, then further
optimize the verifier concretely and asymptotically.

Verifier-succinct arguments from structured assumptions. RoK, Paper, SISsors [56] develops verifier-succinct
reductions of knowledge for exact norm bounds; RoK and Roll [57] adds structured random projections;
SALSAA [59] integrates sum-check to obtain linear prover time; and RoKoKo [58] commits the folding cross-
terms rather than sending them, thereby supporting large folding arity. This line obtains polylogarithmic
verification by giving the public matrices additional algebraic structure, with its strongest concrete results
stated under vanishing SIS or related structured assumptions. We do not claim these asymptotics. Instead,
we retain ordinary Module-SIS and similar (though still somewhat higher) verifier runtime in practice, thanks
to setup offloading (Section 9).

Concurrent work: Grand Danois. Closest to Akita within the preceding line, Grand Danois [53] concurrently
proposes a lattice PCS with polylogarithmic verification under Module-SIS and vanishing SIS. Its current
version checks multiplication by a public ring element through a random field projection of the corresponding
negacyclic rotation matrix. This produces the same coefficients as our quotient-free transpose-convolution
check. Grand Danois uses that direct check throughout a fixed-dimension relation and obtains succinct setup
evaluation from its tensor-structured assumption. Our work points out the tradeoff of this method against the
quotient-lifting method used in Hachi, and only selectively chooses it at the tail of Akita. Grand Danois also
integrates a Johnson–Lindenstrauss norm proof into the Greyhound relation and estimates roughly 80 KB
proofs for 232-size evaluations, though without any implementation.

Lattice-based folding schemes. A parallel line studies folding for incrementally verifiable computation and
proof-carrying data. LatticeFold [19] gave the first folding scheme from Module-SIS; LatticeFold+ [20] re-
placed its bit-decomposition range proof with an algebraic one; Neo and SuperNeo [79,80] obtained pay-
per-bit commitment costs over small fields; Cyclo [42] obtained additive accumulator-norm growth; Sym-
phony [28] used high-arity folding in a lattice SNARK compiler; and ProtogaLattice [13] folded high-degree
relations in a constant number of rounds. Akita shares many techniques and security analyses with these
works, but is designed as a lattice-based PCS rather than a folding scheme; we view extending Akita’s
technique to construct a more practical folding scheme to be exciting future work.

Concurrent work: PikkuFold. Building on the fixed-weight challenges and operator-norm rejection sketched in
LaBRADOR [16], PikkuFold [82] gives a rigorous fixed-Hamming-weight base family with pairwise-invertible
differences under the exact partial-splitting conditions of LS18, then measures the concrete rejection rates. We
compare with Akita’s effort on this below. PikkuFold also proves a concrete modular Johnson–Lindenstrauss
theorem; Akita uses no Johnson–Lindenstrauss projection.
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Concrete challenge-set instantiations. Low-norm folding challenges must allow extraction from invertible
challenge differences. One approach guarantees that every pair of distinct challenges has an invertible differ-
ence, as in the LS18 families. Another uses approximate sampling and bounds the probability of a noninvert-
ible difference, allowing rings with greater splitting and faster arithmetic. RoKoKo uses the latter approach:
its concrete numerical estimate is heuristic, while its analysis also cites rigorous bounds and the further
treatment in Cyclo [58, Section 9.1]. Probabilistic invertibility guarantees and heuristic numerical estimates
should therefore be distinguished. PikkuFold also gives rigorous challenge sets with operator-norm rejec-
tion sampling, which can be compared to our parallel development in Appendix D. The two works propose
different challenge sets for ring dimension D = 64; neither dominates the other in every respect.

Choosing parameters and schedules. We briefly compare how Akita does parameter selection compared to
other lattice-based schemes. The Greyhound implementation adapts to online-computed folded witness norms
during proving, while the LaZer LaBRADOR implementation generates a parameter sequence beforehand
from public lengths and norm bounds. The RoKoKo implementation instead supplies concrete parameter at
fixed sizes; obtaining new schedules seems non-trivial. Our schedule generation and pipeline is thus arguably
the most sophisticated; our planner has to tune parameters across multiple folds to fully minimize the cost
of setup offloading. See Section 12.1 for details.

Hash-based PCSs. The hash-based line, from FRI [15] through STIR [8], BaseFold [89], Ligerito [81], and
WHIR [9] to Binius [34,35], remains the deployed post-quantum default. These schemes are transparent, their
verifiers are concretely fast, and their security rests on hash functions. The Greyhound family instead offers
O(logN) proof growth and linear commitments that can exploit sparse or small-valued data. For dense
data, the prover comparison between NTT-based Ajtai commitments and FFT-plus-Merkle encodings is
ultimately an implementation question, which we address experimentally rather than by asymptotic analogy
(Section 13). Akita also requires preprocessing: besides seeds and offloading commitments, a verifier may

retain an expanded public-matrix prefix of size Õκroot,λ(N
1/κroot) (Section 9).

Security of prior public artifacts. Several paper descriptions and released implementations in this area differ
at security-relevant boundaries. We give the details in Appendix F for the Hachi and Grand Danois papers,
the truncated-output Ring-SIS maps in LaBRADOR and Greyhound implementations, the earlier RoKoKo
implementation errors and their upstream correction, and the corrected parameter issues in Orthus and
PikkuFold.

1.3 Organization

A guide to the paper. Akita has a long technical development, but the paper is modular, and we do not
expect every reader to follow it linearly. We recommend starting with Section 2, which gives the shortest
route through the design and its main tradeoffs. Readers interested primarily in performance can then jump
to Section 13. Readers who want to check the full construction and security can continue from Section 3
through Section 10; implementers will also want Sections 11 and 12 and Appendix E.

Building Akita. The overview presents the design ideas in order of their role in the result. The main body
gives the complete specification in dependency order. We begin in Section 3 with the algebraic tools, then
fix the setup and commitments in Section 4, and then construct one fold for an opening batch in Section 5;
Sections 6 and 7 establish its norm and algebraic checks; and Section 8 closes the recursion and handles the
terminal level. This is the main route for seeing how the pieces of one recursive opening fit together.

From one fold to the full system. With the fold and its composition rules in place, Section 9 uses a second
input group to authenticate the setup computation recursively. Section 10 then proves completeness and
knowledge soundness for the assembled protocol. We next turn to how the protocol is run: Section 11 divides
its work among machines, while Section 12 selects and validates the complete schedule.
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Experiments and supporting material. Section 13 reports the implementation and benchmarks, and Sec-
tion 14 closes the main body. Readers looking for supporting machinery can use the appendices as reference:
Appendix A develops the structured-tensor evaluator, Appendix C documents SIS estimation, Appendix D
certifies the operator-norm filters, Appendix E specifies the Jolt interface, and Appendix F records the
corrections needed for security-matched comparisons with prior work.

2 Technical Overview

We start from the Hachi fold [76] and explain how Akita changes its verifier work and the witness passed
through recursion. We assume standard SNARK terminology, but no familiarity with lattice proof systems.
The warm-up supplies the commitment and folding equations; the rest of the overview explains the choices
that make their repeated use efficient.

2.1 Warm-Up: The Hachi Fold

Folding a committed opening. We begin with a multilinear polynomial f̃ over Fq, represented by its N = 2ℓ

Boolean evaluations f(x) := f̃(x) for x ∈ {0, 1}ℓ. The prover has committed to these evaluations and wants

to prove f̃(r) = v, where r ∈ Eℓ for an extension field E/Fq.
Our goal is to reduce this claim to an opening of a new multilinear polynomial with fewer Boolean eval-

uations, while preserving its connection to the original commitment and claimed value. We start by dividing
the Boolean evaluations into B equal-length blocks and retaining a random linear combination of the blocks.
We will specify the block length after introducing the ring encoding below. For lattice commitments, the
random coefficients require care. The opening is a short integer vector, and multiplying it by an unrestricted
field challenge can make its centered coefficients as large as the modulus. The resulting response would give
no useful Module-SIS bound.

Lattice identification and zero-knowledge protocols address this problem with challenges drawn from a
large family of short elements [71,73]. Greyhound and Hachi use this idea in the cyclotomic ring

Rq := Fq[X]/(Xd + 1).

The challenge family C ⊂ Rq has enough elements for soundness, small coefficient norms to control response
growth, and invertible differences between distinct challenges to support extraction. Write c = (ci)i∈[B] for
the challenges. For the short vector si representing block i, the response is

z :=
∑
i∈[B]

cisi, ci ∈ C. (1)

Ring multiplication computes a negacyclic convolution. Its coefficient one-norm controls how much a challenge
can enlarge the response; the exact challenge conditions and bounds appear in Section 3.2.

This linear combination is only the start of an opening proof. We must connect the blocks to their
commitment, connect their partial opening evaluations to v, and prove that the response is short enough for
the next fold. LaBRADOR supplies the recursive treatment of small-norm ring relations; Greyhound builds
the two-tier commitment and PCS relation; Hachi connects extension-field evaluations to that relation and
uses the ring-switching technique of Huang, Mao, and Zhang to check it by field sum-check [16,78,76,50]. We
explain these ingredients in the order in which an opening uses them.

Representing the evaluation in the ring. For the warm-up, start with an extension-field opening supplied by
the standard tensor reduction [35, Theorem 3.5] (Section 3.7); we reuse r and v for its point and claimed
value. We now connect this field evaluation to the commitment ring Rq.

The ring encoding must let us recover field inner products from ring products. Hachi’s trace construction
provides a packing map ψ : Ed/k → Rq, where k = [E : Fq], with this property. The field occupies a specified
subfield of Rq; arbitrary placement in coefficient slots would not preserve multiplication by extension-field
values. Section 3.1 gives the embedding, its dimension conditions, and the trace identity, and Section 7.1



Akita: Lattice-Based PCS 13

gives the resulting opening row. Here we use the public linear functional Trpack : Rq → E supplied by that
identity.

After packing, write the blocks as fi ∈ RM
q , so the packed vector contains NR := BM ring elements.

Let a ∈ RM
q contain the within-block opening weights. A partial opening evaluation in the ring records each

block’s contribution:
ei := ⟨a, fi⟩, vR :=

∑
i∈[B]

χblk(i)ei, Trpack(vR) = v. (2)

Here χblk(i) = ẽq(rblk, i) is the weight of block i; the remaining packed-coordinate weights enter T . Hachi
sends vR and checks its trace explicitly. The partials (ei)i now carry the evaluation obligation, but revealing
them all would give back much of the saving. We need to bind them with a short public message instead.

Committing through small digits. We first explain the short block representations si. For an even base b,
write each coefficient using digits in Ab = {−b/2, . . . , b/2− 1}. Let G−1b,n be a fixed decomposition of n ring
elements, and let Gb,n recompose those digits with powers of b:

Gb,nG
−1
b,n(x) = x in Rq. (3)

Thus the digits give a short representation even when x has arbitrary coefficients modulo q. The exact
depths, matrix dimensions, and decomposition convention are specified in Section 3.3.

Decompose each block as si = G−1b,M (fi) and apply an inner commitment matrix A with nA rows. The
resulting images need not be short, so we decompose them in turn:

ti := Asi, t̂i := G−1b1,nA
(ti). (4)

Sending all B inner images would cost too much. An outer matrix B instead commits to their concatenated
digits:

u := Bt̂, t̂ := (t̂i)i∈[B]. (5)

The public commitment is u. The first decomposition supplies short openings for the input blocks; the
second lets one short message bind the list of their inner images. Section 4.5 specifies Akita’s commitment
construction and its matrix shapes.

Binding the partial opening evaluations before folding. We use the same pattern for the partial opening
evaluations. Decompose ei as êi = G−1b1,1

(ei) and publish

v := Dê, ê := (êi)i∈[B]. (6)

The matrices A, B, and D are independent in this baseline. The input commitment u is fixed before the
opening point is known. After receiving the point, the prover sends v and vR; only then does the verifier
sample (ci)i and the prover form z. Both the inner images and the evaluation partials are therefore fixed
before the coefficients used to compare them are known. Akita’s fold transcript is specified in Section 5.

Checking the same response against both commitments. The two challenge-dependent equations express what
the fold must preserve:

Az =
∑
i∈[B]

ciGb1,nA
t̂i, (7)

a⊤Gb,Mz =
∑
i∈[B]

ciGb1,1êi. (8)

The first ties the response to the committed blocks; the second ties that same response to their partial
evaluations. Opening u and v and reconstructing vR supplies the other three constraints: u = Bt̂, v = Dê,
and vR =

∑
i χblk(i)ei.

A response coefficient can be larger than a input digit, so it needs its own decomposition. If the input
decomposition uses δ digits per coefficient, then z has Mδ ring coordinates. At response base bz and bound-
selected depth τ , its recomposition map is

Gz := IMδ ⊗ (1, bz, . . . , b
τ−1
z ), z = Gzẑ.
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Section 5.4 specifies how the response bound determines this depth. Unlike a full-field decomposition, this
depth need only cover the admitted response interval. The private relation witness isw0 = (ẑ, ê, t̂). Section 7.2
specifies the complete Akita relation, including its opening-method and compression choices.

Certifying the digit bounds. The equations establish consistency modulo q and Xd+1; they do not establish
that the supplied digits are small. We also prove membership in the prescribed alphabet A, using

QA(w) :=
∏
a∈A

(w − a), QA(w) = 0. (9)

Sum-check proves that every entry of the digit vector lies in the prescribed alphabet. Recomposition and
the range check serve different purposes: one connects the digits to the intended values, while the other
bounds their size. Together they certify the short witness needed by the next fold. This is the norm reset
that prevents response growth from accumulating indefinitely. Akita’s range-check construction appears in
Section 6.1. This check concerns the successor witness; the source recovered by extraction requires a separate
argument below.

Returning to a smaller opening claim. The relation lives over Rq, whereas sum-check runs over a field.
Substituting a random X = α would not preserve reduction modulo Xd + 1. Hachi uses the HMZ ring
switch [50]: a private quotient records the multiples of Xd + 1 discarded by each ring equation, making it a
polynomial identity that we can evaluate at α. We compare this route with Akita’s quotient-free alternative
in Section 2.6.

The quotient digits join the response and auxiliary digits in

wnext := (ẑ, ê, t̂, r̂).

The range and relation checks leave one opening of the multilinear polynomial with these Boolean evaluations,
padded to a power-of-two length. We have returned to the original type of claim. Up to security and digit
factors, the response has length M and its auxiliaries have length B. Taking B ≈M ≈

√
NR therefore gives

a square-root reduction. Packing changes N to NR only by fixed-security factors, which we suppress in the
asymptotic costs below.

Binding from weak openings. Consider two accepting executions that differ in one challenge ci. The recursively
authenticated digits either yield a short B or D collision, or fix the same auxiliaries in both executions. Write
∆ci and ∆z for the challenge and response differences. The challenge family makes ∆ci a unit, so in the
latter case subtraction recovers

si = (∆ci)
−1∆z, ∆cisi = ∆z. (10)

The source satisfies the commitment and evaluation equations, but an inverse of a short ring element need
not be short. Extraction instead bounds the product ∆cisi; this is a weak opening.

ALS20’s cross-multiplication argument, adapted to this commitment by Greyhound and used by Hachi,
supplies binding [12, Definition 4.2 and Lemma 4.3][78, Lemma 2.11][76, Lemma 7]. If distinct sources si, s

′
i

have the same inner image and bounded products with short units ρi, ρ
′
i, then

zA := ρ′i(ρisi)− ρi(ρ′is′i) = ρiρ
′
i(si − s′i) (11)

is a nonzero A kernel vector. It is short because each term is a short multiplier times a bounded product.
Thus A is sized for this collision, whereas B and D bind digit differences directly. Starting at the directly
checked terminal, we apply extraction backward to the root. Lemma 10.15 and Theorem 10.31 give the full
argument, including the source and padding conventions.

Allowing different ring dimensions. A common ring makes this baseline easy to describe. Akita need not
use the same ring dimension for every relation. The A ring governs the folded response, while the B and D
rings serve the outer and opening commitments. We choose dA, dB , dD for those separate tasks, then reduce
each ring equation to a field identity before batching them. The same principle applies to the compression
maps introduced later. Remark 3.10 and Section 7.3 formalize this freedom. It lets each relation use the ring
dimension it needs without using the largest dimension for every commitment.
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2.2 Setup Offloading and the Constant-Root Verifier

In the warm-up, we used Hachi’s fold to reduce an opening to a smaller one, but the verifier still had to process
both the folding challenges and the public commitment matrices. Fewer blocks mean fewer challenges, yet
also longer blocks and a larger matrix computation. To improve verification, we need to remove this second
cost without restoring it elsewhere in the verifier’s work.

We do so by proving the setup-dependent computation and passing its remaining opening claim to the
next fold. This is our setup-offloading technique. It lets us obtain verifier time Õ(N1/κroot) for any fixed
κroot ≥ 2, with the same asymptotic prover time and proof size as the baseline and the same constant-root
bound on the expanded verifier setup. We first identify the computation to offload, then explain how its
opening is checked and derive the resulting recursion.

The square-root verification cost. Let us return to the final point r2 of the fused relation sum-check. We have
reduced the witness obligation to a new opening, but must still evaluate the public relation polynomial mτ1

at that point. Here τ1 fixes the combination of relation rows. Write the resulting value as

mτ1(r2) = mlocal(r2) + σS , (12)

where σS is the contribution from the A, B, and D setup coefficients. We evaluate the remaining gad-
get, challenge, equality, quotient, and compression contributions directly. A short seed describes the setup
coefficients, but does not by itself save the work of generating and processing them.

To see the tradeoff, divide the current witness into B blocks of lengthM , with BM ≈ N after suppressing
the fixed representation factors from our warm-up. Most local weights can be evaluated from their separate
factors, using the methods in Appendix B. The verifier must nevertheless derive and evaluate all B folding
challenges (ci(α))i∈[B]. This leaves Õλ(B) work even if we remove the setup computation.

We also have to account for the setup rows. The active A view uses one folded block and has width
proportional to M . The B and D views use block-indexed auxiliaries and have width proportional to B.
Thus the direct verifier’s accounting is

challenge-dependent rows : Õλ(B),

public setup rows : Õλ(M +B),

total verifier work : Õλ(B +M) = Õλ

(
B +

N

B

)
.

(13)

At the balanced point B ≈ M ≈
√
N , both terms are square-root. Choosing fewer blocks reduces the

challenge work but enlarges the A scan, so a naive wide fold makes the verifier slower.

We mark these costs on the relation in Figure 1. Amber blocks contain the B challenge evaluations, blue
blocks contain the setup coefficients that we offload, and green blocks retain short factored descriptions that
the verifier evaluates directly.

Offloading the matrix evaluations. We ask the prover to supply σS , then prove that it is correct. To combine
the matrix contributions, we expand one flat setup sequence (S0, S1, . . .) from the public seed and let every
matrix read a prefix under its own shape. This shared-prefix layout also appears in optimized Greyhound
implementations [78]. Whenever several views use the same coefficient, we add their weights. Their total
contribution is then one inner product:

σS =
∑

p<Nactive

Sp ωsetup(p). (14)

Here Nactive is the longest active prefix, and ωsetup(p) combines the public weights of all uses of Sp. These
weights depend on the matrix layouts, relation challenges, and sum-check point. Appendix B.4 gives their
exact formulas. Sharing coefficients is covered by the reduction of Lemma 10.11: extraction identifies one
offending matrix view and reduces its binding failure to the ordinary Module-SIS assumption.
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Let κα := −(αd + 1)(Gb1,1)α. The four setup- and challenge-bearing rows can
be displayed as

row ẑ ê t̂ r̂ RHS

B-open 0 0 Bα κα uα

D-open 0 Dα 0 κα vα

ẑ↔ t̂ (AGz)α 0 (−c⊤⊗Gb1,nA)α κα 0

ẑ↔ ê (−a⊤Gb,MGz)α (c⊤⊗Gb1,1)α 0 κα 0

factored: Õλ(logN) challenges: Õλ(B) setup scan: Õλ(M + B)

preprocess once
commit to the
setup prefixes

current fold
claim the blue
contribution;
reduce it to
one opening

next fold
open it with the
recursive witness

Fig. 1: Verifier cost and setup offloading. Left: after substituting X = α, factored blocks (green) cost

Õλ(logN), challenge blocks (amber) cost Õλ(B), and setup blocks (blue) require the Õλ(M + B) matrix
scan. Row batching does not remove these evaluations. Right: the prover claims the blue contribution, a
setup-product sum-check reduces it to one opening, and the next fold checks that opening beside the recur-
sive witness. Offloading removes the setup scan, but not the B-scale challenge evaluation.

The setup-product sum-check. Once the relation sum-check has fixed r2, we can check the claimed σS with

a degree-two sum-check. Pad the active setup prefix and its weights with zeros to length 2νS , and let S̃♭ and
ω̃setup be the multilinear polynomials with those Boolean evaluations. The identity is

σS =
∑

p∈{0,1}νS
S̃♭(p) ω̃setup(p). (15)

We arrive at a claimed value sρS
= S̃♭(ρS) multiplied by ω̃setup(ρS). The verifier computes the second factor

from its public description, without enumerating its Boolean evaluations (Appendix B.4). Computing the
first factor directly would restore the scan we wanted to avoid. We therefore commit during preprocessing
to every setup prefix that a scheduled fold may offload, and authenticate this value through a later opening.
Fold h carries the resulting setup opening beside its recursive-witness opening:

Oh+1 = (Sh,Wh+1), Sh = (CS,h, ρS , sρS
). (16)

We check both groups in the successor through the multi-instance relation of Section 5. A fold may check
the incoming setup opening while producing a new one for its successor, so at most one setup opening is
pending at any recursive boundary.

We pay for this saving in the next fold: the successor must represent and certify the setup group like any
other opening. We use it only while this cost is smaller than the removed scan. The final nonterminal fold
must check any pending setup group because the terminal cannot check a new one (Section 9.2).

The constant-root recursion. We can now choose wide folds without paying for their long setup views. Fix a
constant κroot ≥ 2 and set the target scale

N⋆ :=
⌈
N1/κroot

⌉
. (17)

During each of the first κroot−1 folds, we use Bj = Θ̃κroot,λ(N⋆) input blocks and block lengthMj = ⌈Nj/Bj⌉.
The verifier still processes the Bj challenge evaluations, but offloading removes the longer Mj setup scan.
The direct F/H evaluations remain. Under the regularity conditions of Section 9.4, these and the other local

computations fit within Õκroot,λ(N⋆) work at each early fold.
With this choice, we pass forward a folded response of length about Nj/N⋆, N⋆-scale auxiliaries, and the

carried setup group. The complete successor therefore satisfies

Nj+1 = Õκroot,λ

(
Nj

N⋆
+N⋆

)
. (18)
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After κroot − 1 such folds, the remaining claim has size Õκroot,λ(N⋆); the recursion then continues to the
terminal boundary.

For every fixed κroot, we obtain the following costs under these regularity conditions:

prover time = Õκroot,λ(N),

proof size = Õκroot,λ(logN),

verifier time = Õκroot,λ

(
N1/κroot

)
,

expanded A/B/D verifier setup = Õκroot,λ

(
N1/κroot

)
.

(19)

The case κroot = 2 recovers the square-root point, while larger fixed κroot gives an arbitrarily small constant
root. We retain quasilinear prover work because the witness sizes at successive levels form a geometric series.
A fixed number of wide folds preserves logarithmic proof size. The first direct setup scan occurs only after
the witness reaches the N⋆ scale, giving the same bound for the expanded setup. The regularity conditions
and full accounting appear in Sections 9 and 9.4. For concrete parameters, we compare this extra recursive
work with the scan it removes. We stop offloading when a direct scan becomes cheaper, as chosen by the
planner of Section 12.

2.3 Optimized Digit Range Check

In the warm-up, we saw why each fold must certify its new digits. We now make that check less expensive.
A larger base b shortens the digit decomposition, but the ordinary range polynomial

Qb(w) :=
∏

a∈Ab

(w − a), Ab := {−b/2, . . . , b/2− 1},

has degree b. Checking it directly makes the sum-check messages wider and requires more prover arithmetic
at every fold. We want to retain the shorter decomposition without paying this full cost.

A standard GKR reduction organizes the b factors into a product tree and checks each multiplication
layer by sum-check [43]. This reduces the degree of each check, but introduces more sequential stages and
intermediate evaluation claims. Before building the tree, we can do better by using the particular roots of
our range polynomial.

Pairing the allowed digits. We pair each digit k with −(k + 1), for 0 ≤ k < b/2. Their two factors satisfy

(w − k)(w + k + 1) = w(w + 1)− k(k + 1).

Thus both allowed digits give the same value of w(w + 1). We can check membership among half as many
transformed values:

Qb(w) = Qsq

(
w(w + 1)

)
, Qsq(s) :=

b/2−1∏
k=0

(
s− k(k + 1)

)
. (20)

This symmetry is one reason we use the balanced alphabet {−b/2, . . . , b/2−1}. The new predicate has degree
b/2 in s; we still have to connect s to the digits already committed by the prover.

Authenticating the transformed polynomial. Let w̃ be the multilinear polynomial whose Boolean evaluations
are the committed witness digits. We define s̃ to be the unique multilinear polynomial satisfying

s̃(x) = w̃(x)
(
w̃(x) + 1

)
for x ∈ {0, 1}µ

′
.

Our range argument checks Qsq on these Boolean evaluations and leaves one claim sclaim = s̃(rvirt). We do not
commit to this polynomial separately. Instead, we connect that claim to the witness through the subsequent
relation sum-check: ∑

x∈{0,1}µ′

ẽq(rvirt, x)w̃(x)
(
w̃(x) + 1

)
= sclaim.



18 Dao, Bodaghi, Khajehpour, Vitto et al.

The restriction to Boolean inputs matters. At a general point r, s̃(r) need not equal w̃(r)(w̃(r) + 1). The
sum above evaluates the correct multilinear polynomial and lets us use the transformed predicate without
adding another commitment. Section 6.1 gives the anchored range identity and its connection to the relation
sum-check.

Reducing the remaining proof and prover work. For larger bases, we build a shallow product tree for the
reduced predicate, combining four factors per layer where possible. Compared with a binary tree, this uses
slightly wider round polynomials but fewer sequential stages and fewer intermediate claims. Section 6.1
specifies the tree for each supported base and the challenges connecting its layers.

We also use two complementary sum-check optimizations. At range-tree stages without a fused norm term,
Gruen’s message format removes the common public equality factor from the prover’s round polynomial,
reducing the degree that must be transmitted (Section 3.5; [46]). The norm-fused final stage uses the standard
message format (Table 6). Following the small-value techniques of Dao et al. [33], we reuse computations
for repeated combinations of the transformed digits: initially, w(w + 1) takes only b/2 possible values. The
detailed prover algorithm, including these precomputed contributions, appears in the Akita Book [61].

We can now consider larger digit bases without paying the full degree-b range-check cost. The choice still
affects the next fold: a larger base reduces the number of digits but allows larger digit differences in the
binding analysis. We therefore choose the base together with the rest of the recursion, which brings us to
the next part of our construction.

2.4 Optimizing the Full Recursion

We have now reduced the verifier’s matrix work and the cost of certifying new digits. To understand how
these savings interact, let us follow an opening through the complete recursion. Every object passed to the
next witness must be committed, range checked, and folded again. A choice that helps the current fold may
therefore leave more work for its successors. We choose the complete schedule with verifier efficiency as our
first priority, followed by proof size and prover work (Section 12).

As in Hachi’s asymptotic analysis, we repeat the fold until direct checking becomes cheaper. The choices
that help us reach that point change as the witness shrinks. We distinguish three cost regimes below.

A running example. To keep the changing dimensions visible, we follow one illustrative schedule throughout
the rest of this overview. The input is a single dense polynomial represented by 230 evaluations on the
Boolean hypercube, with arbitrary values in the 32-bit base field K = Fq, and one claimed evaluation in the
degree-4 extension E/K. Its evaluation array occupies 4 GiB when stored as 32-bit words. This is the same
field regime and source scale used in Hachi’s concrete discussion [76].

Our illustrative schedule reduces this opening through six committed folds, which we label 0 through
5, followed by a clear terminal level T . We use this example to make the comparisons below concrete; its
particular parameters are not requirements of the protocol. Each subsection introduces the entries needed
to explain its choice. Section 12 explains how we generate and validate complete schedules.

Early folds. We begin with the largest witnesses, where the first folds dominate prover and verifier time.
Aggressive folding reduces the witness quickly. In our running schedule, we offload the root’s public-matrix
evaluations and check the resulting setup opening in the next fold. Later folds evaluate their setup contribu-
tions directly. These early folds can also afford auxiliary digits that save public bytes, because those digits
remain small relative to the witness passed to the next level.

We can see this tradeoff in the outer B matrix. In the Hachi commitment from the warm-up, one matrix
uses the inner images of all B input blocks, so its width grows with B. We instead divide these images into
consecutive slices and reuse one narrower matrix on each slice. This reduces the setup footprint and verifier
scan, but produces a stack of images and repeats the outer-consistency row. Commitment compression keeps
that larger stack from simply reappearing as proof bytes. The slice count and transmission format must
therefore be chosen together.
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Comparing with direct setup evaluation. Our example offloads a root scan of 5 · 220 coefficients through a
precommitted prefix padded to 223. The largest remaining direct scan has 220 coefficients, reducing expanded
verifier matrix storage from 20 to 4 MiB. The prover instead stores 32 rather than 20 MiB of expanded setup
matrix coefficients and must open the extra prefix. That opening enlarges the level-1 witness and raises the
planner’s proof-payload estimate from 66,571 to 69,289 bytes (Sections 12 and 13).

In the standalone PCS experiment of Section 13, verification falls from 32.5 to 15.9 ms. Opening time
increases by 14.5% and the serialized proof by 4.2%, while commitment time is nearly unchanged. These
are the single-threaded Ryzen measurements at 235 nominal committed bits, which correspond to our 230

fp32 coefficients; Appendix I gives the measurement procedure. Verification improves at every tested size
supporting this offloaded profile, starting at 224 coefficients. The planner must compare the removed scan
with the entire continuation needed to check its opening.

Recursive tail. As we reach smaller witnesses, fixed proof objects and every value appended to the next
witness become a significant fraction of the total cost. We therefore stop offloading or compressing as soon
as carrying their opening claims costs more than a direct check. Quotient-free relation checks and explicit
Euclidean certificates also become attractive when the recursive material they remove exceeds the proof
machinery they add. The concrete parameters determine the transition; “early” and “tail” name cost regimes,
not fixed level numbers.

Terminal fold. We stop once another recursive opening costs more than direct verification. Following
LaBRADOR [16, §5.6], we omit commitments whose openings would immediately be revealed and avoid
decomposing the last response. The preceding fold binds the terminal’s inner images ti = Atermsi. The
terminal fixes its partials (ei)i before the challenges, then reveals z =

∑
i cisi and checks

Atermz =
∑
i

citi.

It also checks the fold-consistency and scalar-opening equations and the response bound directly. We retain
the opening conversion needed by the trace check, but remove the auxiliary commitments, quotient digits,
range and relation proofs, and next commitment. Any pending setup opening must already have been checked.
Section 8.2 specifies these direct checks; we next explain the choices that determine when they become
cheaper.

2.5 Two Opening Representations

Evaluation Trace Diamond and Posen’s tensor reduction [35, Theorem 3.5] turns the base-field claim into
h = θg(ρ) at a new point ρ, where g packs groups of k base-field Boolean evaluations into E-values and θ ̸= 0
is checked by the verifier (the reduction is the identity for k = 1; see Section 3.7).

We now need to recover this field evaluation from ring elements that can be folded with full-ring challenges.
Put m = dA/k and choose the trace-compatible packing ψ : Em → Rq,dA

and multiplicative embedding E ↪→
Rq,dA

of Hachi, generalizing LNP22 [76,72]. Index the Boolean evaluations of g by (i, x, u) ∈ [B]× [M ]× [m],
using the scheduled packing basis, so Fi,x = ψ((gi,x,u)u). Split ρ into block, position, and packed-coordinate
parts. Evaluating the position coordinates leaves one packed vector per block:

pi,u :=
∑
x

ẽq(ρpos, x)gi,x,u,

ei :=
∑
x

ẽq(ρpos, x)Fi,x = ψ((pi,u)u).
(21)

Because the weights embed into the ring, this partial evaluation commutes with multiplication by any ring
challenge. We have not yet evaluated the u coordinates: their desired contribution is

∑
u ẽq(ρpack, u)pi,u.

The trace identity computes exactly this inner product. Let H be the automorphism subgroup fixing the
embedded field E, write TrH =

∑
σ∈H σ, and let σ−1 send X to X−1. Hachi’s packing satisfies

1

m
TrH

(
ψ(a)σ−1(ψ(b))

)
= ⟨a, b⟩. (22)
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Pack the remaining equality weights as χ̌ = ψ((ẽq(ρpack, u))u) and set T (Z) = m−1TrH(Zσ−1(χ̌)). Substi-
tuting a = (pi,u)u gives T (ei) =

∑
u ẽq(ρpack, u)pi,u, hence

θ
∑
i

ẽq(ρblk, i)T (ei) = θ
∑
i,x,u

ẽq(ρ, (i, x, u))gi,x,u = h. (23)

Hachi transmits the ring element
∑

i ẽq(ρblk, i)ei and checks its trace separately. We instead prove this field
equation on the committed opening digits, removing that element (4096 bytes at Hachi’s parameters [76,
§5.2]) and its ring-switch quotient witness. The folded evaluation relation (8) remains ring-valued.

Let bop be the opening-digit base. Write ei =
∑

ℓ,ν b
ℓ
opêi,ℓ,νX

ν . Linearity of T gives the public digit
weights explicitly:

τν :=
1

m
TrH(Xνσ−1(χ̌)),

ωTr(i, ℓ, ν) := θẽq(ρblk, i)b
ℓ
opτν ,∑

i,ℓ,ν

ωTr(i, ℓ, ν)êi,ℓ,ν = h.

(24)

For k = 1, ordinary coefficient packing gives τν = ẽq(ρpack, ν): the trace simply extracts the coefficient inner
product. The same construction works for k > 1 through the trace-compatible packing. Place these weights
at the opening-digit positions of w′ and zero elsewhere. Then

∑
y w̃
′(y)ω̃Tr(y) = h over Boolean y is a

degree-two sum-check claim.

Evaluating the trace weights. The verifier needs ω̃Tr(r) at the final sum-check point, not the entire vector. To
see the saving, consider a bit-aligned opening interval with a power-of-two block domain and a padded digit
axis. Split r into interval-tag, block, digit, and coefficient coordinates. For opening depth δ, its contribution
factors as

ω̃Tr(r) = θẽq(rtag, tag)ẽq(ρblk, rblk)

·

(∑
ℓ<δ

bℓopẽq(rdigit, ℓ)

)(∑
ν<dA

τν ẽq(rcoef , ν)

)
.

(25)

The block sum collapses because
∑

i ẽq(ρblk, i)ẽq(rblk, i) = ẽq(ρblk, rblk). After ring-local preprocessing of τ ,
evaluation therefore takes O(log |w′|+ δ+dA) field work rather than a scan of BδdA digits. Shifted intervals
and tightly packed digit axes use the address-carry calculation in Appendices A and B.2.

Evaluation trace retains dA base-field coordinates per partial, but allows full-ring challenges and the small
rings useful in later folds.

Direct Coefficient Packing with Subring Challenges Our evaluation-trace partials retain a full A-ring
element for each block. When these partials contribute substantially to the next witness, we would like to
make them shorter. We can do so by evaluating some of the coefficient coordinates before folding, provided
the challenges preserve the coordinates we retain. This also lets us work directly with the original base-field
polynomial, avoiding the tensor reduction and trace packing just described.

We choose powers of two dA, dcar, h satisfying

dA = khdcar, k = [E : Fq].

Our goal is a partial with kdcar = dA/h base-field coordinates, a factor h shorter than a full A-ring element.
To obtain it, we will retain dcar coefficients over E from each block.

Evaluating some coordinates and retaining others. Write a coefficient index uniquely as ν = a + khj, with
a ∈ [kh] and j ∈ [dcar]. We use this arrangement for each source ring element at position x of block i:

Fi,x(X) =
∑

a∈[kh]

∑
j∈[dcar]

fi,x,a,jX
a+khj ∈ R := Fq[X]/(XdA + 1).
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The opening point supplies equality weights for the position x and the coefficient index a. We sum over these
two indices, leaving j as the exponent of a new variable Y . This gives one partial per block:

ei(Y ) :=
∑
x,a,j

ẽq(rpos, x)ẽq(rpack, a)fi,x,a,jY
j ∈ E[Y ]/(Y dcar + 1).

Each of the dcar coefficients lies in E, so the partial has ddirop = kdcar base-field coordinates, as desired. Summing
its coefficients and the blocks with the remaining opening weights recovers the original claimed evaluation.

Folding with subring challenges. We still need these shorter partials to commute with folding. Let L denote
the weighted sum defining ei from block i. Multiplication by Xkh shifts the retained index j, including the
sign change at XdA = −1, so

L(XkhF ) = Y L(F ).

Multiplication by X instead changes the index a, over which we have already summed using the opening
weights. In general, we cannot recover L(XF ) from L(F ). We therefore restrict challenges to polynomials in
Xkh. Formally, we use the subring

S := Fq[Y ]/(Y dcar + 1), ι : S ↪→ R, ι(c(Y )) := c(Xkh).

The shift identity extends to every c ∈ S, giving L(ι(c)F ) = cL(F ). We can consequently check folding in
the smaller ring:

L

(∑
i

ι(ci)Fi

)
=
∑
i

ciei.

We use the same challenge as ci in this equation and as ι(ci) in the A-ring commitment equations. The em-
bedding preserves its nonzero coefficients, coefficient norms, and invertibility. Section 5.2 gives the complete
coefficient arrangement and the challenge evaluations used after ring switching.

We obtain shorter partials and avoid the tensor-reduction sum-check, but must choose dA divisible by
kdcar. The smaller challenge ring must also contain enough admissible challenges for soundness. Increasing
the number of nonzero challenge coefficients can enlarge the response bound and the Module-SIS collision
radius, offsetting some of the saving. We must therefore account for both the partial width and the challenge
parameters.

The running example. Let us see the saving at the root of our running example. Its 230 base-field coefficients
become 219 A-ring elements at dA = 2048, divided into B = 210 blocks of M = 29 positions. The original
Boolean coordinates split as

30 = 10︸︷︷︸
block

+ 9︸︷︷︸
position

+ 11︸︷︷︸
A-ring coefficient

.

Here k = 4, dcar = 64, and h = 8, so the last 11 coordinates split further into a five-bit index a and a six-bit
index j. We evaluate the nine position bits and the five bits of a, retaining the six bits of j. The resulting
partial has 4 · 64 = 256 base-field coordinates, compared with 2048 for evaluation trace. Across all 1024
blocks, this is 1 MiB rather than 8 MiB of raw partials, and it avoids a tensor reduction for the largest
polynomial (Table 2).

At level 1, the recursive-witness group uses dA = 1024 and h = 4, so direct packing still gives shorter
partials. The setup-opening group uses the same ring dimension and also uses direct packing. The direction
reverses at level 2: direct packing would require 4 ·64 = 256 | dA, whereas evaluation trace permits dA = 128.
Holding the block count and digit base fixed, the direct opening would contribute 110,592 digit coordinates
to the next witness, twice the 55,296 coordinates of evaluation trace. Table 2 records the opening and
ring-relation choices throughout the schedule.

Both representations are algebraically available when their compatibility conditions hold. The schedule
family analyzed here follows the opening-mode policy of (162): nonterminal levels 0 and 1 use direct packing,
and later levels and the terminal use evaluation trace. The running example follows this policy; its remaining
parameters account for how partial sizes affect later commitments, range checks, and folds.
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Table 2: Opening and ring-relation choices in the running 230-coefficient fp32 schedule. Nj counts the input
ring elements before block padding; each of the Bj blocks contains Mj elements, with padding in the last
block if needed. The setup row is the additional opening checked at level 1; its D commitment is shared with
the recursive-witness group. The L2 column records response squared-norm checks; “clear” means direct
checking of the revealed response. The terminal still uses tensor reduction and evaluation trace.

level Nj Mj Bj dA dD opening dop ring check L2 check

0 524,288 512 1,024 2,048 256 direct 256 quotient –
1 56,192 512 110 1,024 256 direct 256 quotient –

1 (setup) 8,192 128 64 1,024 256 direct 256 quotient –
2 54,408 1,024 54 128 128 trace 128 quotient –
3 7,236 512 15 128 128 trace 128 transpose –
4 2,776 256 11 128 128 trace 128 transpose ✓
5 1,134 128 9 128 128 trace 128 transpose ✓
T 634 128 5 128 − trace 128 clear ✓

2.6 Checking Ring Relations with or without Quotients

Both opening methods leave us with equations in a polynomial quotient ring. To check them by field sum-
check, we must account for reduction modulo Xd + 1. For example, X3 · X = −1 in Fq[X]/(X4 + 1), but
multiplying the evaluations at α ∈ E gives α4. We can correct this either by supplying a quotient polynomial
or by reducing each public multiplier before forming its weights on the witness coefficients.

Write one ring equation of dimension d as∑
c∈Occ

Ac ⊛d Wc = Y in Rd := Kr[X]/(Xd + 1).

Here Occ indexes the terms, the Ac and Y are public, the Wc are committed witness segments, and ⊛d

denotes multiplication modulo Xd + 1.

Checking with a quotient. Following the HMZ ring-switching technique used by Hachi [50,76], we can ask
the prover to supply Q satisfying the polynomial identity∑

c

Ac(X)Wc(X)− Y (X) = (Xd + 1)Q(X).

We check this identity at a random α ∈ E. The quotient accounts for the multiples of Xd+1 removed by ring
multiplication. The weight on each coefficient wc,j of Wc then factors as Ac(α)α

j ; the coefficient of Xj in Q
receives weight −(αd+1)αj . Both contributions enter the sum-check, with the appropriate gadget and basis
factors after digit decomposition. This factorization helps both the sum-check prover and the evaluation of
public weights for setup offloading. We pay for it by passing the digits of Q to the next witness, where they
must be committed, range checked, and folded again.

Including the reduction in the public weights. We can instead reduce the public products before evaluating
them, an approach also used concurrently in Grand Danois [53]. For each public multiplier A and coefficient
position j, define the weight

κ
(d)
A,α(j) :=

(
A(X)Xj mod (Xd + 1)

)
(α).

Since Wc(X) =
∑

j wc,jX
j , linearity turns our ring equation into

∑
c∈Occ

d−1∑
j=0

κ
(d)
Ac,α

(j)wc,j = Y (α).

The sign changes from reduction modulo Xd+1 are already included in these weights, so no private quotient
is needed. The main body calls this the transpose-convolution check : we move the public multiplication and
evaluation onto the weights of the private coefficients.
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We can compute all d weights for a fixed A in linear time, without separately multiplying and reducing a
polynomial for each j. Appendix B.1 gives the recurrence and its connection to quotient lifting; Section 7.5
explains how the verifier evaluates the resulting public-weight polynomial.

The two methods check the same ring equation. Quotient lifting tests a polynomial residual of degree
below 2d, whereas the direct check tests the reduced residual, of degree below d. A false row therefore passes
the evaluation check at α with probability at most (2d − 1)/|E| in the first method and (d − 1)/|E| in the
second. Both use the same subsequent row-batching and sum-check challenges.

Choosing across the recursion. We have exchanged private quotient digits for more involved public weights.
At the early folds, the factored weights of quotient lifting help us process the largest witnesses and, when
offloading setup, evaluate the setup weights succinctly. Later, removing a quotient also removes its digits
from every subsequent range check, commitment, and fold. That saving can outweigh the extra work of
evaluating the quotient-free relation.

Our running schedule illustrates this change. Levels 0 through 2 use quotient lifting; levels 3 through 5
use the quotient-free check, and the terminal checks the remaining ring equations directly (Table 2). We
choose this transition by comparing complete schedules, including the cost of the witness passed forward,
rather than minimizing the work of a single fold.

2.7 Commitment Compression

We have reduced the private material carried into later folds. The public commitment images can still occupy
a substantial part of the proof, however, even after the witness has become small. Following our warm-up, an
uncompressed fold sends the opening image v = Dê and the sliced outer image u. Their respective coefficient
counts are sD = nDdD and sB = SBnBdB , so together they occupy⌈κ

8

⌉
(sB + sD) (26)

bytes over a κ-bit field. These sizes depend on the commitment ranks and ring dimensions and need not
decrease at the same rate as the witness.

We reduce these images by committing to their binary decompositions. This keeps an algebraic connection
to the original commitment equations: the recursive relation checks both the recomposition of the digits and
the new commitment to them. We apply the construction independently to the complete sliced B-image and
the unsliced D-image.

Two stages of re-commitment. We use two maps, both applied to binary decompositions. Each map is sized
for the complete digit vector it receives. We choose the two-element alphabet {−1, 0} so that its range
constraint can be combined with the existing range-check sum-check. Let y0 ∈ Fs0

q denote the coefficient
vector of either raw image. We write every coefficient in negative binary,

y =

κ−1∑
ℓ=0

2ℓξℓ (mod q), ξℓ ∈ {−1, 0}, (27)

and repack the resulting κs0 digits as a vector ŷ1 over a smaller ring Rd1
. The corresponding gadget matrix

G1 recomposes the original coefficients, while a public setup matrix K1 of module rank n1 commits to the
same digits:

y0 = G1ŷ1, y1 = K1ŷ1 ∈ Rn1

d1
. (28)

We apply this step again to y1 and transmit only the final payload p. Both digit vectors join the recursive
witness, and the relation sum-check authenticates both links; the verifier never recovers the hidden images.
We call the outer chain F1,F2 and the opening chain H1,H2 (Equation (76)).

The digit alphabet also gives the binding argument its short-opening premise: two legal negative-binary
openings differ coefficientwise by at most one. We therefore price each F- and H-map as a standalone
Module-SIS instance with ∥∆ŷh∥∞ ≤ 1. To justify this bound, every compression digit is constrained by
w(w + 1) = 0. This binary constraint is fused into the existing range-check sum-check, without additional
rounds or a higher individual degree (Remark 6.2).
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Compression depth and its cost. The intermediate image bounds the input to the final map: one small rank-
one map cannot securely absorb arbitrary source lengths. For our concrete profile, each complete B stack or
shared D image has at most 8 KiB. Over the 32-bit field, the two rank-one maps use ring dimensions 64 and
32, producing a 256-byte intermediate image and a 128-byte final payload. The analogous 64- and 128-bit
profiles also end at 128 bytes; Table 5 gives the widths and certified cutoffs. Larger inputs require sizing the
maps again and need not retain that output size.

The saving adds work to the next fold. For a 32-bit raw image with s0 coefficients, its chain contributes

32s0 + 2048 (29)

private binary coordinates: digits of the raw image and of the 64-coefficient intermediate image. It also adds
two map relations and, when quotient lifting is active, their quotient material. We evaluate these small maps
directly even when the main setup scan is offloaded.

Near the root, these additions are small beside the remaining witness. Near the tail, processing them
through further folds can cost more than sending the raw image. Our running schedule therefore compresses
levels 0–4 and sends raw images at level 5; levels 3 and 4 already use quotient-free checks. The choices are
distinct. Akita permits one transition to raw images, after which compression does not resume; root and
setup-prefix commitments remain compressed. With G groups, there are G outer chains and one shared
opening chain, all in the same mode. The next optimization instead reduces the bound certified for the
response itself.

2.8 Bounding Response Coefficients and the Total Squared Norm

We next return to the folded response itself. Its digit-range proof already bounds every coefficient, but this
need not give the squared-norm bound we want for the binding analysis. Write NA = mAdA for the number
of response coefficients used by A. The certified coefficient bound gives

|zu| ≤ Z∞ for every u ∈ [NA], ∥z∥22 ≤ NAZ
2
∞. (30)

It permits all NA coefficients to approach Z∞ in magnitude at once. An honest-response model may predict
that this is unlikely, but the verifier must also account for adversarial responses, which need not follow that
model.

Certifying the sum of squares. We can enforce a tighter bound by proving the additional statement

Eresp :=
NA−1∑
u=0

z2u ≤ Smax. (31)

The digit-range proof still controls each coefficient; the new check limits how large they can be collectively.
When Smax < NAZ

2
∞, it can reduce the Module-SIS parameters needed for A. This gain remains even

when both bounds are chosen from the same model. For independent Gaussian coefficients, for example,
the coefficient-wise bound can lose a logarithmic factor in squared radius. Appendix G.3 works out this
illustration; the protocol enforces the chosen bounds regardless of the distribution that motivated them.

Checking a squared norm that does not fit in the field. We have already committed to the digits of z, so we
prove its squared norm from those digits and merge it with the final range-check sum-check. If the largest
possible square sum is below q, one field identity certifies the integer equality∑

u

z2u = S. (32)

In the 32-bit field of our running example, however, the complete sum can exceed q at the relevant tail di-
mensions, so equality in Fq would reveal only its residue. Write zu =

∑
h b

hzu,h and partition the coordinates
into public segments It. We prove the smaller inner products

pt,h,k :=
∑
u∈It

zu,hzu,k, (33)
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each of which is small enough to lift uniquely from Fq to Z. The verifier then reconstructs the full square
sum over the integers as

S =
∑
t

(∑
h

b2hp̄t,h,h + 2
∑
h<k

bh+kp̄t,h,k

)
. (34)

Here p̄t,h,k is the unique centered integer lift. The verifier then checks S ≤ Smax over the integers. This
digit-expanded norm reconstruction preserves the Euclidean guarantee even when the field cannot contain
the complete norm (Section 6.2).

Separately controlling challenge multiplication. A smaller response norm helps the binding analysis, but
we must also bound how much multiplication by a challenge can enlarge that response. Let κ1 bound the
coefficient ℓ1 norm of a folding challenge. Young’s inequality gives

∥cz∥2 ≤ κ1∥z∥2. (35)

Before invoking a particular Module-SIS estimator, we can therefore isolate the two improvements as the
following reductions in squared collision radius:

64κ21NAZ
2
∞ −→ 64κ21Smax −→ 64Γ 2Smax. (36)

The Euclidean certificate supplies the first arrow. The second is available when accepted challenges satisfy
∥cz∥2 ≤ Γ∥z∥2 for every response vector. Thus Γ bounds how much challenge multiplication stretches a
vector. These gains are independent: an ℓ2 certificate helps without challenge rejection, whereas operator-
norm rejection alone retains the box factor NAZ

2
∞. We can use either improvement or both. The coefficient

path instead prices the collision directly in ℓ∞ as 8κ1Z∞; the planner compares the resulting Module-SIS
ranks, not the norm radii in isolation (Section 6.2 and Appendix D).

Choosing bounds for honest responses. The verifier enforces the selected bounds on every accepted response;
we must separately ensure that an honest prover can meet them. At the root, we use deterministic envelopes
or probabilistic bounds over fresh challenge signs for every source satisfying the public conditions. Filtering
changes the challenge distribution, so its effect on these bounds must be included (Appendix G.1).

For later folds, our Gaussian-inspired model proposes encoding thresholds and squared-norm bounds. An
encoding threshold determines the digit depth; the range check can certify a wider coefficient envelope. We do
not assume this source model for arbitrary root inputs, and its predictions for later responses are not proved
after conditioning on the accepted transcript. Those parameters retain the history-conditional completeness
premise of Appendix G.3. If the model is optimistic, the honest prover may exhaust its retries; extraction
still uses the bounds actually enforced. Certified alternatives are given in Appendices G.2 and G.4.

We compare the smaller A image obtained from tighter bounds with the norm-proof and retry costs
across the remaining recursion. This is why parameter selection must consider complete schedules rather
than choose each response bound in isolation.

2.9 Batching and Distributed Proving

An application such as Jolt opens several commitments, at different points and dimensions. We build on
Greyhound’s batching pattern [78, §3.2]: retain separate responses while sharing the auxiliary commitment
and the arguments that check them. An opening group contains one commitment, one point, and its claims
at that point. A second point or an independently formed commitment gives another group.

We use one opening representation for the batch. For G groups, let nclm,j count the claims in group j
and Bj its input blocks per claim. We retain its source geometry and use its own A-ring folding challenges
cAj,c,i to form the response

zj :=
∑

c∈[nclm,j ]

∑
i∈[Bj ]

cAj,c,isj,c,i. (37)

We check it against its own Aj , but bind all partial digits with one unsliced map,

v = D concat(ê0, . . . , êG−1). (38)
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When compression is active, one shared H chain compresses that image. After binding the partials, fresh
scalar weights combine the opening claims. One relation argument checks the combined equations, and one
range argument certifies their witness digits. Trace openings first use the shared tensor reduction; packing
openings combine their padded claimed values directly. Admissible padding must have a nonzero public
factor so that it does not erase a claim. Sections 5.1 and 5.4 give the precise input conditions and the one
successor witness.

To support commitments formed before their batch is known, we fix the common accepted digit alphabet
in advance and size every commitment for differences in that full alphabet. Otherwise the shared range
check could accept digits outside a commitment’s binding bound. Each commitment retains its block length,
rings, ranks, slices, and compression path, and the later fold must choose compatible response and opening
parameters (Section 4.6). Different points remain distinct throughout. This same mechanism checks a setup-
prefix opening beside the recursive witness, completing the offloading step described earlier.

Keeping distributed responses local For distributed proving, machines hold different input blocks.
Most commitment computations produce small images that workers can add. The response is harder: for a
scheduled partition into Nchunk contiguous chunks Ij , a worker forms

z(j) =
∑
i∈Ij

cisi, z =
∑
j

z(j). (39)

Each z(j) still has the full response length. Forming z therefore requires exchanging large vectors, and local
digit decompositions do not avoid the exchange: carries prevent their sum from being the canonical digits of
z.

We instead retain and decompose each local response. The next witness contains every ẑ(j), while the
opening and inner-image digits partition their original vectors. With equal response digit depths, and ex-
cluding shared compression and quotient material, its length is

|wchunk| = Nchunk|ẑ|+ |ê|+ |t̂|. (40)

Thus avoiding the exchange adds (Nchunk − 1)|ẑ| coordinates. Linearity lets the relation check the aggregate
effect of these responses, and their public weights can be combined before one setup scan. The schedule
returns to a single response when carrying the extra digits becomes more expensive than consolidating them
(Section 11).

The partition is fixed before the challenges; it need not match the physical machine assignment. One
nonce must make all responses admissible, so completeness accounts for joint failure, without assuming
independence. Binding uses the sum of their certified envelopes for the effective response zΣ . The analyzed
schedule uses coefficient bounds until one response remains. We treat the workers and aggregator as one
prover; security between those machines requires a separate multiparty protocol (Section 11.6).

2.10 Offline Parameter Selection and Independent Validation

We have now seen why the parameters of one fold cannot be chosen independently of its successors. We
make these choices before proving, producing a complete schedule that the prover and verifier can reuse. Our
planner compares complete continuations, prioritizing verifier efficiency, then proof size and prover work.

For each admitted root shape, we construct a complete schedule

O0
Fold0−−−→ O1

Fold1−−−→ · · · FoldL−1−−−−−→ OL
Terminal−−−−−→ accept. (41)

Here Oh is the incoming opening shape. The planner derives each successor, including its auxiliary digits
and deferred setup obligation, and compares the cost through the terminal. Existing commitment parame-
ters remain fixed. A separate validator checks the selected transitions and complete-schedule conditions; it
neither repeats the search nor proves optimality. An opening binds that validated schedule before its first
challenge. This separation lets us improve the optimizer while keeping the protocol’s acceptance conditions
fixed (Section 12).
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3 Preliminaries

This section collects the algebraic and probabilistic tools used throughout Akita. We begin with the ring,
field, and challenge distributions underlying the commitment scheme, then recall the sum-check reductions
that connect ring identities to polynomial evaluations. We close with the commitment and special-soundness
notions used in the security proof. Several statements are specialized to Akita’s parameters; we mark these
specializations where they first enter. We use [n] := {0, . . . , n− 1} for zero-based index sets.

3.1 Cyclotomic Rings, Extension Fields, and Challenge Subrings

Let q be an odd prime, let d be a power of two, and define the cyclotomic ring Rq := Zq[X]/(Xd + 1). (We
write log d for the base-2 logarithm; throughout, α is reserved for the ring-reduction challenge used by both
ring-checking routes of Section 7.) An element w ∈ Rq has coefficient vector cf(w) = (w0, . . . , wd−1) ∈ Zd

q .

Partial splitting. Let ssplit be a power of two with 1 < ssplit ≤ d. If q ≡ 2ssplit + 1 (mod 4ssplit), then X
d + 1

factors modulo q into exactly ssplit irreducible polynomials of degree d/ssplit:

Xd + 1 ≡
ssplit∏
j=1

(Xd/ssplit − rj) (mod q) (42)

for distinct rj ∈ Z×q [73, Corollary 1.2], giving Rq
∼=
∏ssplit

j=1 Fqd/ssplit
by CRT. The case ssplit = 2 (i.e. q ≡ 5

(mod 8)) is the minimal splitting used in most prior work [16,78,76]; larger ssplit permits faster NTT-based
arithmetic at the cost of a tighter invertibility threshold.

Extension-field embedding. For any k ≥ 1 dividing d/ssplit, the field Fqk embeds into Rq as the subring fixed by
a suitable Galois subgroup H ≤ Aut(Rq). In the minimal-splitting case (ssplit = 2), H = ⟨σ−1, σ4k+1⟩ where
σi : X 7→ Xi (i ∈ Z×2d), and there is an explicit bijection ψ : (Fqk)

d/k → Rq with TrH(ψ(a) · σ−1(ψ(b))) =
(d/k)⟨a,b⟩ for all a,b ∈ (Fqk)

d/k [76, Theorem 2].

Ring-subfield coordinates. In the minimal-splitting case ssplit = 2 (q ≡ 5 (mod 8)), the trace embedding
above has the following concrete ring-subfield basis for the power-of-two extension degrees used below. Let
k be such an extension degree and set m := d/(2k). Inside Rq, define

ej := Xjm +X−jm, j ∈ [1, k).

The fixed subfield has basis {1, e1, . . . , ek−1} over Fq. Using Xd = −1, this may also be written as

ej = Xjm −Xd−jm.

This is the coordinate system used by the trace embedding above. The Akita Book gives the corresponding
optimized arithmetic for the degree-2 and degree-4 cases [61].

Base-field coefficients and extension-field points. We will distinguish two uses for a field extension E := Fqk :
it may be the coefficient field of the committed polynomial, or only the challenge/evaluation field used by
sum-check. The latter case is common in Akita: we often commit to a polynomial through its Fq-valued
Boolean evaluations, but evaluate it at points in E to obtain negligible sum-check soundness.

The ordinary coefficient embedding is the k = 1 degeneration of the same trace construction.11 When
E = Fq, the fixed subring is just the coefficient field and ψ is the usual coefficient-packing map

ψ(a0, . . . , ad−1) =

d−1∑
i=0

aiX
i.

For A =
∑

i aiX
i and B =

∑
i biX

i, the constant coefficient of Aσ−1(B) is
∑

i aibi, and the trace identity
above is exactly a scaled constant-term extraction.

11 For k > 1, a coefficient-wise encoding of an element of Fqk into several coefficient slots of Rq is only Fq-linear:
the chosen coefficient span is not generally closed under ring multiplication, so it does not preserve multiplication
by extension-field evaluation points. The trace construction therefore uses a multiplicative subfield RH

q ≃ Fqk and
recovers the packed inner product via the trace map.
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Coefficient norms and challenges. For w ∈ Rq we write ∥w∥∞ := maxj |wj mod ±q|, using centered repre-
sentatives in (−q/2, q/2]. We also write ∥w∥1 :=

∑
j |wj mod ±q| and ∥w∥2 := (

∑
j |wj mod ±q|2)1/2. For a

vector w ∈ Rm
q , each norm is taken over the concatenation of all md centered coefficient coordinates.

For a ∈ Rq, let Ma ∈ Zd×d be the integer negacyclic-convolution matrix of the centered coefficient lift
of a. For v = (v1, . . . , vm) ∈ Rm

q , define

Mv :=

Mv1
...

Mvm

 , ∥v∥mul,2 := ∥Mv∥2→2.

Thus ∥a∥mul,2 is the spectral norm of multiplication by a ring element, while ∥v∥mul,2 is the spectral norm of
the map a 7→ av. The first definition acts block-diagonally when a multiplies a vector in Rm

q , so its operator

norm remains ∥a∥mul,2 and does not acquire a factor depending on m. Writing ζk := e(2k+1)πi/d, unitary
diagonalization of negacyclic convolution gives the exact formulas

∥a∥mul,2 = max
k∈[0,d)

|a(ζk)|, ∥v∥mul,2 = max
k∈[0,d)

 m∑
j=1

|vj(ζk)|2
1/2

.

These identities let the protocol bound the challenge multiplication norm by deterministic rejection sampling,
provided the accepted family still meets the special-soundness size requirement below. They also let the
verifier compute the response multiplication norm directly when the response is revealed.

The following inequalities give the three norm pairings used in the binding proof.

Lemma 3.1 (Coefficient-product inequalities). For every a ∈ Rq and v ∈ Rm
q ,

∥av∥∞ ≤ ∥a∥1∥v∥∞, (43)

∥av∥2 ≤ min{∥a∥1∥v∥2, ∥a∥mul,2∥v∥2, ∥a∥2∥v∥mul,2} . (44)

Proof. Before reduction modulo q, the first bound is the coefficient-wise triangle inequality and the first
Euclidean bound is Young’s convolution inequality. The second Euclidean bound applies the block-diagonal
operator Ma to the coefficient vector of v. Commutativity lets us instead apply Mv to the coefficient vector
of a, which gives the third Euclidean bound. Centered reduction modulo q cannot increase the absolute value
of any coefficient, so all these bounds remain valid in Rq.

For the k = 1 coefficient embedding, ψ preserves coefficient norms. For k > 1 in this minimal-splitting
construction, write m = d/(2k) and use the subfield basis 1, e1, . . . , ek−1 above [76, Lemma 4]. The packing
map of [76, Theorem 2] combines two banks of m extension elements:

ψ(a,b) =

m−1∑
t=0

Xt(at +Xd/2bt), at = at,0 +

k−1∑
j=1

at,jej , (45)

with the same expansion for bt. On integer lifts, its packed coefficient vector c has entries

ct = at,0, ct+d/2 = bt,0,

ct+jm = at,j + bt,k−j , ct+d−jm = −at,j + bt,k−j (1 ≤ j < k).
(46)

The two banks therefore overlap: the coefficient ℓ∞ norm can increase by a factor of 2. The coefficient ℓ1 norm
also grows by at most 2, and the ℓ2 norm by at most

√
2, since (A+B)2+(−A+B)2 = 2(A2+B2) for each

pair. Centered reduction modulo q can only decrease these norms. These are logical-to-ring conversion factors,
applied only when a bound is stated before ψ. A norm stated directly on the centered ring coefficients of a
folded response z, or on the ring coefficients reconstructed from its digits ẑ, is already in the ring-coefficient
space used by Module-SIS and receives no further embedding factor. When Xd + 1 splits into ssplit factors
as in (42), every nonzero c ∈ Rq with ∥c∥∞ < q1/ssplit/

√
ssplit is invertible [73, Corollary 1.2]; for ssplit = 2 this

gives the familiar bound ∥c∥∞ < q1/2/
√
2. Concrete families used by Akita are specified in Section 3.2.
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Direct coefficient packing. Let E/Fq have degree k, and let dcar and h be powers of two such that d = khdcar.
We use the three rings

S := Fq[Y ]/(Y dcar + 1), SE := E[Y ]/(Y dcar + 1), R := Fq[X]/(Xd + 1).

The first is the challenge subring, the second is the extension-field carrier ring, and the third is the A ring.
There is a canonical embedding

ι : S −→ R, Y 7−→ Xkh. (47)

Indeed, (Xkh)dcar = Xd = −1 in R. The A ring is a free S-module of rank kh under this embedding:

R =

kh−1⊕
a=0

Xaι(S). (48)

Thus packing retains one coefficient axis, while the other kh coefficient lanes remain explicit.

Lemma 3.2 (Challenge-subring embedding). For every c ∈ S, the embedding (47) has the following
properties.
1. If c is a unit in S, then ι(c) is a unit in R.
2. The coefficient norms are preserved:

∥ι(c)∥p = ∥c∥p for p ∈ {1, 2,∞}.

3. Multiplication has the same Euclidean operator norm in the challenge subring and A ring:

∥ι(c)∥mul,2,R = ∥c∥mul,2,S .

The same unit statement holds after extending scalars from S to SE.

Proof. The embedding is unital, so it maps an inverse of c to an inverse of ι(c). It inserts the coefficients
of c at positions divisible by kh and inserts zeros elsewhere, which proves the coefficient-norm identities.
Under (48), multiplication by ι(c) is the direct sum of kh copies of negacyclic multiplication by c in S. A
direct sum of identical linear maps has the same spectral norm as one copy. Scalar extension preserves the
inverse identity.

3.2 Sparse and Filtered Folding Challenges

A folding step samples challenges from a finite set C ⊂ Rq. Each member is supported on a small random
subset of coefficients, with independent random signs and fixed magnitudes on that support. The family is
fixed by the ring dimension d and counts (na)a∈A, where A ⊂ Z>0 is a finite set of allowed magnitudes and
each na ≥ 0 counts how many support coordinates have absolute value a. Define the nonempty active set
A+ := {a ∈ A : na > 0} and require 1 ≤ s :=

∑
a∈A na ≤ d. Write

ω :=
∑
a∈A

ana, cmax := maxA+.

A challenge is drawn by the following three steps.
1. choose a uniform s-subset S ⊆ {0, . . . , d− 1};
2. choose uniformly a partition of S into disjoint blocks (Sa)a∈A with |Sa| = na;
3. for each a ∈ A and j ∈ Sa, set cj = εja with independent uniform signs εj ∈ {±1}, and set cj = 0 for
j /∈ S.

Every member satisfies ∥c∥∞ = cmax and ∥c∥1 = ω. The family has cardinality

|C| =
(
d

s

)(
s

na : a ∈ A

)
2s,

where
(

s
na:a∈A

)
is the multinomial coefficient s!/

∏
a na! when |A| > 1 and equals 1 when |A| = 1. This is

the raw cardinality of one folding-challenge coordinate. Write Cacc for the family that the verifier actually
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samples after any fixed, witness-independent filter. A fold with W coordinates has interactive coordinate-
wise special-soundness (CWSS) error W/|Cacc| (see Section 3.8), and the classical Fiat–Shamir reduction
multiplies the sum of these and all other interactive errors by Q+ 1. Thus a raw 128-bit family does not by
itself give a 128-bit schedule. The exact schedule-wide condition, including the public query bound Qmax,
is given in Equations (217) and (224). For extraction, any challenge difference c̄ = c − c′ obeys ∥c̄∥1 ≤ 2ω
because each coordinate of c̄ is a difference of two values in [−cmax, cmax] with at most one nonzero per
side. When Xd + 1 splits as in (42), every nonzero such difference with ∥c̄∥∞ ≤ 2cmax is invertible once
2cmax < q1/ssplit/

√
ssplit; the admitted challenge family must satisfy this condition at the selected modulus.

At a packing fold, the protocol samples its challenge family in the subring of dimension dcar and embeds
the same challenge into the A ring. Thus dcar, rather than the A-ring dimension dA, determines the family. The
planner may choose the two dimensions independently, subject to the embedding constraint in Section 4.4
and the complete schedule-wide budget above.

Some Euclidean security profiles use a certified operator-norm subfamily. For a sparse shell C0 and a
public threshold Γ , define the actual fixed-point accepted family

CaccΓ := {c ∈ C0 : OpNormAcceptΓ (c) = 1}. (49)

The predicate is deterministic and witness-independent. It satisfies a certified sandwich between a slightly
smaller true-norm ball and {c : ∥c∥mul,2 ≤ Γ} (Theorem D.1). The protocol samples from C0 and rejects
elements outside this set; conditioned on bounded-sampler success, its output is uniform over CaccΓ . Such
a family is admitted only with a certified lower bound on the cardinality of the accepted set and with a
certificate for invertibility of every nonzero pairwise difference. Fiat–Shamir and special-soundness error are
charged against that certified lower bound, rather than the larger shell |C0|. The filter changes neither the
deterministic response check nor the extraction argument: it replaces the general bound ∥c∥mul,2 ≤ ∥c∥1 by
the enforced threshold Γ . When challenges belong to a packing challenge subring, the filter is evaluated in
S; Lemma 3.2 gives the same multiplication norm for the embedded challenge used by the A relation.

Sampling. The three-step rule above is uniform on C. It can be implemented with partial Fisher–Yates
shuffles, using rejection sampling to draw each exact uniform integer from the required interval, followed
by s independent sign bits. In the noninteractive protocol these draws come from a domain-separated XOF
stream. The number of bits read is therefore variable rather than exactly ⌈log2 n⌉ for an interval of size n;
the Akita Book specifies the byte-level procedure [61].

Rademacher sums and Hoeffding bounds. When all non-sign data are fixed, the randomness remaining in
several of our checks is a collection of independent fair signs, and the triangle inequality, which prices all
contributions as if aligned, is far too pessimistic. Rademacher sums and Hoeffding’s inequality quantify the
cancellation.

Definition 3.3 (Rademacher variables). A Rademacher random variable is a random variable ε with

Pr[ε = 1] = Pr[ε = −1] = 1
2 .

Let J be a finite index set, let (εj)j∈J be independent Rademacher random variables, and let (wj)j∈J be
deterministic real weights. The random variable

X =
∑
j∈J

εjwj

is a Rademacher sum. Its variance proxy is

VX :=
∑
j∈J

w2
j .

In applications the weights are often deterministic only after conditioning on some public or previously
sampled data. We use the following convention: after such conditioning, if the remaining random variables
are independent Rademachers and the coefficients of those signs are fixed, the conditioned quantity is a
Rademacher sum. Tail bounds proved for every conditioning event then also hold unconditionally by averaging
over the conditioning.
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Lemma 3.4 (Hoeffding bound for Rademacher sums). Let

X =
∑
j∈J

εjwj

be a Rademacher sum with variance proxy VX =
∑

j∈J w
2
j . Then for every t ≥ 0,

Pr[|X| > t] ≤ 2 exp

(
− t2

2VX

)
,

with the convention that the right-hand side is 0 when VX = 0 (for every t ≥ 0).

Lemma 3.5 (Fixed-weight one-hot moment bound). Let x ∈ {0, 1}d have Hamming weight at most
ν. Choose disjoint uniform supports S1, S2 ⊆ [d] of fixed sizes n1, n2, and choose independent Rademacher
signs (εi)i∈S1∪S2

. For

X :=
∑
i∈S1

εixi + 2
∑
i∈S2

εixi,

every λ > 0 satisfies

E[eλX ] ≤
(
1 +

ν

d
(coshλ− 1)

)n1
(
1 +

ν

d
(cosh(2λ)− 1)

)n2

. (50)

Proof. Let ν0 := ∥x∥0 ≤ ν. Generate the supports by an ordered sample of n1 + n2 distinct positions: the
first n1 form S1, and the rest form S2. Let Zj indicate that sampled position j lies in the support of x. For
any set J of r sample slots,

E

∏
j∈J

Zj

 =
(ν0)r
(d)r

≤ (ν/d)r,

where (a)r := a(a − 1) · · · (a − r + 1) and (a)0 := 1. Averaging the signs gives E
∏

j(1 + ajZj), where
aj = coshλ − 1 on the first n1 slots and aj = cosh(2λ) − 1 on the remaining slots. All aj are nonnegative.
Expanding this product and applying the displayed bound term by term gives

∏
j(1 + (ν/d)aj), which is

(50).

Lemma 3.4 replaces the linear worst-case scale
∑

j |wj | by the square-root scale
√
VX , up to the logarith-

mic factor set by the target failure probability. The fold sizing of Section 5.4 uses this bound to size digit
intervals from squared weights.

3.3 Gadget Decomposition and Module-SIS

Fix a power-of-two decomposition base b = 2ℓ > 1 and let δ := ⌈logb q⌉. The gadget matrix Gb,n :=

In ⊗ ( 1 b ··· bδ−1 ) ∈ Rn×nδ
q reconstructs a vector from its digit representation: Gb,n · s =

∑δ−1
i=0 b

isi.

The decomposition map G−1b,n : Rn
q → Rnδ

q is a chosen right inverse of Gb,n that decomposes each
coefficient into balanced base-b digits. A balanced digit lies in the half-open interval

Db := {−b/2, . . . , b/2− 1}.

Thus a k-digit balanced expansion has the form

x =

k−1∑
i=0

dib
i, di ∈ Db.

Compared with unsigned digits in [0, b), this reduces the digit ℓ∞ bound from b−1 to b/2 and the worst-case
squared ℓ2 digit norm from k(b− 1)2 to k(b/2)2.

Because Db is asymmetric, the exact representable range with k digits is also asymmetric. Its largest
positive value is

Tk :=

(
b

2
− 1

)
bk − 1

b− 1
,
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and its largest negative magnitude is

Mk :=
b

2
· b

k − 1

b− 1
.

The interval [−Mk, Tk] contains exactly b
k integers. For full-field decompositions we choose k = ⌈logb q⌉ and

choose an integer lift of a canonical residue x ∈ [0, q) using the threshold

T := min(Tk, ⌊q/2⌋), x̃ :=

{
x if x ≤ T,
x− q if x > T.

This guarantees x̃ ∈ [−Mk, Tk], so no extra digit is needed.
Different protocol components may use different bases. If b is the commitment base and b1 is the opening

base, we write δcom := ⌈logb q⌉ and δopen := ⌈logb1 q⌉ for the commitment- and opening-level depths. When

a single base is active in a local argument, we may abbreviate Gb,n and G−1b,n as Gn and G−1n . We keep the
base explicit whenever one display mixes commitment, opening, quotient, or fold-witness decompositions,
and in all root-relation rows where the dimensions alone do not identify the base.

Definition 3.6 (Module-SIS). For p ∈ {2,∞} and a bound β > 0, the MSIS
(p)
q,d(n,m, β) problem asks,

given a uniform matrix M ∈ Rn×m
q , to find a nonzero z ∈ Rm

q with Mz = 0 and ∥z∥p,coef ≤ β. Here ∥·∥p,coef
is the ℓp norm of the concatenated centered coefficient vector. We omit the superscript and write MSISq,d for
the coefficient-ℓ∞ problem.

Akita uses the coefficient-ℓ∞ problem for digit-alphabet collisions. An inner-commitment collision may
instead use the Euclidean problem when the verifier certifies the required response norm. The three valid
challenge-response pairings are exactly those of Lemma 3.1. Hardness targets and the offline estimators are
documented in Appendix C.

3.4 Multilinear Extensions and Sum-Check

Let F be a finite field. For a function f : {0, 1}µ → F, its multilinear extension (MLE) is

f̃(X1, . . . , Xµ) :=
∑

i∈{0,1}µ
f(i) · ẽq(i,X),

ẽq(i,X) :=

µ∏
j=1

(
(1− ij)(1−Xj) + ijXj

)
.

When f is given as a vector f ∈ F2µ we identify f̃ with the MLE of i 7→ fi.

Theorem 3.7 (Sum-check soundness). The sum-check protocol (Figure 2) satisfies the following:
1. Interactive soundness. If T ̸=

∑
x∈{0,1}µ g(x), then a cheating prover causes the verifier to accept with

probability at most µℓ/|F| [70].
2. (ℓ + 1)-special soundness. Fix the prefix and the prover’s round-j message. If ℓ + 1 distinct challenges

r
(1)
j , . . . , r

(ℓ+1)
j have continuations certifying the corresponding honest residual sums, then interpolation

identifies the round polynomial with the honest degree-at-most-ℓ polynomial sj [76, Lemma 9]. In a
special-sound transcript tree, those residual sums are certified by backward extraction from the final
checks. Composing all µ rounds, the sum-check protocol is (1, . . . , 1)-coordinate-wise (ℓ + 1, . . . , ℓ + 1)-
special sound (Definition 3.17), with knowledge error µℓ/|F|.

Batching. Suppose we hold t claims T (i) =
∑

x∈{0,1}µi gi(x) with possibly different variable counts µ1 ≤
· · · ≤ µt. Assume that 2 is invertible in F, as it is for every Akita field, and set M := µt. For each instance
i, choose an order-preserving injection

πi : {1, . . . , µi} ↪→ {1, . . . ,M}
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Claim: T =
∑

x∈{0,1}µ g(x), where g : Fµ → F has individual degree ≤ ℓ.

Verifier state: running claim T1 := T .

For j = 1, . . . , µ:
1. P → V: the round polynomial sj(Xj) :=

∑
xj+1,...,xµ∈{0,1} g(r1, . . . , rj−1, Xj , xj+1, . . . , xµ) of degree ≤ ℓ,

with its linear coefficient omitted : (sj,0, sj,2, . . . , sj,ℓ).
2. V recovers the linear coefficient from the running claim Tj = sj(0) + sj(1),

sj,1 = Tj − 2sj,0 −
∑

i≥2 sj,i.

3. V → P: sample rj ← F and set Tj+1 := sj(rj).

Final check: V accepts iff g(r1, . . . , rµ) = Tµ+1.

Fig. 2: The compressed sum-check protocol [70]: each round message omits its linear coefficient, which the
verifier recovers from the running claim Tj = sj(0) + sj(1).

that places its local variables in a subset of the common round positions. We extend gi to an M -variate
polynomial by ignoring every coordinate outside this subset.

ĝi(x1, . . . , xM ) := gi
(
xπi(1), . . . , xπi(µi)

)
.

Every ignored coordinate doubles the Boolean sum. Thus∑
x∈{0,1}M

ĝi(x) = 2M−µiT (i).

After sampling γ1, . . . , γt ← F, the verifier can therefore batch the claims as

t∑
i=1

γi2
M−µiT (i) =

∑
x∈{0,1}M

(
t∑

i=1

γiĝi(x)

)
.

The protocol runs one M -round sum-check on the polynomial on the right-hand side.

This subset view also describes the round messages. Let C
(i)
j be the running claim for instance i at the

start of round j, with C
(i)
1 := 2M−µiT (i). If j lies in the image of πi, the instance is active and contributes

its ordinary degree-ℓ round polynomial. Otherwise, ĝi is independent of the current variable, so its round
polynomial is the constant

s
(i)
j (X) = C

(i)
j /2.

Indeed, s
(i)
j (0) + s

(i)
j (1) = C

(i)
j , and after challenge rj the next claim is C

(i)
j+1 = C

(i)
j /2. The prover sends

the combined round polynomial sj =
∑

i γis
(i)
j . At the end, the verifier checks the corresponding linear

combination of
gi
(
rπi(1), . . . , rπi(µi)

)
.

We use the conservative bound that this random linear-combination check adds at most t/|F| to the soundness
error.

The construction permits any fixed subset of round positions. The prefix embedding πi(k) = k is natural
when the instances share leading variables, for example when each gi is a restriction of one larger polynomial.
A suffix embedding is equally valid, as is any other fixed injection for which the verifier can evaluate the
final embedded claims.

The current Akita implementation uses the suffix embedding

πi(k) =M − µi + k

for generic unequal-arity batched sum-check. The first M −µi rounds are therefore constant dummy rounds

for instance i. Starting from C
(i)
1 = 2M−µiT (i), these rounds halve the claim until it equals T (i) when
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the instance becomes active. The final verifier evaluation uses the suffix (rM−µi+1, . . . , rM ) of the shared
challenge vector. This choice matches the implementation’s front-loaded batching layout while the subset
formulation above records the full generality of the protocol.

3.5 Equality-Factored Sum-Check

We use the equality-factored sum-check of [46,33] for instances of the form

T =
∑

x∈{0,1}µ
ẽq(τ, x) p(x),

where τ ∈ Fµ is fixed and the data polynomial p has individual degree at most ℓ − 1. The optimization is
useful for Akita’s range checks when no norm term is fused into the same sum-check.

The equality polynomial factors across coordinates. In round j, let qj be the degree-≤ ℓ − 1 univariate
obtained after binding the earlier coordinates and summing p against the equality factors of the later co-
ordinates. We normalize the running claim by removing each equality factor as its coordinate is processed.
Thus

Tj = (1− τj)qj(0) + τjqj(1) = qj,0 + τj

ℓ−1∑
i=1

qj,i, T1 := T, Tj+1 := qj(rj).

The coefficient of qj,0 in this identity is one. We therefore omit the constant coefficient, rather than the linear
coefficient, and send (qj,1, . . . , qj,ℓ−1). The verifier recovers

qj,0 = Tj − τj
ℓ−1∑
i=1

qj,i

using only multiplication and subtraction. This rule is inversion-free for every τj ∈ F, including τj = 0, and
sends ℓ− 1 coefficients, one fewer than the standard degree-ℓ linear-omission format.

The factorization also removes the full vector of equality weights from the prover’s inner loop [46,33].
The prover caches equality weights for the two halves of τ , using about 2µ/2 values per half. It reads each
remaining equality weight as a product of two cached values.

Batched use. The coefficient omission needs the entire round message to carry one common, verifier-known
equality factor. It applies when a sum-check runs alone or is batched only with instances sharing the same
ẽq(τ, ·). Akita uses this format for a range-tree product stage when no norm term is fused into that stage
(Section 6.1). The complete per-fold relation sum-check and a range-tree stage fused with a norm term do
not have one common equality factor, so they use the standard compressed format. When a batch mixes
shapes without a shared equality factor, as in the offloaded verifier of Section 9, the same restriction applies.
Only the prover-side storage savings remain in these cases. The resulting message counts are collected in
Table 6.

3.6 Quotient-Lift Ring Switching

Sum-check (Section 3.4) runs over a finite field, whereas Akita’s root relation is defined over the cyclotomic
ring Rq = Zq[X]/(Xd+1). Ring switching, introduced by Huang, Mao, and Zhang [50] and used in Hachi [76],
lifts an Rq-relation to Zq[X] and evaluates the resulting identity at a random point X = α to obtain a finite-
field claim. We reserve “ring switching” for this polynomial-ring lift, distinct from the tensor reduction of
Section 3.7.

The lift. Since q is prime, Zq[X] is Euclidean and division by the monic Xd + 1 has a unique quotient and
remainder. Write w̃ ∈ Z<d

q [X] for the canonical degree-< d representative of w ∈ Rq, extended coordinatewise
to vectors and matrices.
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Lemma 3.8 (Ring-switch lift). Let M ∈ Rn×m
q , w ∈ Rm

q , and h ∈ Rn
q . Then Mw = h in Rn

q if and only

if there exists r ∈ (Z<d−1
q [X])n with

M̃ w̃ = h̃+ (Xd + 1) r in (Zq[X])n.

The quotient r is unique and equals (M̃w̃ − h̃)/(Xd + 1); each coordinate of M̃w̃ − h̃ has degree at most
2d− 2, so deg r ≤ d− 2.

Proof. Mw = h in Rq holds iff M̃w̃− h̃ ≡ 0 (mod Xd+1) coordinatewise, iff Xd+1 divides each coordinate
in Zq[X], iff such an r exists. Uniqueness and the degree bound are Euclidean division of a degree-≤ 2d− 2
element by the degree-d modulus Xd + 1.

Soundness of evaluating at a random point. For α ∈ Fqk , the evaluation map φα : Zq[X]→ Fqk , X 7→ α, is
a ring homomorphism, so applying it coordinatewise to Lemma 3.8 gives the scalar identity over Fqk

M(α)w(α) = h(α) + (αd + 1) r(α), (51)

where w(α) := φα(w̃) and similarly for the other terms. Conversely, if Mw ̸= h then for any prover-supplied
r with deg r < d the vector p(X) := M̃w̃ − h̃− (Xd + 1) r is nonzero in some coordinate and has degree at
most 2d− 1, so by Schwartz–Zippel

Pr
α←F

qk

[
p(α) = 0

]
≤ 2d− 1

qk
.

Choosing k so that qk is exponential in λ makes this negligible.

The evaluation is a partial evaluation of the committed witness. The prover never re-commits to the field
vector w(α). It commits once to the base-field coefficient vector of the witness. Pad m to a power of two and
split the variable index into x ∈ {0, 1}µx (2µx = m, selecting a ring coordinate) and y ∈ {0, 1}log d (selecting

a coefficient 0 ≤ ℓ < d), and let w̃ : Fµx

qk
× Flog d

qk
→ Fqk be the multilinear extension of

w(x, y) :=
(
w̃x

)
ℓ(y)

, w̃x(X) =
∑
ℓ<d

w(x, y(ℓ))Xℓ,

i.e. w(x, y) is the y-th Zq-coefficient of the x-th ring coordinate. Let α̃ be the multilinear extension of ℓ 7→ αℓ,
which is the rank-one tensor

α̃(y) =

log d−1∏
j=0

(
1 + yj(α

2j − 1)
)
∈ Fqk , (52)

a product of one linear factor per bit (it is multilinear and agrees with αℓ(y) on the cube, hence is the MLE).
Then for every coordinate x,

wx(α) =
∑
ℓ<d

w(x, y(ℓ))αℓ =
∑

y∈{0,1}log d

w̃(x, y) α̃(y). (53)

That is, “evaluate at X = α” is exactly the partial evaluation of w̃ on its log d coefficient variables y against
the fixed weight α̃(·), leaving the µx coordinate variables free; the coefficient variables are not bound to any
point.

The same partial-evaluation view supports relation blocks with different ring dimensions. The following
lemma, which Akita uses throughout, makes the ring dimension a per-row-block choice. Fix ring dimensions

d1, . . . , dK (each a power of two) and write R
(db)
q := Zq[X]/(Xdb + 1).

Let a relation consist of row blocks b = 1, . . . ,K, where block b asserts M(b) w(b) = h(b) over R
(db)
q ,

and each w(b) is the flat Zq-coefficient vector of one committed vector w read as a vector of db-coefficient
ring elements (distinct blocks may read overlapping coordinates of w under distinct dimensions). Fix the
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matrices, witness, targets, and prover-supplied quotient vectors r(b) of degree less than db before sampling
the single challenge α ∈ Fqk . Define the per-block evaluated identity

M(b)(α)w(b)(α) = h(b)(α) + (αdb + 1) r(b)(α), (54)

where, as in (53), the block-b witness evaluation is the partial evaluation of w̃ against the truncated weight
α̃(db), the multilinear extension of (1, α, . . . , αdb−1) on log db coefficient variables.

Lemma 3.9 (Mixed-dimension ring switch). For the relations and fixed quotient vectors above:
1. (Completeness.) If every block relation holds over its ring, the honest quotients of Lemma 3.8 (computed

blockwise, with modulus Xdb + 1) satisfy (54) for every α.
2. (Soundness.) If some block relation fails, then for any choice of quotients the identities (54) hold simulta-

neously for at most 2 dmax − 1 values of α, where dmax := maxb db; equivalently, the step is 2dmax-special
sound in α and a cheating witness passes the check at a uniformly sampled α ← Fqk with probability at
most (2 dmax − 1)/qk.

3. (One ladder.) All truncated weights are prefixes of one tensor: α̃(db)(y) =
∏log db−1

j=0

(
1 + yj(α

2j − 1)
)
, so

the verifier computes the single power ladder {α2j}j<log dmax
once and each block uses its length-log db

prefix.

Proof. (1) is Lemma 3.8 applied blockwise: for each b the lift holds as a polynomial identity in Zq[X], and
evaluation at X = α is a ring homomorphism, so (54) holds identically in α. (2): suppose block b∗ fails

over R
(db∗ )
q . For any quotient r(b

∗) with deg r(b
∗) < db∗ , some coordinate of p(b∗)(X) := M̃(b∗)w̃(b∗) − h̃(b∗) −

(Xdb∗ +1) r(b
∗) is a nonzero polynomial of degree at most 2db∗ − 1 ≤ 2dmax − 1 (Section 3.6). The identities

(54) can only hold at an α that is a root of that coordinate, of which there are at most 2dmax− 1; conversely
2dmax accepting transcripts with distinct α and the same fixed matrices, witness, targets, and quotients force
every coordinate of every p(b) (each of degree < 2dmax) to vanish identically. Reducing modulo Xdb +1 then
recovers every block relation, which is the special-soundness claim. (3) is (52) restricted to the first log db
variables.

One sum-check for all ring dimensions. Append all quotient coefficients to the committed coefficient vector
before sampling α. For block b, use the augmented matrix [M(b)(α) | −(αdb + 1)I], placed in the prescribed
witness and quotient slices with zeros elsewhere. Standard random-coefficient batching of these per-block
sums (Section 3.4) checks all blocks in one sum-check over the common augmented witness multilinear
polynomial.

Remark 3.10 (Per-relation ring dimension). By Lemma 3.9, the ring dimension is a per-row-block choice:
db enters only through a public weight and a degree bound, while the commitment to the flat Zq-coefficient
vector is unchanged. Consequently, coefficientwise norm bounds and commitment binding transfer across
views, and Section 4.4 may choose each commitment matrix’s ring dimension independently of the fold ring
constrained by the challenge set.

3.7 Tensor Reduction to the Extension Field

Diamond and Posen [35, Theorem 3.5] reduce an evaluation claim on a base-field multilinear polynomial at
an extension-field point to a single evaluation claim on a packed extension-field polynomial with κ fewer
variables. We call this protocol the tensor reduction to distinguish it from the cyclotomic ring switching
of Section 3.6. Akita applies it when an evaluation-trace receiver takes an ordinary base-field opening; its
transcript and soundness error belong to that receiving fold.

Packed polynomial. Fix an extension degree 2κ with κ ≥ 1 and a deterministic Fq-basis (βy)y∈{0,1}κ of
Fq2κ . Split the ℓ variables of a base-field multilinear polynomial f ∈ F≤1q [Xhead, Xtail] into |Xhead| = κ head
variables and ℓ− κ tail variables, and pack the head variables into the basis:

g(Xtail) :=
∑

y∈{0,1}κ
f(y,Xtail)βy ∈ F≤1

q2κ
[Xtail].

The packed polynomial g has ℓ− κ Boolean variables and coefficients in Fq2κ .
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Input and output instances. The input is an evaluation claim

f(rhead, rtail) = v, rhead ∈ Fκ
q2κ , rtail ∈ Fℓ−κ

q2κ
, v ∈ Fq2κ ,

on the base-field polynomial f . The output is a single evaluation claim on the packed polynomial g at a point
ρ ∈ Fℓ−κ

q2κ
produced by the reduction.

Column and row partials. The prover sends the column partials

Sy := f(y, rtail) ∈ Fq2κ , y ∈ {0, 1}κ,

and the verifier checks the input claim by multilinear recombination over the head, v =
∑

y ẽq(y, rhead)Sy.
The tensor step is what prevents the insecure shortcut of checking only

∑
y βySy: the basis combination is

binding for Fq-coordinates, not for arbitrary Fq2κ -coefficients. To bind the Sy to g over Fq, the verifier works
in the tensor algebra Fq2κ ⊗Fq

Fq2κ , whose elements are 2κ × 2κ matrices over Fq read either column-wise
(a list (·)y of extension elements) or row-wise (a list (·)u). Decomposing each column in Fq-coordinates,
Sy =

∑
u Su,y βu with Su,y ∈ Fq, it forms the row partials

rowu :=
∑

y∈{0,1}κ
Su,y βy, u ∈ {0, 1}κ.

Let Au(w) ∈ Fq be the coordinates of the tail equality factor, ẽq(rtail, w) =
∑

uAu(w)βu for w ∈ {0, 1}ℓ−κ,
and let Au be the multilinear extension of w 7→ Au(w). Since Su,y =

∑
w Au(w) f(y, w) by multilinear

extension of f over the tail, the honest row partials satisfy

rowu =
∑

w∈{0,1}ℓ−κ

Au(w) g(w), u ∈ {0, 1}κ. (⋆)

Tensor-reduction sum-check. The verifier batches the 2κ claims (⋆) with a challenge η ∈ Fκ
q2κ

, ηu := ẽq(u, η):

cη :=
∑
u

ηu rowu, Aη(w) :=
∑
u

ηuAu(w),

so that cη =
∑

w∈{0,1}ℓ−κ Aη(w) g(w). The two parties run sum-check (Figure 2) on the degree-2 product

Aη(w) g(w) over its ℓ − κ variables with initial claim cη, yielding a point ρ ∈ Fℓ−κ
q2κ

and final value final =

Aη(ρ) g(ρ). The factor Aη(ρ) is transparent: the values Au(ρ) are the rows of e := ẽq(ϕ0(rtail), ϕ1(ρ)) in the
tensor algebra, where ϕ0(α) := α ⊗ 1 and ϕ1(α) := 1 ⊗ α are the two canonical embeddings [35]. Writing
e =

∑
u βu ⊗ eu, the verifier obtains Aη(ρ) =

∑
u ηu eu in O(ℓ − κ) tensor-algebra operations. The verifier

rejects if Aη(ρ) = 0. Otherwise it checks final = Aη(ρ) g(ρ) and outputs the single evaluation claim g(ρ).
This nonzero check is necessary when the output is used by a later relation: without it, the displayed equality
would authenticate no value for g(ρ). The schedule charges its honest abort probability and does not resample
ρ. The factor Aη(ρ) is jointly polynomial in η and ρ, with degree at most κ in the former and ℓ − κ in the
latter. The one-group, one-claim specialization of Theorem 3.11, with mmax = ℓ−κ, therefore bounds honest
abort by ℓ/|Fq2κ | and soundness for a false input by (κ+ 2(ℓ− κ))/|Fq2κ |.

Batching claims at different points and arities. The reduction above extends to several opening groups
without moving their claims to a common point. Let group a contain packed polynomials (ga,i)i∈Ia , and
write ma := ℓa−κ for its tail arity. All groups use the same extension basis and split parameter κ, but their
points and tail arities may differ. Set

mmax := max
a

ma.

For w ∈ {0, 1}ma and z ∈ {0, 1}mmax−ma , define the cylindrical extensions

ĝa,i(w, z) := ga,i(w), Âη,a(w, z) := Aη,a(w)ẽq(0, z).

The witness does not depend on the extra coordinates, while the equality factor restricts them to zero. Hence
the extended Boolean sum equals the native tensor-reduction claim for group a.
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Write Ntensor :=
∑

a |Ia| for the number of claims. On a nonidentity reduction, after binding every opening
value and column partial, the verifier samples the shared row-batching point η and normalized claim-batching
coefficients (ζtensora,i ): the first is one, and the remaining Ntensor − 1 are independent samples from E. It then
runs one mmax-round degree-2 sum-check for∑

a

∑
i∈Ia

ζtensora,i ĝa,i(x)Âη,a(x). (55)

Let ρ ∈ Emmax be the final sum-check point and let ρa := ρ[ma] be its prefix of length ma. The transparent
factor for group a is

θa := Aη,a(ρa)

mmax−1∏
t=ma

(1− ρt).

The prover supplies one final product ha,i := θaga,i(ρa) for every claim. The verifier checks that the sum-
check final value equals

∑
a,i ζ

tensor
a,i ha,i and rejects if any θa is zero. The reduction binds each native input

point and returns one packed claim ga,i(ρa) per input claim. An identity reduction forwards the original
claims under their canonical packing identification.

Theorem 3.11 (Shared tensor-reduction soundness). Let Ntensor be the number of claims in a shared
tensor-reduction batch, and let E = Fq2κ . If at least one input claim is false, then the probability that all
tensor-reduction checks pass and every forwarded packed claim is correct is at most

κ+ 1{Ntensor>1} + 2mmax

|E|
.

The three terms account for row batching, claim batching, and the mmax-round degree-2 sum-check. Deter-
ministic row extraction uses the nested binary tree of Lemma 3.19 in the κ coordinates of η, with factor 2κ.
The coordinate-wise extraction tree for the normalized claim-batching vector instead charges

Ntensor − 1

|E|
and has claim-batching factor Ntensor. (56)

For an honest prover, when the tensor reduction is nonidentity, the probability that at least one of the G
group factors θa vanishes is at most

G(κ+mmax)

|E|
.

If the prescribed tensor reduction is the identity, the protocol omits its row-batching, claim-batching, and
sum-check challenges; both its soundness and nonzero-factor errors are zero.

Proof. If one of the tensor-row identities is false, its discrepancy is a nonzero multilinear polynomial in η of
degree at most κ. Conditioned on the resulting claim-discrepancy vector being nonzero, its inner product
with the normalized coefficient vector ζtensor vanishes with probability at most 1/|E| when Ntensor > 1. For
extraction, varying one of the Ntensor− 1 sampled coordinates while fixing the others forces that discrepancy
to vanish; any accepting equation then forces the first discrepancy to vanish. Thus heterogeneous-coordinate
CWSS gives (56). Sum-check contributes at most 2mmax/|E|. For completeness, fix a group a. As a polynomial
jointly in the row-batching point η and the common final point ρ, the factor θa is nonzero and has degree
at most κ + mmax. Indeed, some Boolean tail point has a nonzero equality factor, and its nonzero base-
field coordinate vector gives a nonzero multilinear polynomial in η. The cylindrical factor contributes the
remaining final-point degree. Schwartz–Zippel and a union bound over the G groups give the stated bound.

3.8 Coordinate-Wise Special Soundness

Definition 3.12 (Multilinear PCS). Let K be a finite field and let E/K be a finite extension. A (K,E)-
multilinear polynomial commitment scheme consists of four algorithms:

(i) Setup(1λ, µmax)→ pp;
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(ii) Commit(pp, shape, f) → (cm, st), where the admissible descriptor shape fixes an arity µ ≤ µmax, f :
{0, 1}µ → K records the Boolean evaluation vector in the fixed index order, and cm := (shape, C) is
the public commitment;

(iii) Eval.P(pp, cm, st, r, v)→ π;
(iv) Eval.V(pp, cm, r, v, π)→ {0, 1}, where r ∈ Eµ and v ∈ E.

It also specifies an efficiently decidable decommitment relation

Relcom(pp, cm, f, st) ∈ {0, 1}.

For every output (cm, st)← Commit(pp, shape, f), this relation must accept.

Stating knowledge soundness through Relcom avoids identifying a valid decommitment with a fresh ex-
ecution of a potentially randomized commitment algorithm. A concrete scheme may also use an algebraic
decommitment relation that contains the canonical state produced by its commitment algorithm.

For later use, define the evaluation relation

Releval(pp, cm, r, v; f, st) = 1 ⇐⇒ Relcom(pp, cm, f, st) = 1 ∧ f̃(r) = v. (57)

The shape carried by cm determines the type of every argument in this relation. In particular, the payload
C is never interpreted without its shape. A PCS must satisfy the following three properties.

Definition 3.13 (PCS completeness). The scheme has completeness error εcomp if, for every admissible
shape, every Boolean evaluation vector f : {0, 1}µ → K of that shape, and every r ∈ Eµ,

Pr



Eval.V(pp, cm, r, f̃(r), π) = 1∣∣∣∣
pp← Setup(1λ, µmax)

(cm, st)← Commit(pp, shape, f)

π ← Eval.P(pp, cm, st, r, f̃(r))


≥ 1− εcomp(λ).

Perfect completeness is the special case εcomp(λ) = 0.

Definition 3.14 (PCS binding). For every PPT adversary A,

Pr

 Eval.V(pp, cm, r, v, π) = 1
∧ Eval.V(pp, cm, r, v′, π′) = 1

∧ v ̸= v′

∣∣∣∣∣∣ pp← Setup(1λ, µmax)
(cm, r, v, π, v′, π′)← A(pp)

 ≤ negl(λ).

In the experiment below, Run[P∗(pp)] records the displayed statement and proof together with a resettable
execution handle hdl. The handle fixes the prover’s auxiliary input, initial state, and random tape. Thus Ehdl
replays or resumes the same execution; it does not invoke an independently sampled copy of P∗. In the
random-oracle model, the handle also records that execution’s oracle transcript. The extractor answers
replayed queries consistently, except at the challenge queries that its rewinding algorithm resamples. This is
the adaptive, same-execution knowledge experiment used by the Fiat–Shamir theorem below.

Definition 3.15 (PCS knowledge soundness). The scheme has knowledge error κks if, for every stateful
PPT prover P∗, there exists an expected polynomial-time extractor E with resettable black-box access to P∗
such that

Pr



Eval.V(pp, cm, r, v, π) = 1
∧
(
(f∗, st∗) = ⊥ ∨ Releval(pp, cm, r, v; f

∗, st∗) = 0
)∣∣∣∣

pp← Setup(1λ, µmax)
(cm, r, v, π; hdl)← Run[P∗(pp)]
(f∗, st∗)← Ehdl(pp, cm, r, v, π)


≤ κks(λ).
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Coordinate-wise special soundness (CWSS). The folding step at each recursive level is analysed via the
CWSS framework of Fenzi, Moghaddas, and Nguyen [39] and its Fiat–Shamir analysis in the random-oracle
model.

Definition 3.16 (Special-sound structure [76, Definition 3]). Let C1, . . . , Cµ be challenge spaces. For
vectors ℓ = (ℓ1, . . . , ℓµ) and k = (k1, . . . , kµ) with ki ≥ 2, write NSS :=

∏µ
i=1(ℓi(ki−1)+1). The set SS(C, ℓ, k)

consists of all families of NSS challenge tuples {c(j)}j∈[NSS] ⊆ C
ℓ1
1 × · · · × C

ℓµ
µ arranged in a µ-level tree with

the root at depth zero. For i ∈ {1, . . . , µ}, each node at depth i−1 has ℓi(ki−1)+1 children. Its set of sibling
challenge vectors in Cℓii contains, for each coordinate position p ∈ [ℓi], at least ki vectors that are pairwise
distinct in position p and identical in all other positions.

Definition 3.17 (CWSS protocol [76, Definition 3]). A public-coin interactive protocol with µ chal-
lenge rounds, where round i draws a challenge from Cℓii , is (ℓ1, . . . , ℓµ)-coordinate-wise (k1, . . . , kµ)-special
sound if there exists a deterministic polynomial-time extractor that, given any prefix-consistent tree of NSS

accepting transcripts (the prover messages agree at every common prefix) whose challenges form a member
of SS(C, ℓ, k), outputs a valid witness.

Definition 3.18 (Nested interpolation tree). For a challenge vector t ∈
∏a

u=1 Su, a nested interpolation
tree of arities (k1, . . . , ka) branches on its coordinates in order. Below every prefix (t1, . . . , tu−1) there are ku
distinct choices of tu, each with its own complete suffix subtree. Thus the tree has

∏
u ku leaves. All leaves

share the transcript preceding t; there is no intervening prover message inside this vector challenge. Each
leaf has a complete accepting continuation for subsequent protocol rounds. This is different from the flat
coordinate-wise sibling family in Definition 3.16.

Lemma 3.19 (Interpolation on a nested tree). Let D ∈ E[T1, . . . , Ta] have individual degree less than
ku in Tu. If D vanishes at every leaf of a nested interpolation tree of arities (k1, . . . , ka), then D = 0. In
particular, binary branching in every coordinate, with 2a leaves, suffices for a multilinear residual.

Proof. Induct on a. In each subtree below the root, the induction hypothesis makes the restriction to its fixed
first coordinate the zero polynomial. There are k1 such distinct first coordinates. Univariate interpolation in
T1 therefore makes every coefficient polynomial zero. The case a = 0 is immediate.

Theorem 3.20 (CWSS-to-knowledge and classical Fiat–Shamir [39, Lemmas 2.31 and 2.32]).
Let Π be a public-coin (2µ + 1)-round interactive proof system for a relation R, and suppose that in each
challenge round the verifier samples from X ℓ. If Π is ℓ-coordinate-wise k-special sound and (1+ ℓ(k−1))µ =
poly(λ), then Π is knowledge sound with knowledge error

κCWSS =
µ ℓ (k − 1)

|X |
.

The extractor runs the malicious prover (ℓ(k − 1) + 1)µ times in expectation.
Moreover, the Fiat–Shamir transform of Π is knowledge sound against a classical random-oracle adver-

sary with knowledge error

κFS-CWSS(Q) = (Q+ 1) · µ ℓ (k − 1)

|X |
,

where Q is the number of classical random-oracle queries made by the adversary. This statement is not a
QROM theorem.

Corollary 3.21 (Heterogeneous-coordinate CWSS accounting). Let round i of a public-coin pro-
tocol sample an independent tuple from

∏
u∈Ui

Xi,u. Suppose a deterministic extractor needs ki,u distinct
values at coordinate u, with all other coordinates fixed, and succeeds from a prefix-consistent accepting tree
with flat coordinate-wise branching within each round. If the tree size below is polynomial in the security and
explicit-instance parameters, then the interactive knowledge error and expected transcript-tree size are

∑
i

∑
u∈Ui

ki,u − 1

|Xi,u|
,

∏
i

(
1 +

∑
u∈Ui

(ki,u − 1)

)
, (58)
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respectively. The Fiat–Shamir transform is knowledge sound against a classical Q-query random-oracle ad-
versary with the first quantity multiplied by Q+ 1.

The homogeneous per-round case has |Ui| = ℓi, Xi,u = Xi, and ki,u = ki. It therefore contributes ℓi(ki −
1)/|Xi| to the error and ℓi(ki − 1) + 1 to the tree product, as noted in [39, Lemma 2.31]. The heterogeneous
form applies when one Akita nonce derives a domain-separated tuple of independent group challenges whose
accepted families have different cardinalities.

Proof. Run the counting argument of Theorem 3.20 separately for each coordinate. Failure to obtain the
ki,u required values contributes at most (ki,u − 1)/|Xi,u|. A union bound over the coordinates and rounds
gives the first expression. At round i, the special-sound structure has 1 +

∑
u(ki,u − 1) children, giving the

corresponding factor in the second expression. The classical Fiat–Shamir statement follows by applying the
same Q+ 1 loss to the resulting interactive error.

Lemma 3.22 (Mixed transcript trees). Consider independent product challenges, with each protocol
round designated as either a flat coordinate-wise stage or a nested interpolation stage. Suppose a deterministic
extractor succeeds from every complete accepting tree with those structures in time polynomial in its size and
the explicit instance length. For a stage r, put

er :=
∑
u∈Ur

kr,u − 1

|Sr,u|
, br :=

{
1 +

∑
u∈Ur

(kr,u − 1), flat stage,∏
u∈Ur

kr,u, nested stage.

The interactive knowledge error is at most
∑

r er. If
∏

r br is polynomial, the associated tree extractor has
expected polynomial running time. In the classical random-oracle model, the error is at most (Q+ 1)

∑
r er,

provided that an oracle answer can be sampled conditional on any prescribed challenge-coordinate prefix
in expected polynomial time. This condition concerns the full answer distribution, including any sampler
encoding, not a preimage of a concrete hash seed. The Fiat–Shamir input includes an injective encoding of
the stage and its complete preceding transcript, including earlier challenges. Hence matching stage inputs
have matching prefixes. A vector returned by one oracle query is still one query for this bound.

Proof. Flat stages use Corollary 3.21. For a nested stage, perform scalar tree sampling recursively, starting
with the last coordinate. The successful outputs at coordinate u are complete suffix trees for coordinates
u+ 1, . . . , a, followed by the required later-round trees. Collect ku distinct values of coordinate u with such
outputs, keeping the earlier coordinates fixed. Their suffix trees may differ. This gives exactly Definition 3.18,
rather than coordinate pairs around a single vector.

The scalar sampling argument charges (ku−1)/|Su| at this step and multiplies the continuation-tree size
by ku. One way to see its counting threshold is to prune a product set from its last coordinate upward: a
prefix with fewer than ku surviving children loses at most (ku − 1)/|Su| of the uniform conditional mass.
A union bound over the coordinates gives er. The weighted scalar sampling argument handles the cost
of obtaining the surviving continuations; applying it recursively gives the product of the ku factors, with
polynomial sampling overhead.

For the random-oracle statement, we give the recursion underlying the application of [39, Section 8,
Lemmas 8.2–8.3]. Fix the prover’s random tape. Let J be the random oracle table, whose entries are complete
answers, and let Ir(J) be the query input selected by the original execution for stage r. If that execution does
not reach stage r, use a failure symbol. Every recursive procedure returns this original index, even when its
suffix extraction fails; it must not replace it with an index selected on a successful rerun. Its success output
also records the original pre-challenge transcript and a tree rooted there. Equality of selected stage inputs
fixes that prefix by hypothesis, so requiring it introduces no additional rejection event.

Fix the suffix procedure’s auxiliary sampling tapes independently of J , while retaining fresh randomness
for the enclosing scalar sampling game. These fixed tapes make the suffix procedure a deterministic table
map M(J) = (V, Ir(J)), with a tree attached when V = 1. Average over these tapes after applying the
sampling bounds. For a candidate table, first run the original execution to determine Ir and its prefix. An
index or prefix mismatch is a cheap failure; invoke the costly suffix procedure only for a matching candidate.
This is the matching-index/nonmatching-index cost split required by the weighted sampling game. Within a
vector, the recursion programs only the selected table entry; its successive suffix procedures fix the prescribed
coordinate prefix and may choose different remaining coordinates.
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For an entry i, write J−i for all other entries and define

A0
r,i(J−i) := {z : Ir(J−i, z) = i}, P0,r :=

∑
i

Pr[A0
r,i(J−i) ̸= ∅].

Every successful recursive output with index i is in this original-index support. Hence every support quantity
in the recursive sampling games is at most P0,r. Moreover P0,r ≤ Q+ 1: replacing entry i cannot change an
execution before its first query to i. If that input is never queried in the original execution, a replacement
leaves the execution unchanged, so it can select i only if i was already the output challenge input. Pointwise,
there are at most Q queried inputs and one such unqueried output input. The same argument applies after
fixing any auxiliary tapes; the support uses the original execution, not all the queries made by the extractor’s
reruns.

Let su+1 and Cu+1 denote success probability and expected cost before adding coordinate u to a nested
stage. Apply the scalar game with arity ku to the deterministic suffix map above, retaining its original index
also on failure. Its success bound and weighted cost bound give

su ≥ su+1 − P0,r
ku − 1

|Su|
, Cu ≤ kuCu+1 + (ku − 1)P0,rγu,

where γu bounds the cheap original-execution and conditional-answer sampling work. Sampling costs can be
charged in expectation by conditioning on their tapes and then averaging. The cost of a matching candidate
includes its complete suffix extraction. Thus this recurrence does not charge every failed candidate for an
expensive suffix computation. Telescoping the first recurrence adds the coordinate errors; iterating the second
multiplies continuation costs by

∏
u ku, with polynomial additive overhead. The prover receives the whole

vector in every run. There are no virtual protocol messages or extra adversarial oracle queries.
Finally induct backward over the actual protocol stages. The base procedure checks an accepting tran-

script. At stage r, its continuation procedure returns complete trees for all later stages and keeps the original
Ir and prefix even on failure. Later-stage programming occurs only within these continuations. A matching
later-stage input binds the entire transcript before that stage, so it also preserves every earlier prefix. A flat
stage uses the flat weighted game, and a nested stage uses the coordinate recursion just proved. Writing
sr+1, Cr+1 for the continuation’s probability and cost, the resulting bounds have

sr ≥ sr+1 − (Q+ 1)er, Cr ≤ brCr+1 + (br − 1)(Q+ 1)γr

for a polynomial bound γr on the stage’s cheap work. This also allows early rejection of a changed earlier
prefix. The success losses therefore add over stages, rather than acquiring a new factor Q + 1 at every
depth. The cost is polynomial in Q, the protocol description, and

∏
r br. Applying the assumed deterministic

tree extractor completes the proof. In the interactive case there is one fixed challenge node instead of an
adversarially selected oracle input, so the same recurrences use P0,r = 1.

4 Setup and Commitments

We want to replace several opening claims by one claim about a shorter witness. Before constructing that
fold, we must decide what each incoming commitment has already fixed. An application can commit before it
knows the opening points or the other commitments that will join its proof. We therefore keep commitment
formation separate from the opening batch: each commitment fixes its own representation and binding
parameters, while the fold chooses compatible opening data for the complete batch.

We first describe the committed objects and the public schedule connecting successive folds. We then
construct the shared setup and the commitment maps. With those commitments in hand, Section 5 builds
one fold over an ordered list of opening groups.

4.1 Setting

Object. Let K := Fq and E := Fqk . The protocol commits to a Boolean evaluation vector f : {0, 1}µ → K,

which determines the µ-variate multilinear polynomial f̃ . It later proves one evaluation claim

f̃(r) = v, r ∈ Eµ, v ∈ E,



Akita: Lattice-Based PCS 43

matching the PCS interface of Definition 3.12. Thus the commitment uses base-field coefficients even when
the opening point and claimed value use the extension field. This is the P = 1 interface. More generally, one
commitment can bind an ordered tuple (fp)p∈[P ] of such vectors: its source layout fixes P , their order, and
their common commitment grid before any opening request. The public commitment pairs its shape with its
payload: cm = (shapecom,upub); the payload is never interpreted without its frozen shape. Each receiving fold
uses the opening method prescribed by (162). Under direct coefficient packing, the fold retains one coefficient
axis in a challenge subring and opens the mixed-field claim directly (Section 5.2). Under the established
evaluation-trace method, for k > 1 the receiver first applies the tensor reduction of Section 3.7, then uses
the evaluation-trace relation. Both methods produce the same ordinary recursive opening. The composition
rule that assigns methods to nonterminal folds appears in Section 9.3. The terminal uses evaluation trace.
When k = 1, its tensor reduction is the identity.

Coefficients: terminology. Fix the ring-subfield K-basis β = (β0, . . . , βk−1) of E from Section 3.1. The
committed Boolean evaluation vector f consists of 2µ elements ofK. Extension-field values arise only after the
opening contraction, and are expanded as u =

∑
t∈[k] βtut with ut ∈ K whenever they enter a commitment,

range check, transcript encoding, or witness layout. Throughout this section, coefficient means one such base-
field coordinate. The digit and one-hot shape restrictions below apply to the logical K-coordinate table, not
to an element of E as a whole. These coordinates are not the monomial coefficients of f̃ , and the packing
map can change their coefficient bounds when forming a packed ring element.

Witness shapes. The Boolean evaluation vector f carries a shape, fixed when the commitment is formed.
Together with the packing map, the shape determines the source encoding and its packed-coefficient bound
(Section 4.5). The protocol currently supports the three shapes below, which suffice for most applications;
the design is not limited to them, and further shapes slot in through the same gadget parameter.
1. Full-field. Arbitrary coefficients in Fq. The commitment digit-decomposes every coefficient (gadget depth
δcom = ⌈logb q⌉).

2. Small balanced digits. Coefficients already lie in the balanced alphabet {−b/2, . . . , b/2 − 1}. This
is the shape of every recursive witness (Section 5.4). We use a depth-1 identity source map, with the
packed-coefficient bound obtained after the selected packing.

3. One-hot. The evaluation vector is a concatenation of blocks, each guaranteed to contain exactly one
coefficient equal to 1 and zeros elsewhere (a 1-of-2κ guarantee). We use a depth-1 identity source map
and certify its packed-coefficient bound.

Remark 4.1 (Shape guarantees are conditional). What distinguishes the shapes operationally is whether
and how the tightened shape is validated. The small-digit shape of recursive witnesses is validated inside
the protocol by the digit range check (Section 6.1), itself conditional on the PCS claim being correct. The
one-hot shape is validated outside the protocol, by the surrounding proof system, on the same committed
polynomials and again conditional on the PCS claim: in the Jolt integration, booleanity and Hamming-weight
sum-checks over the one-hot polynomials precede the batched opening. The external one-hot guarantee is
used to sharpen the honest-response bound, not to prove Akita knowledge soundness. The Akita extractor
recovers a polynomial together with the algebraic decommitment of Definition 10.13, whether or not that
polynomial is one-hot. If the surrounding statement requires one-hot semantics, its own booleanity and
Hamming-weight checks must establish them.

Remark 4.2 (One-hot sizing benefit). The guaranteed one-hot shape sharpens the digit sizing of the folded
witness at the root fold. Each canonical source class contains only the unit coefficients permitted by its one-
hot chunks. The root schedule therefore uses the fixed-weight moment-generating-function (MGF) bound of
Theorem G.2, which accounts for the exact chunk, ring, challenge-support, and response-window geometry.
Treating this shape only as a generic dense source with coefficient bound one is valid but loses the one-hot
occupancy information.

Commitment shape. We freeze the source layout together with the matrix parameters so that a later opening
cannot change what the commitment represents. Its shape is

shapecom :=
(
Src; M, b, b1; (dA, nA); (dB , nB , SB);F

)
. (59)
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The source layout Src fixes the number P and order of the committed evaluation vectors, their natural
lengths, their common commitment grid and coordinate order, the honest padding embeddings, and the
source coefficient constraints. Together with dA, it determines the ring-packed length N of each vector and
hence the block count B = ⌈N/M⌉. All P vectors use one declared coefficient envelope and the corresponding
common source digit depth δcom, so their blocks have the same A input width. Stronger constraints on
individual vectors do not change that width; vectors requiring different source digit depths must use separate
commitment handles. It also fixes the decoding map used in Definition 10.13; recording an honest padding
embedding does not assert that every algebraic decommitment lies in its image. Opening points, claimed
values, and the selection of point coordinates belong to the later opening statement.

Here M is the block length; b and b1 are the commitment and opening bases; (dA, nA) and (dB , nB) give
the ring dimensions and module ranks of the inner and outer maps; and SB is the frozen dyadic slice count
from which the canonical ranges ΠB(B,SB) of (72) are derived. The compression profile F is either empty,
when the outer image is transmitted directly, or contains exactly the two triples ({−1, 0}, dF,i, nF,i)i∈{1,2} for
the two binary compression maps. The first map’s input width follows from the complete outer image, and
the second map’s input width follows from the first image. Thus the profile records the two ring dimensions
and ranks, while the alphabet and number of stages are fixed by the protocol.

Fields and matrix notation. We use k ∈ {1, 2, 4} and the basis of Section 3.1, writing Rq,d = Zq[X]/(Xd+1)
to keep each map’s ring dimension visible. A matrix over Rq,dI

has nI rows and mI columns; its rank is set
by the SIS floor and its width by the input it must absorb. Sections 4.3 and 4.5 give the five matrix types
and construct their inputs.

4.2 Schedule Topology and Fold Configuration

The protocol is a sequence of t folds followed by a terminal level. A complete public description has three
layers: the opening groups entering a fold, the four fields that configure the fold itself, and the edge that
connects its output to the next level. We keep these layers separate because root batching changes the
groups entering the first fold, whereas setup offloading changes the opening claims passed from one fold to
its successor.

Opening groups and source topology. An opening instance consists of a reference to an existing commitment,
one evaluation point, and the values claimed under that commitment at that point. We call the referenced
pair of frozen shape and payload a commitment handle. Referencing the same handle twice does not run the
commitment algorithm again. Opening the same commitment at a second point creates a second instance.
A source group is one such instance occupying one position in the ordered input to a fold.

An opening shape records the public form of this ordered list, but not the commitments, points, claimed
values, or witness entries themselves.

The root source is an ordered, nonempty list of application-supplied groups, which we write as

O0 = (A0,0, . . . ,A0,G0−1). (60)

Taking G0 = 1 with one claim and no semantic padding gives the ordinary single-opening PCS interface.
Akita permits application-supplied multi-group batching only at this root. After the root, the source topology
is determined entirely by the preceding edge. If that edge is direct, fold j > 0 receives only the recursive-
witness groupWj . If the preceding fold offloaded its setup evaluation, fold j instead receives the setup-prefix
group Sj−1 beside that witness:

Oj =

{
(Wj), edgej−1 = Direct,

(Sj−1,Wj), edgej−1 = OffloadedSetup.
(61)

Here Sj−1 = (CS,j−1, ρS,j−1, sρS,j−1
) is the opening claim on the public setup prefix produced by the addi-

tional setup-product sum-check of fold j − 1. The commitment payload CS,j−1 belongs to the preprocessed
slot fixed by the schedule. The next fold checks this group; it does not become a permanent third component
of the recursive state. Thus consecutive offloaded edges still expose at most two groups to any non-root fold.
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Four configuration fields. A fold configuration records four fields:

cfgj :=
(
Openj ,RingCheckj ,Compj ,Normj

)
. (62)

These fields select the opening method, ring-reduction route, compression profile, and response-norm cer-
tificate. They summarize the exact records of Section 5.1; they are not independently serialized choices.
The absolute-level policy (162) determines Openj , and Definition 9.2 constrains the remaining choices. Root
batching belongs to the source list O0 and setup offloading to an edge, since both affect which claims a fold
receives.

With the source and target shapes fixed, this configuration determines the next witness (Section 5.4), its
norm checks (Section 6), and the relation rows (Section 7.2).

Edges and schedules. Every committed fold records an outgoing edge tag

edgej ∈ {Direct,OffloadedSetup,TerminalInnerState}. (63)

A direct edge produces onlyWj+1. An offloaded edge produces (Sj ,Wj+1) and requires the successor to check
both groups. The final committed fold instead produces the canonical inner state checked by the terminal;
it cannot leave a setup group pending.

A level description consists of a source opening shape, a fold configuration, the remaining public param-
eters of that fold, an outgoing edge tag, and the resulting target shape. A schedule is a finite composable
sequence

O0
Fold0[cfg0;edge0]−−−−−−−−−−−→ O1

Fold1[cfg1;edge1]−−−−−−−−−−−→ · · ·
Foldt−1[cfgt−1;TerminalInnerState]
−−−−−−−−−−−−−−−−−−−−−→ Tt

Terminal−−−−−−→ accept.

(64)

For every nonfinal edge, the target shape is exactly the source shape in (61) selected by that edge. This
equality is part of the syntax; the stronger algebraic, security, and terminal conditions that make a schedule
admissible are stated in Section 9.3. A schedule therefore describes one complete protocol execution, rather
than an independent list of feature parameters.

Section 5 constructs the witness and transcript for all these source lists. The ordinary single-claim opening
and the public batch are specializations of that construction. Section 9 supplies the producer-side setup-
product stage and the compatibility conditions across that edge. Distributed proving only refines how a fixed
level is executed and does not change this topology (Section 11).

Fiat–Shamir profile and transcript binding. Every schedule records a target λFS and a maximum classical
Fiat–Shamir-namespace query count Qmax. For every source group it also records the raw challenge shell,
every fixed filter, a certified lower bound on |Cacc| for the resulting verifier-sampled family, its pairwise-
difference certificate, and the raw-draw allowance of its fixed-filter sampler. Every response-producing stage,
including the terminal, records a nonce set of cardinality Ntry,j and a deterministic joint retry rule. The
schedule digest includes these values and the complete sequence of opening shapes and level descriptions,
and is absorbed before the first protocol challenge. The security claim is only for adversaries making at most
Qmax queries to HFS, counting every nonce probe. Independent queries to the setup-expansion namespace
do not enter this bound.

Within a fold, each challenge coordinate is derived from a separately indexed query under a fixed round
root and candidate nonce. Deriving one coordinate does not absorb another coordinate’s answer. This makes
the coordinate-wise forks used in Section 10 explicit in the transcript interface. An algebraic proof-of-work
profile additionally binds its ordered predicate sites, targets, and nonce widths; the separate accounting
appears in Section 10.

4.3 Setup

The commitment and opening algorithms use several public matrices, whose dimensions can differ across the

recursion. We construct all of them from one public vector S = (S0, . . . , SNsetup−1) ∈ ZNsetup
q , expanded from

a public seed. To obtain a particular matrix, we take the required number of entries from the beginning of
this vector and arrange them into ring elements.
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Table 3: Core algebra, setup, and commitment notation.

Symbol Meaning

K, E Base field K = Fq and opening/challenge field E = Fqk

Rq,d Cyclotomic ring Zq[X]/(Xd + 1) with dimension d
R, S, SE At a coefficient-packing fold, the A ring, challenge subring, and scalar-extended

opening ring of (85)
cfgj Fold-j configuration (Openj ,RingCheckj ,Compj ,Normj)
Src, P Frozen source layout and its ordered polynomial count in a commitment shape
edgej Outgoing edge tag: direct, setup-offloaded, or terminal inner state

κroot, N⋆ Constant-root exponent parameter and target scale N⋆ = ⌈N1/κroot⌉
dA, dB , dD Ring dimensions for the inner-fold, outer-commitment, and partial-evaluation

matrices
dF,j , dH,j Per-layer ring dimensions of the generated F- and H-chains
dmax,j Largest native ring dimension among the active ring-valued rows of fold j
A, B, D Public setup matrices for inner folding, outer commitment, and partial

evaluation
(Fj)1≤j≤LF , (Hj)1≤j≤LH Two-stage compression matrices (outer and partial-evaluation);

LF = LH ∈ {0, 2}
Msetup Active A/B/D instances in the fused setup scan and offloaded claim; F/H

maps are evaluated directly

S, S♭ Shared public setup coefficient vector and its canonical zero-padded vector for
setup offloading

Nactive Length of the longest flat shared-setup prefix read by an active matrix
n•, m• Row count (module rank) and column count (length) for matrix •
N, M Number of elements in the ring-packed vector and ring elements per block, with

M = 2rpos in the Boolean layout
B, rblk Block count B = ⌈N/M⌉ and Boolean block-index bits rblk = ⌈log2 B⌉
si Gadget decomposition of block i
ti Inner commitment of block i (Asi ∈ RnA

q,dA
)

t̂i Digitized inner commitment (G−1
b1,nA

(ti))

LB , mB , mD Total outer input length, B slice width, and full unsliced D width
SB , IB,s Frozen B slice count and its derived canonical block range
ΠB(B,SB) Shorthand for (IB,s)s∈[SB ], not a separately stored partition
xB,s Polynomial-major, padded input vector of B slice s (length mB)
us Outer image of slice s (BxB,s ∈ RnB

q,dB
)

u Complete outer stack ((us)s∈[SB ] ∈ RSBnB
q,dB

)

v One unsliced opening image (Dê ∈ RnD
q,dD

)

upub, vpub Transmitted outer and opening payloads (raw or terminal compressed images)
C, CS,h An ordinary public commitment payload and the preprocessed setup-prefix

commitment selected for offloaded edge h
(ûj)j∈{1,...,LF } Digits in the outer compression chain
(v̂j)j∈{1,...,LH} Digits in the opening compression chain
ei Logical partial opening evaluation of block i: an element of the extension-field

carrier ring under coefficient packing, or of the A ring under evaluation trace
êi Digitization of the base-field coordinates of ei

This reuse means that the setup need only accommodate the largest matrix representation, rather than
store separate entries for every matrix in every fold. The public schedule fixes how each matrix is formed, so
both parties interpret the shared entries in the same way. We first identify the matrices by their roles, then
define their common construction.

Matrix inventory. We distinguish five matrix types, A,B,D,F,H. A matrix instance fixes one type, one fold
level, one scheduled shape, and, for F/H, one compression-chain position. Its matrix view is the corresponding
prefix interpretation of S. For each group, the fold reuses its commitment matrices A, B, and F. It adds one
shared opening path D/H. Suppressing the group index, their shapes are:



Akita: Lattice-Based PCS 47

Table 4: Folding, response certification, and relation-reduction notation.

Symbol Meaning

κh, εcw,h Tensor-reduction head arity at receiver h and its distinct coordinate-wise fold
error

ci Sparse folding challenge for block i: sampled in the challenge subring for
coefficient packing and in the A ring for evaluation trace

z Folded witness (
∑

i cisi)
ẑ Digitized folded witness carried to the next level
Gbz ,mA Fold-response gadget matrix, with δf digits per value
[−Mf , Tf ] Exact coefficient interval representable by the honest canonical response digits
βcert
fold Coefficient envelope implied by the response-digit alphabet enforced by the

verifier
κ1, κ2, Γ Accepted folding-challenge bounds on coefficient ℓ1, coefficient ℓ2, and

multiplication-operator norm
Eint(ẑ), Eresp, Smax Squared norm of the reconstructed integer response, its transmitted integer

value, and the schedule bound on that value
pacc,h, p

rsp
h,r, Ntry,h Per-level and per-response admission targets conditional on successful challenge

construction, and verifier-enforced nonce allowance
αh,u, ah Certified accepted fraction for challenge coordinate u and resulting lower

bound on complete challenge-construction success at stage h

δ̂rsph , δ̂toth Response-admission failure bound and complete nonce-failure bound including
challenge-sampler exhaustion

pboxh,r, p
ball
h,r, p

G
h,r Gaussian-surrogate box, ball, and correlated joint response scores

εench,r, ε
2
h,r Encoding and energy failure allocations when separate marginal bounds are

used
ρmodel,h Multiplicative envelope relating the planner’s modeled response moment to its

stated completeness premise
Mh Typed recursive moment state (dpack; (µχ, v

full
χ , vlocalχ )χ∈RespPart)

α ∈ E Ring-reduction evaluation challenge, shared by quotient lifting and
quotient-free checking

τ1 Row-batching challenge point
τ0 Range-anchor challenge point
ϑj,c Public weight that combines claim c of source group j in a multi-instance fold
ζbatch Fresh challenge whose powers derive the public root-batching weights
b, b1, bz Positional gadget bases for source, opening-partial, and folded-response

recomposition
b⋆ Common certified range base whose balanced alphabet contains every digit

alphabet in one recursive witness
Nclm,h, Nchunk,h Total claims entering receiver h and response chunks retained by fold h
∆cert

f,j , ∆
cert
rsp,h,g,a, ∆

cert
Σ,h,g Certified difference envelopes for one group response, one retained response

chunk, and their chunk aggregate
δcom, δopen, δf , δr Tight digit depths for commitment, opening, fold response, and quotient

– A(j) ∈ RnA×mA

q,dA
: inner commitment;

– B(j) ∈ RnB×mB

q,dB
: outer commitment, applied to each slice after schedule-fixed padding to width mB

(Section 4.5);
– D(j) ∈ RnD×mD

q,dD
: one unsliced partial-evaluation commitment, applied to the complete ordered partial

digit vector;

– generated compression-chain matrices F
(j)
i ∈ RnF,i×mF,i

q,dF,i
for i ∈ {1, . . . , LF }, and H

(j)
i ∈ RnH,i×mH,i

q,dH,i
for

i ∈ {1, . . . , LH}. Here LF = LH ∈ {0, 2} and every map uses the alphabet {−1, 0}. The schedule fixes the
common compression choice and each map’s shape; see Section 4.5.

(All dimensions are per level; the level superscript is dropped when clear.)
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Length and matrix entries. Fix the maximum supported variable count µmax. We choose Nsetup to accom-
modate every matrix required by the admitted schedules up to this size. Let the largest matrix view be

Nview := max

{
nImIdI :

I is a matrix instance in an admitted schedule
with µ ≤ µmax

}
.

Thus the maximum includes every matrix instance that can occur in an admitted schedule. The finite schedule
family and bounded depth make this a finite closure calculation rather than a recursive definition at proof
time. The provisioned stream length is its least power-of-two envelope

Nsetup := 2⌈log2 Nview⌉. (65)

Thus every matrix instance reads at most Nview coefficients. The rounding costs less than a factor of two;
smaller instances read shorter prefixes of the same vector.

We now specify how these coefficients are assigned to matrix entries. A matrix M ∈ Rn×m
q,d uses the first

nmd entries of S, in row-major order, with the d coefficients of each ring element consecutive:

M[i, j] :=

d−1∑
ℓ=0

S (im+j) d + ℓ X
ℓ ∈ Rq,d, 0 ≤ i < n, 0 ≤ j < m, (66)

so M uses S[0 .. nmd−1]. The column number follows the same order as the committed vector (Section 5.4).
The B view uses the polynomial-major slice input of (73). The shared D view concatenates the opening-digit
intervals in group order, with claim, block, native subcolumn, digit, and native coefficient ordered inside each
interval. Section 5.4 fixes these addresses; the last coordinate changes first. Matrices of different types or
levels may therefore reuse entries of S while interpreting them with different values of (n,m, d).

Seed expansion. S is expanded from a public 256-bit seed by a domain-separated extendable-output function
as one coefficient-indexed flat stream:

Si := XOFq(seed; setup, i), i = 0, 1, 2, . . . (67)

The public setup profile fixes the concrete function, its domain-separation labels, and its map from sampled
bytes to Zq. We require two properties of this derivation. First, the flat-index derivation is prefix-consistent:
a length-N expansion is a prefix of any longer expansion from the same seed, exactly what the overlapping
prefix views require. Second, each coefficient is within statistical distance q 2−w of uniform, where the draw
width w is at least twice the modulus bit-length (the largest moduli sample exactly, by rejection); the
aggregate bias Nsetup q 2

−w enters the advantage formula of Section 10, where the expansion is modeled as a
random oracle. For an allocated setup error δsetup > 0, a sufficient draw width for this bound is

w ≥ ⌈log2Nsetup + log2 q + log2(1/δsetup)⌉ .

The modulus-bit-length minimum alone does not imply this aggregate target. The setup profile must therefore
record the actual sampling map and width and check the bound for the largest admitted prefix; exact
rejection sampling has zero coefficient bias. Write Hsetup and HFS for the restrictions of that oracle to the
setup-expansion and Fiat–Shamir namespaces. Domain separation makes these restrictions independent. The
query bound Qmax used below counts only queries to HFS, including every nonce probe. Queries that merely
recompute public setup coefficients use Hsetup and do not enter the Fiat–Shamir forking loss.

4.4 Per-Matrix Ring Dimensions and Challenge Families

The matrices used by Akita need not share a ring dimension. We first explain how the dimension affects
matrix costs, then give the compatibility conditions imposed by the opening method and its challenges. By
Lemma 3.9, the resulting relations can use different quotient rings over the same flat coefficient vector.
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Shared setup vector: overlapping prefix views (schematic). All views start at S0 and extend to per-
matrix lengths; they overlap by construction.

S : [S0 S1 S2 · · · · · · SNsetup−1 ]

A(j) view : [ • • · · · •︸ ︷︷ ︸
nAmAdA

]

B(j) view : [ • · · · •︸ ︷︷ ︸
nBmBdB

]

D(j) view : [ • · · · · · · •︸ ︷︷ ︸
nDmDdD

]

F
(j)
i , H

(j)
i views : [ • · · · •︸ ︷︷ ︸

nK,imK,idK,i

]

Here K ∈ {F,H} in the last row. Each matrix view reinterprets its prefix at its own (n,m, d) per (66);
Nsetup is the rounded provisioned envelope (65). Compression-map matrices use the same prefix rule at their
scheduled ring dimensions and shapes (Section 4.5, commitment compression).

Fig. 3: Setup layout: one seed-expanded vector; the matrices A,B,D and every compression-map matrix at
every level are overlapping prefix views of the same vector.

Matrix size and multiplication cost. Consider a matrix instance I with LI input field coefficients. At ring
dimension dI , these coefficients occupy mI input ring elements, and a matrix of module rank nI produces
TI := nIdI output field coefficients. To isolate the effect of the dimension, temporarily hold LI and TI fixed
and assume that no input padding is needed. The input width, number of setup coefficients, and number of
ring products in a matrix-vector multiplication are then

mI =
LI

dI
, nImIdI =

TILI

dI
, nImI =

TILI

d2I
. (68)

Thus larger rings reduce both the stored matrix size and the number of ring products in this comparison.
Each ring product also becomes more expensive, so these counts alone do not determine the running time.
At module rank one, nI = 1, the matrix contains exactly as many field coefficients as its padded input. This
equality also helps account for the setup prefix carried by an offloaded fold (Sections 9.2 and 12.2).

The required output size TI can change with dI : Module-SIS security also depends on the modulus,
input width, and collision norm. Moreover, the rank is an integer, so output lengths come in multiples of dI .
Rounding a fixed coefficient target up to such a multiple adds at most dI − 1 coefficients, but the security
requirement itself must be recomputed at each candidate dimension. Section 12.2 makes this comparison
using the exact padded input widths and secure ranks. Commitment compression separately reduces the
transmitted images; its two-stage binary construction and concrete sizes are given in Section 4.5 and Table 5.

Challenge and inner-commitment dimensions. A packing candidate first selects dcar and an audited challenge
family at that dimension. The family must meet the schedule’s Fiat–Shamir entropy target, and every nonzero
pairwise difference must be a unit in the challenge subring (Section 3.2). The candidate then selects an A-ring
dimension satisfying

kdcar | dA, h =
dA
kdcar

.

The challenge norm, folded-response envelope, and resulting A collision radius are determined by the family
at dcar. The A-ring dimension instead determines the embedding stride kh, the A module rank, its output
quantisation, and its ring-arithmetic cost. In particular, once dcar is fixed, increasing dA does not increase
either the kdcar partial or the packing quotient.

We therefore choose the challenge family from dcar and compare compatible pairs (dA, dcar). A larger
ambient ring can reduce the required A rank without changing the challenge family. A smaller challenge
subring can shorten the partial evaluations, but a heavier challenge can enlarge the response and the SIS
collision bound. These effects must be evaluated together. The schedule fixes which response-certification
routes are admissible (Section 9.3).
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An evaluation-trace fold instead samples its challenge in the full ring Rq,dA
and has no challenge-subring

dimension. For either opening method, each claim–block pair receives an independent draw from the challenge
family fixed for its level.

The commitment rings dB , dD. The outer and partial-evaluation consistency rows carry no challenge, so
B and D take dimensions free of the challenge-family floor. We choose their dimensions by comparing the
required ranks and padded sizes. Their collision bounds are the certified digit alphabet diameters (Re-
mark 10.16), rather than the folded-response envelope, so either dimension may remain below dA when its
own rank and padding costs favor that choice.

The B source t̂ is a flat A-ring coefficient vector, so the selected dB view must divide the A-ring coefficient
runs that it projects. The D source depends on the opening method. One packing partial has kdcar base-field
coordinates, while one evaluation-trace partial has dA base-field coordinates. The ring views therefore require

dB | dA, dD |

{
kdcar with direct coefficient packing,

dA with evaluation trace.

Each partial occupies the corresponding number of D subcolumns. Multiplying by digit depth and claim–
block multiplicity gives the full input width used to choose the D rank and the H compression widths. There
is no protocol condition dD | dB .

Both t̂ and ê remain flat K-coefficient vectors read under schedule-fixed ring views. Their balanced-
digit bounds are therefore independent of those views, and commitment binding transfers without a new
decomposition (Remark 3.10). Ring switching still uses one power ladder: every matrix uses the prefix
matching its own native dimension. With coefficient packing, the embedded challenge evaluation for the A
rows uses the stride prescribed by (150); evaluation trace uses the ordinary A-ring challenge evaluation. The
dimensions may vary by level and, where the grouped interface permits, by group. Each must support the
required arithmetic and satisfy the security conditions for its induced commitment instance. The schedule
fixes these choices, the opening method, challenge family, coordinate order, and terminal path before the
first fold challenge. They cannot be reinterpreted after transcript randomness is known.

Challenge norms. The challenge family also determines how large an honest folded response can be. For a
packing challenge c and an A-ring response u, the embedding of Lemma 3.2 gives

∥ι(c) ∗ u∥∞ ≤ ∥c∥1 ∥u∥∞.

Thus the mass ω of the selected challenge-subring family controls the deterministic response envelope and
the coefficient-ℓ∞ collision bound. Lemma 3.2 also supplies the multiplication-operator bound used by a
Euclidean security analysis. Whether the schedule enables that response certificate is a separate admissibility
decision.

At a packing fold, the schedule records the challenge-subring dimension, sparse shell, coefficient bounds,
accepted-cardinality lower bound, raw-draw allowance, and pairwise-unit certificate. At an evaluation-trace
fold, it records the corresponding full-ring challenge data. The response depth and A collision bound are
derived for the opening method prescribed at that level; Section 12.2 explains how these choices enter
parameter selection.

4.5 Commitment

Akita uses a two-tier Ajtai commitment, instantiated separately at each scheduled ring dimension and ex-
tended with optional compression chains. A payload is the message actually sent in the interactive protocol
(equivalently, included in the proof in the Fiat–Shamir form). We may transmit an Ajtai image directly
or compress it through another Ajtai chain before transmission. Figure 4 shows the common prefix of this
pipeline and its optional compression suffix.
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Blocks. We first describe one vector in the source layout and suppress its polynomial index. For an ordered
tuple (fp)p∈[P ], we apply this block construction and the inner commitment separately to every p, obtaining
fp,i, sp,i, and tp,i. The sliced outer map below then binds all these inner images in the frozen polynomial
order. Let f be the declared Boolean evaluation vector before padding, and write f ∈ RN

q,dA
for its ring-packed

representation of length N , constructed below. The commitment shape fixes M := 2rpos ring elements per
block, so f occupies

B :=

⌈
N

M

⌉
(69)

blocks. Block i ∈ [B] contains entries iM, . . . , iM +M − 1. The honest commitment algorithm canonically
extends the declared ring-packed vector by zero, so its block is

fi[x] :=

{
f [iM + x] if iM + x < N,

0 otherwise,
x ∈ [M ]. (70)

The block number is represented by rblk := ⌈log2B⌉ variables in a multilinear extension. Thus block numbers
B, . . . , 2rblk − 1 evaluate to zero, but they do not appear in the committed vector. Since M is a power of two,
an equality weight separates into a within-block factor and a block factor:

ẽq(r, iM + x) = ẽq(rpos, x)ẽq(rblk, i). (71)

The root and every recursive level use this same convention. In particular, every vector, challenge, and norm
uses the actual number B of blocks; 2rblk appears only when evaluating their multilinear extension.

The zero extension in (70) specifies honest commitment formation. It is not, by itself, a predicate proved
by an Akita opening. To state extraction without assuming such a predicate, let Decshape((si)i∈[B]) be the full
decoded commitment-grid vector over the base field, obtained by unpacking every ring element of Gb,Msi for
i ∈ [B] and setting only the absent block indices i ∈ {B, . . . , 2rblk − 1} to zero. Cells in a final block included
in the commitment remain part of this decoded vector, even when their containing ring-element positions lie
beyond the declared input length N . Write Padshape(f) for the canonical zero extension of a declared Boolean
evaluation vector before padding. Honest commitment satisfies

Decshape((si)i) = Padshape(f),

but the knowledge extractor is required only to return the decoded vector on the left. A statement that
identifies it with a smaller natural-domain evaluation vector must separately establish membership in the
image of Padshape. This distinction also applies when several natural-domain evaluation vectors are embedded
into one common commitment grid.

Embedding and decomposition. First embed the Boolean evaluation vector into the ring: pack each run of dA
consecutive base-field coefficients (in the ring-subfield basis of Section 3.1, so extension constituents interleave
canonically) into one element of Rq,dA

, producing the ring-packed vector f (Section 3.1). View f as blocks
(fi)i∈[B] ∈ (RM

q,dA
)B under (70), zero-extending only the final block. For a full-field source, apply balanced

decomposition to its ring coefficients:

si := G−1b,M (fi), Gb,M := IM ⊗ (1, b, . . . , bδcom−1), δcom = ⌈logb q⌉.

For a bounded source, including a recursive digit witness or a one-hot input, we instead allow the identity
source map: si := fi, δcom := 1, and Gb,M := IM . Its packed-coefficient bound is the envelope of the packed
ring coefficients. It need not be the original logical digit alphabet: trace packing can increase the coefficient
magnitude as in (46). The schedule must account for this packed-coefficient bound in its response and
commitment parameters.

Identity encoding is balanced one-digit decomposition only when every packed coefficient lies in Ab =
{−b/2, . . . , b/2 − 1}. More generally, a bounded source using balanced decomposition must fit its exact
representable interval, with negative reach (b/2)

∑
u<δcom

bu and positive reach (b/2 − 1)
∑

u<δcom
bu, after

the prescribed lift. A magnitude bound alone does not imply this asymmetric interval condition. In either
encoding, Gb,Msi = fi; later fold relations use this recomposition equation.
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Inner commitment (A, at dA).

ti := Asi ∈ RnA

q,dA
, t̂i := G−1b1,nA

(ti) (i ∈ [B]),

i.e. the inner images are digit-decomposed in balanced base b1 (depth δopen = ⌈logb1 q⌉).

Sliced outer commitment (B, at dB). The outer map would otherwise grow with the number of blocks. Slicing
limits its matrix width by reusing one matrix on consecutive ranges of source blocks. This exchanges setup
width for more relation rows. The commitment shape fixes a nonempty power-of-two slice count SB ≤ B. It
does not store a second list of boundaries. Instead, it derives the canonical block ranges

IB,s :=

[⌊
sB

SB

⌋
,

⌊
(s+ 1)B

SB

⌋)
(s ∈ [SB ]). (72)

We write ΠB(B,SB) := (IB,s)s∈[SB ] only as shorthand for these derived ranges.
The same definition covers the P ordered polynomials fixed by Src, with their common block geometry;

the single-polynomial core has P = 1. One block of one polynomial contributes

gB := nA
dA
dB

δopen

elements of Rq,dB
to the outer map. Let t̂

(B)
p,i ∈ R

gB
q,dB

be the Rq,dB
view of the opening digits of inner image

(p, i), ordered by A row, Rq,dB
subcolumn, and opening digit, with the digit coordinate changing first. This

view is a fixed permutation of t̂i: writing s = dA/dB and δ = δopen, the coefficient address changes as

(aδ + u)dA + ydB + k 7−→ ((as+ y)δ + u)dB + k.

Here a indexes the A row, y ∈ [s] the native subcolumn, u ∈ [δ] the digit, and k ∈ [dB ] its coefficient. The A
relation retains the original dA view; the outer commitment uses this dB view. Write t̂ for the corresponding
concatenation in polynomial and then block order. Set

Lblk
B :=

⌈
B

SB

⌉
, mB := PLblk

B gB ,

and form the input vector for slice s as

xB,s :=
∥∥∥

p∈[P ]

 ∥∥∥
i∈IB,s

t̂
(B)
p,i

∥∥∥∥∥∥ 0(Lblk
B −|IB,s|)gB

 ∈ RmB

q,dB
. (73)

Thus any shorter slice is padded inside each polynomial segment, rather than after the concatenation of all
polynomials. This preserves polynomial-major order and makes the case SB = 1 identical to the unsliced
input.

There is one matrix B ∈ RnB×mB

q,dB
. The prover reuses this same matrix for every slice and computes

us := BxB,s ∈ RnB

q,dB
.

The complete outer image is the single stack

u := (u0∥ · · · ∥uSB−1) =: BΠB(B,SB)t̂. (74)

Its canonical coordinate order is slice, B row, and ring coefficient, with the coefficient changing first. The
notation on the right denotes the logical block-diagonal map induced by (73); it does not denote SB inde-
pendently sampled matrices. The complete stack is either transmitted directly or compressed once by the
F-chain below. In particular, slicing creates neither separate commitments nor separate payloads.

This construction bounds theB setup view at nBmBdB field coefficients and sizes its Module-SIS instance
at the matrix width mB . If two certified digit vectors yield the same complete stack, they differ in some slice,
and their difference in that slice is a norm-(b⋆−1) kernel vector for the single instance MSISq,dB

(nB ,mB , b
⋆−
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1), where b⋆ is the certified range base of the witness that carries these digits. The cost is that the stacked
image has SB nB ring elements rather than nB . On the compressed route, this larger image enlarges the input
to the F-chain; on the raw route, it enlarges the payload itself. It also enlarges the outer-consistency rows
and the public weight evaluation. These effects enter the transition cost and successor shape of Section 12.2.

Each slice contributes nB outer-consistency rows to the common relation. Their public weights can
be combined before reading each setup coefficient, so slicing increases the weight-evaluation work without
replicating the setup matrix. Appendix B.4 gives this contraction and its cost.

Commitment compression (F-chain). The outer image u contains all B-slices. Sending this vector can be
expensive even when the witness being folded is small. We shorten the public message by committing to a digit
decomposition of u, then applying the same operation once more to the resulting image. The intermediate
image limits the second map’s input width, allowing it to retain a small secure output. Both maps are sized
for their complete inputs under the Module-SIS assumption. At a compressed level we use exactly two maps
on each side, LF = LH = 2; at a raw level we set LF = LH = 0 and transmit the original images. The
schedule fixes this choice and every matrix shape before the commitments are formed.

Binary decomposition. Both stages use the negative-binary alphabet AF,j = AH,j = {−1, 0}. Write
δ = ⌈log2 q⌉. For each coefficient x ∈ Zq, take the binary expansion of the canonical representative of
−x mod q and negate its digits. This deterministic decomposition satisfies

x =

δ−1∑
i=0

2iξi (mod q), ξi ∈ {−1, 0}.

Thus every coefficient is represented by δ digits, and two valid digit vectors differ coefficientwise by at most
one. The signs let us certify these digits by fusing the constraint w(w+1) = 0 into the range-check sum-check
(Remark 6.2).

Set ũ0 := u. At each stage j ∈ {1, 2}, decompose the preceding image coefficientwise. For an image with s
coefficients, place digit u of coefficient v at position v+su, so that all coefficients’ least significant digits come
first, then their next digits, and so on. Pack this sequence into consecutive ring elements of Fj , appending
zeros to fill the last element. The gadget map GAF,j ,· reverses this packing and sends a digit sequence ξ to

the coefficient vector whose vth entry is
∑δ−1

u=0 2
uξv+su modulo q; its inverse notation denotes the canonical

decomposition just defined. The successive commitments are

ûj := G−1AF,j ,·(ũj−1), ũj := Fjûj .

Every coefficient of ûj lies in {−1, 0}. Only the second image is transmitted; both digit vectors enter the
next fold’s witness, where the relation check proves the recomposition and commitment equations. The
opening image uses the same construction with H1,H2 and digit vectors v̂1, v̂2. We retain chain indices
j ∈ {1, . . . , LF } and j ∈ {1, . . . , LH} below so that the same formulas cover raw transmission, when both
index sets are empty.

The one public payload is

upub := ũLF
=

{
u, LF = 0,

ũLF
, LF > 0.

(75)

At depth zero, this is a vector of SBnBdB field elements in slice, matrix-row, and coefficient order. At
positive depth, it is a vector of nF,LF

dF,LF
field elements in ring-row-major coefficient order. The field

uses its fixed-width canonical encoding in both cases. The payload carries no shape or length header; the
transcript-bound schedule determines both. The evaluated rank-one compression schedules specialize the
latter order to c0, . . . , cdF,LF

−1.
The compression maps use the shared setup-prefix construction of Section 4.3. The public commitment

payload is C := upub.

Choosing the output size. The two-stage construction does not prescribe a fixed number of output bytes.
For a source with s0 field coefficients, let the two maps have ring dimensions d1, d2 and module ranks n1, n2.
Decomposing the source and then the first image gives input widths

m1 =

⌈
δs0
d1

⌉
, m2 =

⌈
δn1d1
d2

⌉
.
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The intermediate image contains n1d1 coefficients, and the public output contains n2d2 coefficients. We
choose both shapes so that MSISq,di(ni,mi, 1) meets the selected security target for i = 1, 2. With ⌈δ/8⌉
bytes per field element, the output occupies n2d2⌈δ/8⌉ bytes. Larger inputs or a higher security target can
require larger outputs; the two stages and their binary alphabet remain unchanged.

For the concrete parameters in Table 5, each complete input image of at most 8 KiB produces a 256-byte
intermediate image and a 128-byte public output. The input bound applies to the concatenation of all B-slice
images, and separately to the complete D-image. Each distinct commitment has its own complete B-image
and pair of compression maps. At opening time, we use one shared D-image for all groups (Section 5.3).
Every compression instance in this table, including all smaller supported input widths, has at least 147 bits of
estimated security in the quantum ADPS16 Core-SVP model of Appendix C. This is a per-instance estimate;
the combined bound over the public family of schedules is accounted for separately in that appendix.

Modulus q d1 m1 (max.) d2 m2 intermediate output

232 − 99 64 1024 32 64 256 B 128 B
264 − 59 32 2048 16 128 256 B 128 B

2128 − 232 + 22537 16 4096 8 256 256 B 128 B

Table 5: Two-stage binary compression for input images of at most 8 KiB. Both maps have module rank
one and coefficient collision bound one. Widths count ring elements; m1 is evaluated at the maximum input
size. Security estimates use the quantum ADPS16 Core-SVP model (Appendix C).

The small public output comes at the cost of storing and checking the two digit vectors in the recursive
witness. The choice between compression and raw transmission therefore accounts for both the bytes saved
now and the work added to later folds (Section 12).

Binding the compression digits. The digit vectors connect the original image to the public payload through
successive commitment equations. These equations become rows of the common relation matrix (Figure 6).
To state them once for both commitment paths, let M be the original map, (Kj)j∈{1,...,L} its compression
maps, and p the transmitted payload. The rows assert

Mx̂ = GA1,·ξ̂1, Kj ξ̂j = GAj+1,·ξ̂j+1 (1 ≤ j < L), KLξ̂L = p. (76)

Here L = 2 and A1 = A2 = {−1, 0}. At depth L = 0, the entire chain is replaced by the direct row

Mx̂ = p. (77)

For the F chain, the substitution is

(M,Kj , x̂, ξ̂j ,p) = (BΠB(B,SB),Fj , t̂, ûj ,upub).

For the H chain, it is
(M,Kj , x̂, ξ̂j ,p) = (D,Hj , ê, v̂j ,vpub).

Only the final payloads upub and vpub appear as public commitment targets. Each is absorbed before the
challenges of the fold that checks its chain. The chain therefore binds its compression digits without sending
those digits through the outer commitment pipeline again, which would make the commitment input depend
on digits derived from a commitment to that same input.

The range check scans the extended witness at the common balanced alphabet, but this alone does not
justify the compression maps’ collision bound of one. Every compression digit also participates in the fused
constraint w(w+1) = 0, which restricts it to {−1, 0} (Remark 6.2). The honest decomposition is deterministic;
this supplies a canonical witness, while the binary constraint bounds the openings of a cheating prover. To
prove binding, we work backward from the public output until two accepted openings first disagree. The
corresponding commitment equation gives a short nonzero kernel vector for that map, as formalized below.
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Commitment pipeline (one commitment).

f
embed into Rq,dA−−−−−−−−−−−−−→ ring-packed vector f

reshape−−−−−−→ (fi)i∈[B]

G−1
b,M−−−−−→ (si)

A−−→ (ti)
G−1

b1−−−−→ t̂

t̂
B on canonical slices−−−−−−−−−−−−−−→ u

optional F-chain−−−−−−−−−−−→ upub︸︷︷︸
payload

Opening-time branch (shared across the fold):

all groups’ source blocks
opening-method contraction−−−−−−−−−−−−−−−−−−−→ (eg,c,i)

G−1
b1

on every coordinate plane

−−−−−−−−−−−−−−−−−−−−−→ ê

ê
D−−→ v

optional H-chain−−−−−−−−−−−−→ vpub︸︷︷︸
payload

Ring dimensions per arrow: A at dA, B at dB , D at dD, the F-chain at (dF,j)j∈{1,...,LF }, and the H-chain at
(dH,j)j∈{1,...,LH}. All chain digit vectors (ûj)j∈{1,...,LF } and (v̂j)j∈{1,...,LH} join the next recursive witness
when their chain is active. Only the payloads upub,vpub are transmitted; at depth zero, the corresponding
payload is the raw image. With coefficient packing, the contraction is L and ei ∈ E[Y ]/(Y dcar + 1). With
evaluation trace, the tensor reduction precedes this branch and ei ∈ Rq,dA is the full-ring partial (96).

Fig. 4: The commitment data path and the shared opening-time branch. Each transmitted payload is either
the raw Ajtai image or the terminal image of its scheduled compression chain. All hidden intermediate images
are bound by relation rows (Section 7).

Lemma 4.3 (Compression binding chain). Fix a depth L ∈ {0, 2}, a public payload p, and either
compression rows of the form (76) when L > 0 or the raw row (77) when L = 0. Suppose two tuples

(x̂, (ξ̂j)j∈{1,...,L}) and (x̂′, (ξ̂′j)j∈{1,...,L}) satisfy the selected rows with the same p, with x̂ and x̂′ in a matrix-

input alphabet Ain certified by the range check, and with every coefficient of both ξ̂j and ξ̂′j in {−1, 0} for
every j, as certified by the fused binariness check on its complete digit span. Let Mphys := M for an unsliced

map and Mphys := B for the sliced outer map M = BΠB(B,SB). Write Mphys ∈ R
nphys×mphys

q,dM
; in the sliced case,

(nphys,mphys) = (nB ,mB). If the two tuples differ, then one efficiently extracts one of:
1. a solution to the matrix instance MSISq,dM

(nphys,mphys, ηin) for Mphys, where ηin := maxa,a′∈Ain |a− a′|;
2. for some j ∈ {1, . . . , L}, a solution to MSISq,dK,j

(nK,j , |ξ̂j |, 1) for Kj.

Proof. If L = 0, subtracting the two raw rows gives M(x̂− x̂′) = 0. Since the tuples differ, this is a nonzero
collision with the certified matrix-input norm.

Suppose now that L > 0. Walk backward from the payload and let j be the largest index at which the
two chain digit vectors differ. The corresponding row gives Kj(ξ̂j − ξ̂′j) = 0. Its coefficient norm is at most
one, since both digit vectors have coefficients in {−1, 0}. If every chain digit vector agrees, then the first row
gives M(x̂ − x̂′) = 0; since the tuples differ, the matrix-input difference is nonzero and has norm at most
ηin. When the matrix is sliced, the kernel vector restricts to some nonzero slice. Padding that restriction
with zeros to the scheduled width gives a nonzero kernel vector of B itself with the same norm. The same
argument applied directly to the unsliced matrix D proves binding for the opening chain.

4.6 Commitments Formed before the Fold

To admit commitments formed before their batch is known, we fix a common certified root alphabet with
b⋆ = 2l

⋆

in the public commitment contract. A carried digit base b1,g > b⋆ could make an honest opening
unencodable; when b1,g < b⋆, binding must still use the larger alphabet that the range check enforces.
Choosing that alphabet only at opening time cannot repair a matrix rank fixed earlier.
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The opening descriptor also requires bz,g ≤ b⋆ for response digits. Neither base need equal the source-
recomposition base bg. Different certified alphabets would require separate range predicates; we instead derive
each map’s collision bound from the common digit diameter.

For group g, the root range check certifies the balanced base-b⋆ alphabet. Two accepted outer digit vectors
therefore differ coefficientwise by at most

ηB,g = b⋆ − 1. (78)

At opening time, the group-local descriptor fixes its challenge family, response base bz,g, response depth δf,g,
and challenge-difference bound κ̄1,g. These data determine the exact inner collision norm

∆cert
f,g = (b⋆ − 1)

b
δf,g
z,g − 1

bz,g − 1
, ηA,g = 2κ̄1,g∆

cert
f,g . (79)

Neither norm depends on the other groups or their points. The verifier admits the descriptor only when the
fixed ranks and security contract of the pre-existing commitment cover these exact bounds.

The source shape remains fixed throughout this admission check. The fold may choose a compatible
recursive suffix and prover partition, but cannot resize or reinterpret an incoming commitment.

5 One Fold for an Opening Batch

Our commitments are now fixed. We want to check their opening claims together and continue with only
one recursive witness. Combining the source vectors before opening them would lose their distinct points
and commitment shapes. Instead, we keep a response for each opening group and share the work that checks
their combined auxiliary data.

We adopt this separation from Greyhound [78, §3.2], which keeps responses local to evaluation points
and jointly authenticates their auxiliary values. In Akita, each group retains its own inner and sliced outer
commitment path. We collect all partial opening evaluations under one unsliced D/H path, then check
the responses and their auxiliary values in one relation and one digit-range argument. Every group uses
the opening method prescribed for that absolute level, though their dimensions and points may differ. The
squared-norm route retains the singleton scope of Section 5.1.

Throughout this section, h denotes the fold level, g an opening group, c a claim in that group, and i the
index of a source block. When explaining an operation inside one group, we suppress its group and claim
indices. These local formulas supply the components of the single interaction in Figure 5.

5.1 Inputs and Parameters

We keep each evaluation attached to the commitment and point it is meant to open. Fix an ordered list
of G groups, each referencing a frozen commitment handle from Section 4.2. Group g ∈ [G] contains nclm,g

Boolean evaluation vectors Fg,c under one commitment, for c ∈ [nclm,g], and one opening point rg. For local
claim c, let πg,c be the public projection that selects the coordinates used by the corresponding multilinear

polynomial F̃g,c, and let vg,c be the claimed value. The local claims assert

F̃g,c(πg,c(rg)) = vg,c for c ∈ [nclm,g].

Thus nclm,g = Pg, the ordered vector count in the referenced commitment’s source layout. To open the same
commitment at another point, we reference that handle in another group; its source layout remains fixed. The
projections allow polynomials of different multilinear dimensions to share the same instance. Each πg,c must
agree with the coordinate projection induced by that vector’s frozen padding embedding; the verifier checks
this when admitting the opening statement. We remove duplicate opening-group requests before deriving
the root opening layout. This does not remove vectors from a commitment or change its Src or Pg.
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Putting local claims on one grid. The honest commitment algorithm zero-pads the Boolean evaluation vectors
of instance g to a common µg-variable grid. Let ϕg,c be the product of the equality factors on the padded
coordinates. The resulting padded vector F pad

g,c := Padg,c(Fg,c) satisfies

F̃ pad
g,c (rg) = ϕg,c F̃g,c(πg,c(rg)). (80)

The verifier derives ϕg,c from the public layout and rejects if it is zero. This is a public admission condi-
tion, not a negligible event for an arbitrary caller-chosen point. A claim with ϕg,c = 0 must remain in a
separate natural-dimension instance; the batching layer does not recover its value from the padded vector.
Consequently the heterogeneous interface below supports exactly the admitted layouts, rather than every
point-and-dimension combination of the base PCS API.

The padding identity is an honest-encoding identity, not a consequence of a single accepted opening. For
a malicious commitment, knowledge extraction returns a decoded full common-grid evaluation vector F ⋆

g,c

and establishes F̃ ⋆
g,c(rg) = ϕg,cvg,c. It does not establish F ⋆

g,c ∈ im(Padg,c). An application that interprets

this equation as the natural-domain claim F̃g,c(πg,c(rg)) = vg,c must separately certify that image condition,
or place the claim in a commitment shape with no semantic padding. This is the padding convention used
by the batch knowledge-soundness theorem in Section 10.2.

The commitment shape of group g fixes its A-ring dimension dA,g. With coefficient packing, its opening
descriptor separately fixes a challenge-subring dimension dcar,g and derives

hcar,g :=
dA,g

kdcar,g
, ιg

(
c(Y )

)
:= c

(
Xkhcar,g

)
.

The packing descriptor is admissible only when kdcar,g | dA,g and an audited challenge family exists at dcar,g.
Distinct groups may use different A-ring dimensions, challenge-subring dimensions, packing factors, and
challenge families. With evaluation trace, the tensor reduction is applied to the padded vectors (F pad

g,c )c∈[nclm,g ].
The claims in a group share the point rg, while each claim retains its own padding factor ϕg,c and value vg,c.
The descriptor fixes the shared tensor-reduction basis split, the group’s native tail arity, and the full-ring
challenge family at dA,g.

LetMg be the power-of-two block length fixed by the incoming commitment, and let Ng be the number of
ambient ring elements in each padded vector’s ring-packed representation. The number of nonempty blocks
is

Bg :=

⌈
Ng

Mg

⌉
. (81)

With coefficient packing, the group is admissible only if its scheduled coordinate permutation places
the position and low-coefficient axes among coordinates shared by every local projection. After padding,
every local claim then uses the same position and low-coefficient contraction. If no such common layout
exists, the claims must be placed in separate opening instances; the batching layer does not silently move
claim-specific coordinates through Lg. Write the common point segments as rpos,g and rpack,g. The remaining
segments rtail,g,c and rblk,g,c retain the claim-local projection and padding weights. Their lengths are fixed
by (Mg, k, hcar,g, dcar,g, Bg); callers do not choose a second coefficient layout.

With evaluation trace, let gg,c be the packed multilinear polynomial obtained by regrouping the entries of
F pad
g,c in the fixed extension-field basis and interpolating the resulting Boolean evaluations. The shared tensor

reduction applies to every F pad
g,c under rg, with input value ϕg,cvg,c. Let mmax be the largest tail arity at the

receiver and let ρ ∈ Emmax be the common tensor-reduction point. To use one sum-check across different
arities, we extend each smaller packed polynomial independently of the extra variables and multiply its public
factor by the equality polynomial fixing those variables to zero (Theorem 3.11). This extension changes only
the sum-check expression; it does not pad the group’s committed vector. Group g uses its native prefix ρg
and factor θg. The reduction produces one scaled claim

hg,c = θggg,c(ρg)

for every c ∈ [nclm,g]. The padding factor is already included in the tensor reduction input and is not
multiplied again in the evaluation-trace scalar row. Each input point remains bound separately, and each
packed claim uses the prefix and packing shape prescribed for its own group.
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Write rpos,g := log2Mg. The coordinates eg,c,i,t,u below are the base-field coordinate planes of the partial

evaluation defined in Equation (88). For c ∈ [nclm,g] and i ∈ [Bg], let fg,c,i ∈ R
Mg

q,dA,g
be block i of the

ring-packed representation of F pad
g,c formed by the honest commitment algorithm. Its last block is zero after

entry Ng − 1. Block indices from Bg to 2⌈log2 Bg⌉ − 1 are also interpreted as zero, but do not appear in the
commitment. With coefficient packing, the padded claim is therefore

ϕg,cvg,c =
∑

i∈[Bg ]

ẽq(rblk,g,c, i)
∑

u∈[dcar,g ]

ẽq(rtail,g,c, u)
∑
t∈[k]

βteg,c,i,t,u. (82)

This identity is local to instance g and does not mention any other opening point. With evaluation trace, its
analogue is the trace opening (134) for each packed claim gg,c(ρg).

Fold description. With the input layout fixed, we choose compatible response parameters and bind them
before any challenge. Each group record contains its commitment reference, claim projections, absolute level,
and lengths and alphabets of distinguished witness segments. A packing record adds its challenge-subring
geometry; a trace record adds its tensor split and trace-packing geometry. An opening shape records these
public forms without the points, claimed values, or private entries.

For an ordered incoming opening shape Oh, we record the shared opening path and the challenge and
response data for each group:

Fold :=
(
OpeningMethod;RingCheck; (Chalg, bz,g, δf,g)g∈[G];

(dD, nD);H;Norm; δquot
)
.

(83)

The tag OpeningMethod is derived from (162). Each challenge rule Chalg specifies the raw shell, every fixed
witness-independent filter, a certified lower bound on the accepted-family cardinality, the raw-draw allowance,
the challenge family for the source blocks, and the response acceptance rule. The fold has one shared nonce
set and a joint retry rule. These shared fields, including the nonce budget Ntry,h, belong to the enclosing
level description and are bound by its schedule digest. With coefficient packing, the accepted family lives in
the challenge subring and acts in the A ring through (47). With evaluation trace, it lives in the full A ring.
An evaluation-trace fold also records the tensor-reduction shape that converts its incoming ordinary opening
before the fold challenge.

The pair (dD, nD) and profile H specify the unsliced shared opening path. As for F in (59), H is empty
or contains two triples ({−1, 0}, dH,i, nH,i)i∈{1,2}; every source path and the shared path use the same
compression mode. The target commitment’s profile specifies its successor’s mode.

The tag RingCheck selects QuotientLift or QuotientFree. The vector δquot records the quotient digit depths
in the former case and is empty in the latter (Section 7).

The response certificate Norm selects a coefficient-wise bound or an additional squared-norm certificate.
Packing folds use the coefficient-wise route. For simplicity, we use the squared-norm route for a single recursive
response after the setup openings have been checked and response chunking has ended (Definition 9.2). That
route records the squared-norm bound, the challenge operator bound, and the exact norm-proof domain
described in Section 6.2. For each group, bz,g and δf,g fix the positional base and digit depth of its response.
The incoming commitment’s base bg still reconstructs the source blocks; these bases need not coincide. The
target shape O′ records the successor commitment and ordered witness segments. Together these records
determine the block counts, matrix widths, compression widths, and successor length through Section 4.5
and (100). Collision bounds and induced Module-SIS instances are derived from them. In the summary
configuration (62), Open = OpeningMethod; RingCheck and Norm are the tags above; and Comp collects the
source and target F profiles and the shared H profile.

5.2 Forming the Partial Opening Evaluations

The committed multilinear polynomial is defined over K = Fq, while its opening point lies in the extension
field E. Its Boolean evaluations are base-field values, which we pack into ring elements for commitment.
Opening combines them with extension-field weights; folding multiplies their blocks by ring challenges. We
need partial opening evaluations that recover the claimed field value and remain consistent with this ring
multiplication. Direct coefficient packing evaluates some coefficient coordinates early and uses subring chal-
lenges. Evaluation trace uses a field embedding and trace-compatible packing to permit full-ring challenges.
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Direct Coefficient Packing Direct coefficient packing places input values directly in the coefficient posi-
tions of the commitment ring. We split each coefficient index into two parts: one is evaluated at the original
opening point, while the other indexes the coefficients of a smaller polynomial over E. Subring challenges act
on this second index without mixing the first, so evaluating before folding gives the same result as folding
before evaluating.

Packing geometry. The schedule selects an A-ring dimension dA and a challenge-subring dimension dcar, also
the dimension of the smaller ring holding each partial opening evaluation, such that

dA = khcar dcar, hcar ∈ Z≥1, (84)

where k, dA, hcar, dcar are powers of two in the supported parameter sets. Each coefficient of the partial lies
in E and needs k base-field coordinates. Thus the ratio dA/dcar = khcar first accommodates the extension
degree, leaving a factor hcar reduction in base-field width. This size constraint is separate from the commu-
tation identity: commutation follows from the subring acting only on the coefficient index that has not been
evaluated. Define the A ring, challenge subring, and extension-field carrier ring by

R := K[X]/(XdA + 1), S := K[Y ]/(Y dcar + 1), SE := E[Y ]/(Y dcar + 1). (85)

We use the canonical embedding ι : S ↪→ R, Y 7→ Xkhcar , from (47). By Lemma 3.2, it preserves support size
and coefficient norms, and multiplication has the same Euclidean operator norm in the carrier and ambient
views before reduction modulo q.

Canonical coefficient split. Use the block geometry of (69) and (70), with i ∈ [B] and x ∈ [M ]. Write the
ambient element at that address as

Fi,x(X) =
∑

j∈[dcar]

∑
a∈[khcar]

fi,x,a,jX
a+khcarj , fi,x,a,j ∈ K. (86)

The coefficient positions form consecutive groups of size khcar: a indexes a position within group j, giving
ring-coefficient index a + khcarj. The matching part of the opening point is split as rpack ∈ Elog(khcar) and
rtail ∈ Elog dcar . The first point contracts a; the second is retained until the scalar opening equation below.

For every source block, the prover contracts the position and low-coefficient axes to obtain one polynomial
over the extension carrier:

ei(Y ) :=
∑

x∈[M ]

∑
a∈[khcar]

∑
j∈[dcar]

ẽq(rpos, x)ẽq(rpack, a)fi,x,a,jY
j ∈ SE . (87)

Writing

ei(Y ) =
∑

j∈[dcar]

∑
t∈[k]

βtei,t,j

Y j , ei,t,j ∈ K, (88)

shows that one partial contains exactly kdcar committed base-field coordinates. The canonical coordinate
order is block, extension coordinate t, and carrier coordinate j, preceded by the claim index when several
polynomials share a group.

Direct scalar opening. The original extension-field claim is recovered by contracting the block and carrier
axes of these partials. For one polynomial, the required equation is∑

i∈[B]

ẽq(rblk, i)
∑

j∈[dcar]

ẽq(rtail, j)
∑
t∈[k]

βtei,t,j = v. (89)

This is one E-valued linear row. It uses neither a trace map nor a tensor-reduction sum-check. After gadget
decomposition, the same row replaces ei,t,j by

∑
ℓ b

ℓ
opêi,ℓ,t,j and is checked on the authenticated digit vector.

Here bop := b1 is the opening-digit base used in Section 7.2.



60 Dao, Bodaghi, Khajehpour, Vitto et al.

One challenge in two rings. Once every coordinate plane of the partials has been bound, the verifier samples
each block challenge from an audited family Cdcar ⊂ S. The same challenge acts in two rings:

ci(Y ) ∈ S in the carrier relation,

ι(ci) = ci(X
khcar) ∈ R in the inner-commitment relation.

(90)

No independent ambient challenge is sampled. If δ = c− c′ is a unit in S, then ι(δ) is a unit in R, because ι
maps an inverse of δ to an inverse of ι(δ). The special-soundness argument may therefore use the same fork
in both relations.

To see why the same challenge can fold the partials and source blocks, let L denote the contraction in
(87), so that L(fi) = ei. The coefficient split makes L linear over S:

L
(
ι(c)F

)
= cL(F ) in SE . (91)

Indeed, multiplication by Y advances the carrier index j, while a wrap at j = dcar contributes the same
minus sign as a wrap at XdA . Consequently, for the folded source

Zx(X) :=
∑
i∈[B]

ι(ci)Fi,x(X), (92)

the native consistency relation is

L(Z)(Y ) =
∑
i∈[B]

ci(Y )ei(Y ) in SE . (93)

The inner-commitment rows remain over R and use ι(ci):

[AGbz,mA
ẑ]r =

∑
i∈[B]

ι(ci)[Gb1,nA
t̂i]r (r ∈ [nA]). (94)

Thus only the consistency row moves to the carrier; the matrix A and its setup remain over the ambient
ring.

Base-field specialization. When k = 1, the extension-coordinate sum in (89) has one term. The planner may
still use dcar < dA, with hcar = dA/dcar, to shorten the partial and carrier quotient. Taking dcar = dA and
hcar = 1 recovers the ordinary full-ring opening.

Evaluation Trace For evaluation trace, we first use the shared tensor reduction of Section 3.7 to obtain
packed claims at their native points. We again suppress the group and claim indices to describe one partial.
Let ρ be this group’s packed opening point. The schedule splits this point according to the trace layout as

ρ = (ρblk, ρpos, ρpack), (95)

for the block, within-block position, and trace-packing axes. For x ∈ [M ], set ax := ẽq(ρpos, x) ∈ E ⊆ Rq,dA

and a := (ax)x∈[M ]. The evaluation-trace method then produces the ordinary full-ring partial

ei := ⟨a, fi⟩ ∈ Rq,dA
, (96)

with dA base-field coordinates. Set

dop :=

{
kdcar with direct coefficient packing,

dA with evaluation trace.
(97)

5.3 Binding the Partials and Folding the Sources

Reusing the incoming commitments. For group g, apply Section 4.5 with P = nclm,g and B = Bg, adding
indices (g, c) to the local source blocks and inner images. Thus sg,c,i and tg,c,i = Agsg,c,i are the already
committed data, and t̂g,c,i are their base-b1,g digits. The slice width is the one derived in Section 4.5 under
this substitution. The slice inputs xB,g,s of (73) and images ug,s = BgxB,g,s keep the handle’s frozen padding
and compression path. Another opening point reuses these same data.
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Binding the partials. Each group’s partials depend on its own point. We can still bind them together: we
concatenate their base-field digit vectors, and use one opening commitment for the resulting vector. We first
identify exactly which coordinates each group contributes.

At a packing level, for each local claim and source block, the prover applies the group-local contraction
Lg of (87), using rpos,g and rpack,g:

eg,c,i(Y ) =
∑

u∈[dcar,g ]

∑
t∈[k]

βteg,c,i,t,u

Y u ∈ E[Y ]/(Y dcar,g + 1). (98)

At an evaluation-trace level, each group instead uses the full-ring partials of (96) for its tensor-reduction
output, with dA,g base-field coordinates per partial.

The base-field layout of a packing partial is [g, c, i, t, u]. Its kdcar,g coefficients are gadget-decomposed in
base b1,g after splitting into native dD-coefficient blocks (Section 5.4). Let êg be the resulting interval for
group g. With evaluation trace, the layout is [g, c, i, u] for u ∈ [dA,g], with the same native-block digit order.
Let

ê := concat(ê0, . . . , êG−1)

in the fixed input-group order. The intervals may have different lengths in either mode. They are concatenated
without padding them to one common geometry.

One unsliced opening matrix commits to the whole vector. The fold selects a shared opening compression
depth LH ∈ {0, 2} and shared dD and nD such that dD divides the partial width in base-field coordinates of
every group. All outer commitments use the same mode, LF,g = LH for every g. At the root these depths
are two. The 8 KiB input bound of Table 5 applies separately to each complete B-stack and to the shared
D-image; it is not a bound on their combined size. Define

dop,g :=

{
kdcar,g with coefficient packing,

dA,g with evaluation trace.
(99)

Group g contributes

mD,g := nclm,gBgδopen,g
dop,g
dD

(100)

columns over Rq,dD
. Set

mD :=
∑
g∈[G]

mD,g, D ∈ RnD×mD

q,dD
, v := Dê. (101)

The D columns follow the exact concatenated coefficient intervals. There is no D slice count, group-local
D image, or padding to maxg dcar,g. If LH = 0, the one public opening payload is vpub = v; otherwise the
one compression chain (Ha)a∈{1,...,LH} starts from v and terminates at that payload. The verifier checks nD
against this exact total width and the certified difference bound of the heterogeneous digit vector; we do not
reuse a rank from one group or rescale the cost of a full-dA opening.

Combining claims and forming responses. The shared opening payload binds the partials, but each group
still carries its own scalar claims. We combine these claims only after binding that payload. This order
prevents the prover from choosing partials that cancel under known weights. Write Λ :=

∑
g∈[G] nclm,g and

number the claims in group, then claim order, starting at zero.
At a packing root with Λ > 1, we sample ζbatch ← E and assign successive powers to the claims. If

g(a), c(a) identify claim a, its weight is

ϑg(a),c(a) := ζabatch, a ∈ [Λ]. (102)

At a packing offloaded boundary, the ordered setup and witness groups each contain one claim; we use
weights (1, ϑgrp) for a fresh ϑgrp ← E. At a singleton direct edge, the only weight is one. The packing target
is the corresponding sum of padded values:

vroot :=
∑
g∈[G]

∑
c∈[nclm,g ]

ϑg,cϕg,cvg,c. (103)
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We retain the subscript root for this batched scalar target even when the fold receives an offloaded setup
opening; at an application root it is also denoted vbatch.

At an evaluation-trace fold, the shared tensor reduction has already bound the scaled claims hg,c. After
binding the shared opening payload, we fix the first scalar coefficient to one and sample the other Λ − 1
coefficients independently from E. These draws are separate from the claim-batching coefficients inside the
tensor reduction. The trace target is v̄root :=

∑
g,c ϑg,chg,c. When the tensor reduction is the identity, we set

θg = 1 and forward the padded input claims under their canonical packing identification. For k = 1, this
means ρg = rg and hg,c = ϕg,cvg,c. There are no tensor-prefix challenges.

After the scalar weights are fixed, the verifier samples one mode-specific challenge cg,c,i for every group,
local claim, and source block. A single nonce selects the complete domain-separated raw-draw tape. If every
bounded fixed-filter sampler succeeds, the resulting tuple is uniform over the product of the scheduled
accepted families in the random-oracle model. The prover retains it only when every group response

zg :=
∑

c∈[nclm,g]

∑
i∈[Bg]

cAg,c,isg,c,i (104)

meets that group’s scheduled response certificate. A retry resamples the whole tuple, and the verifier enforces
the common nonce limit.

Here cg,c,i ∈ Cdcar,g and cAg,c,i = ιg(cg,c,i) with coefficient packing. With evaluation trace, cg,c,i = cAg,c,i ∈
CdA,g

is a full-ring challenge.
Let bz,g and δf,g be the response base and depth fixed by group g’s opening descriptor. The prover

decomposes its response as
ẑg := G−1bz,g,mA,g

(zg), zg = Gbz,g,mA,g
ẑg. (105)

The one range check need not use this positional base. It certifies every response digit in the common
balanced base-b⋆ alphabet fixed by the public commitment contract of Section 4.6; admission therefore
requires bz,g ≤ b⋆. This separates the base that recomposes a response from the alphabet that bounds each
of its digits.

5.4 The Witness Passed to the Next Level

We have formed the responses. To check how they were obtained, the next witness also carries the partial
opening evaluations, inner images, and compression digits. Their order matters: quotient digits for the main
relations precede the compression stages, and each stage carries its own quotient digits immediately after its
binary digits.

First collect the response and auxiliary digits into

w
(h)
main :=

∥∥∥
g∈[G]

[ẑg | êg | t̂g], ĉa :=

 ∥∥∥
g∈[G]

ûg,a

 ∥v̂a. (106)

Here ĉa contains every group’s Fa digits, then the shared Ha digits. With response chunking, the main
vector instead collects the response and auxiliary digits for each group within each chunk, then concatenates
the chunks in order (Section 11.2).

The bases bz,g and b1,g reconstruct the response and opening values, respectively. The range check certifies
the common balanced base-b⋆ alphabet, so admission requires every carried digit base to fit that alphabet.
Compression digits additionally satisfy w(w+1) = 0, which restricts them to {−1, 0} (Remarks 6.2 and 10.16).

Native ring blocks and digit order. The witness is a vector of base-field coefficients. Each segment retains its
own ring dimension; we do not enlarge all segments to a common ring. For one group, suppress its index.
Response digits use dA coefficients per ring element, while partial opening and inner-image digits use dD
and dB , respectively. To store a value with base-field width D in dimension d | D, first split it into s = D/d
consecutive blocks, then decompose each block. For δ digits per block, the local address is

pos(j, y, u, k) :=
(
(js+ y)δ + u

)
d+ k, y ∈ [s], u ∈ [δ], k ∈ [d]. (107)
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Thus the coefficient coordinate changes first, then the digit, then the native block. For partial opening evalua-
tions, j enumerates claim/block pairs and (D, d) = (dop, dD). For inner images, j enumerates claim/block/A-
row triples and (D, d) = (dA, dB). A response has no claim axis. Its coefficient k at position x, input digit
ucom, and response digit ufold has address

posẑ(x, ucom, ufold, k) :=
(
δf (δcomx+ ucom) + ufold

)
dA + k. (108)

Offsets are sums of preceding segment lengths. Compression digits retain the digit-plane order and ring-
completion padding of Section 4.5. Digit counts are the actual counts chosen by the schedule, without
rounding to powers of two.

The complete witness for the next level. On the quotient-lift route, write Q̂main for the quotient digits of the
fold-evaluation, inner-consistency, outer, and opening relations (families 1–4 of Figure 6): for each group,

its fold-evaluation, A, and sliced B rows, then the shared D rows. Write Q̂a for the compression quotients
at depth a, with all group-local Fa rows before the shared Ha rows. For Lcomp := LF,g = LH ∈ {0, 2}, the
successor order is

w(h+1) := w
(h)
main∥Q̂main

∥∥∥ Lcomp∥∥∥
a=1

[ĉa | Q̂a]. (109)

Every Q̂ segment is empty on the quotient-free route; at compression depth zero, the entire compression
suffix is absent. Quotients retain their row’s native dimension and coefficient field. If row r has dimension dr
and pr base-field coordinates per coefficient, its digit u, field coordinate t, and ring coefficient k occupy the
local position

posQ̂r
(u, t, k) := (upr + t)dr + k. (110)

The range check covers these digits in the common balanced alphabet; the schedule fixes their decomposition.
Equation (109) suppresses scheduled zero alignment: the compression suffix starts on the common relation-

coefficient block boundary, and each compression stage starts on a boundary of its largest ring dimension.
The compression suffix ends on a boundary of the largest group dA when there are several groups, or of
the common relation block when there is one. The common block size is the smallest polynomial-modulus
dimension among the noncompression rows. Together with the compression maps’ ring-completion padding,
these zeros are part of the committed vector. A final zero suffix completes the successor rings and extends
the vector to the Boolean domain. Within the main body and its quotient rows, segments are concatenated
without padding to the largest ring dimension. The order follows the relations and compression stages, not
a global sort by dimension.

Choosing the response digit depth. We choose a digit depth separately for each group’s response, then certify
all those digits in the common range proof. To explain the two bounds that this choice must satisfy, suppress
the group index and write b for its response base bz,g. The group stores its reconstructed response through
δf balanced base-b digit planes. Let b⋆ be the certified range base against which the next level checks those
planes. The schedule requires b ≤ b⋆. These two bases give two different response bounds. The honest prover
uses the canonical base-b decomposition. Its exact representable interval is

[−Mf , Tf ], Mf :=
b

2
· b

δf − 1

b− 1
, Tf :=

(
b

2
− 1

)
bδf − 1

b− 1
. (111)

Thus a symmetric honest-response threshold used to choose δf must be at most Tf . This is the condition
that makes the honest response encodable by the prescribed number of canonical digits.

The next level, by contrast, certifies only that each transmitted digit lies in the possibly wider balanced
base-b⋆ alphabet. Recomposition of an arbitrary accepted digit vector therefore gives the verifier-enforced
coefficient envelope

βcert
fold =

b⋆

2
· b

δf − 1

b− 1
. (112)

This second bound applies to every accepted response and determines the Module-SIS collision radius. It is
independent of how the honest-response threshold used to select δf was obtained. When b < b⋆, it is strictly
larger than the canonical representable interval and cannot be used to justify honest encodability.
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Weak binding uses the difference of two accepted responses. Two digits in {−b⋆/2, . . . , b⋆/2 − 1} differ
by at most b⋆ − 1, so the corresponding certified difference envelope is

∆cert
f = (b⋆ − 1) · b

δf − 1

b− 1
. (113)

On the coefficient route, the schedule combines ∆cert
f with the certified challenge-difference bound to derive

the A-collision radius in (79), which it supplies to the Module-SIS estimator. On the Euclidean route, the
same digit ranges remain in force and the next level additionally certifies Eint(ẑ) ≤ Smax by Section 6.2. The
route, squared-norm bound, response coordinate map, challenge family, and proof shape are fixed before the
fold challenges.

The honest-prover analysis is kept separate from these enforced statements. Lemma G.1 and Theorem G.2
give rigorous root thresholds for dense and canonical one-hot sources when the accepted challenge distribution
satisfies their hypotheses, while Appendix G.3 specifies the conditional recursive response model used by the
parameter search. In every case, the selected threshold is rounded up to the least digit depth whose canonical
interval (111) contains it. The wider envelope (112) is then derived from that depth for security sizing. The
retry allowance Ntry,h is an independent schedule parameter and is accounted for by Theorem 10.9.

5.5 Interaction and Special Cases

We can now put the messages in order. The commitment handles determine the source maps; the fold record
determines the shared opening path, response certificates, and ring-check route. These choices also determine
the complete successor shape before any challenge. In particular, a different response certificate changes the
collision bound that the incoming A map must support. Its frozen rank and commitment geometry must
already cover that bound. When provisioning a new commitment, we resolve the certificate before choosing
its rank, slices, and compression maps.

Transcript binding. The preamble absorbs the setup-seed identity, schedule digest, ordered commitment han-
dles, points, projections, and claims before any challenge. The digest binds every source and target shape,
coefficient order, challenge family and sampler, nonce budget, response route and integer encoding, com-
pression path, and ring-check tag. Subsequent messages follow Figure 5. Thus the proof binds the complete
ordered opening statement; a partial cannot be adapted to its scalar or fold challenge, and the successor
witness cannot be adapted to α.

Ordinary openings and public batches. For an ordinary opening, take G = 1, nclm,0 = 1, π0,0 = id, and
ϕ0,0 = 1. This leaves one response, no scalar-batching draw, and the single-claim witness order of (109).

At the application root, the analyzed policy uses coefficient packing (Equation (162)). The ordered groups
can refer to different commitments or to one commitment at several points. After the shared opening payload
is bound, (102) combines the Λ scalar claims. Once the partials are uniquely bound, a discrepancy in any
padded claim gives a nonzero polynomial in ζbatch of degree at most Λ − 1. This is the public-batching
argument of Lemma 10.24. The group-local commitment and opening geometries remain the ones admitted
in Section 5.1.

At recursive edges, instantiate the same fold with the source list of (61). The producer-side setup check
and terminal binding are given in Sections 8.2 and 9.2.
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One Akita fold at level h.
Public input: the ordered groups Oh, with their commitment handles, points, projections, and claimed values;
the setup identity and schedule digest fixing the source and successor shapes, fold record, and edge.

0. Reduce the incoming claims when required. At an evaluation-trace fold with k > 1, absorb all tensor
column partials, then draw the shared row- and claim-batching challenges. Run the one shared tensor reduction
of Theorem 3.11, absorbing each message before its challenge. Bind every hg,c and check every θg ̸= 0. Each
group retains its native prefix ρg. Packing and identity tensor reductions omit this step.

1. Bind all partial opening evaluations. The prover forms the mode-specific eg,c,i, decomposes their
base-field coordinates, and concatenates the group intervals. It sends the raw shared D image or the final H
payload vpub. Absorb that payload before any scalar-batching or fold challenge.

2. Combine the scalar claims and fold each group. Derive the weights of Section 5.3. For one claim,
use weight one and no scalar-batching draw. Then use a candidate nonce to derive the complete mode-specific
tuple (cg,c,i)g,c,i and form every zg by (104). Reject that nonce if a bounded sampler fails or a response
does not fit its scheduled certificate. A retry resamples the whole tuple; enforce the common nonce budget.
Each coordinate query is separately indexed under the fixed round root and nonce, without absorbing other
coordinates’ answers.

3. Bind the successor witness. Assemble (109), including all quotient digits on the quotient-lift route and
none on the quotient-free route. Commit using the successor’s frozen shape and absorb its payload. At the
final nonterminal fold, bind the canonical terminal inner state instead (Section 8.2).

4. Bind any squared-norm claims. On the eligible singleton Euclidean route, send and absorb the canonical
integer encoding of Eresp and, if required, the digit-inner-product claims. Their batching challenges follow these
claims and the successor binding. The coefficient route sends no norm claims.

5. Check the ranges and relations. Draw α and the later batching challenges in the order specified in
Sections 6.1, 6.2 and 7.4. Use the selected ring check on the rows of Figure 6; run one range pipeline on
the complete witness and fuse the optional norm proof into its final stage. The fused relation sum-check
authenticates those outputs against the same witness and leaves one claim w̃(h+1)(r(h+1)) = v(h+1).

6. Pass the remaining claims to the next level. A direct edge produces the witness opening Wh+1. An
offloaded edge performs the additional setup-product stage of Section 9, then produces (Sh,Wh+1). The new
setup group enters only the next fold. The final edge produces TerminalInnerState and no setup claim.

Fig. 5: The canonical interaction for every nonterminal fold. All groups share the opening payload, challenge
retry, range pipeline, and relation check. The terminal’s direct checks are specified separately in Section 8.2.
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6 Norm Checks for the Recursive Witness

The binding argument assumes that the next recursive witness is small in a publicly specified sense. Akita
certifies that premise before using the witness in another fold. Every nonterminal fold proves a digit-range
statement for the complete committed witness vector. A schedule may additionally select a Euclidean state-
ment for the reconstructed response when the smaller collision bound repays the cost of proving it. These
are norm statements only: the algebraic equations that make the witness a valid fold are checked separately
in Section 7.

6.1 Digit Range Check

At level j + 1, the next commitment binds the witness vector w := w(j+1), indexed by {0, 1}µ′
. We write

w̃ := w̃(j+1) for its multilinear extension. The range check first certifies that every Boolean evaluation w(x),
for x ∈ {0, 1}µ′

, lies in the common balanced alphabet

Ab⋆ := {−b⋆/2, . . . , b⋆/2− 1},

where b⋆ is the level’s common range parameter, chosen by the schedule from {4, 8, 16, 32, 64}. A level’s
witness segments may use distinct positional bases for recomposition. The schedule separately records those
bases and a single common range parameter b⋆ whose alphabet contains every balanced digit alphabet used
by the witness entries. The range proof certifies this common bound; it does not identify the positional base
of any segment. All compression digit spans in the witness vector are restricted to the smaller negative-binary
alphabet {−1, 0}. These positions remain in the common range proof and are later narrowed by the fused
binariness check in Remark 6.2.

The common range statement requires Qb⋆(w(x)) = 0 for every x ∈ {0, 1}µ′
, where

Qb⋆(w) :=
∏

a∈Ab⋆

(w − a).

Halving the predicate degree. A generic approach would evaluate the b⋆ linear factors of Qb⋆ with a binary
product tree, using b⋆ − 1 multiplication gates per witness entry before proving that the output is zero at
every Boolean point. We first reduce this product circuit by pairing the factors

(w − k)(w + k + 1) = w(w + 1)− k(k + 1),

for every k = 0, . . . , b⋆/2 − 1. This rewrites the degree-b⋆ predicate in w as a degree-b⋆/2 predicate in the
mapped value s = w(w + 1). The intuition is that each pair of alphabet elements k and −(k + 1) has the
same image k(k + 1) under this map. Thus, the product to be checked has only b⋆/2 factors rather than b⋆

factors.
For every Boolean point x, define the derived value

s(x) := w(x)
(
w(x) + 1

)
and the set of involution representatives Ub⋆ := {0, . . . , b⋆/2− 1}. If w(x) lies in the balanced alphabet Ab⋆ ,
then the corresponding derived value s(x) lies in the smaller set

{k(k + 1) : k ∈ Ub⋆},

which has size b⋆/2. Hence, the vanishing predicate for these derived values is Qsq(s(x)) = 0 for every

x ∈ {0, 1}µ′
, where

Qsq(s) :=
∏

k∈Ub⋆

(
s− k(k + 1)

)
. (114)

The relation between the two predicate polynomials is Qb⋆(w) = Qsq

(
w(w + 1)

)
.

We therefore certify the range through the degree-(b⋆/2) anchored identity∑
x∈{0,1}µ′

ẽq(τ0, x)Qsq

(
s(x)

)
= 0. (115)
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This identity can be proven by sum-checks, which reduce the range statement to the claim

sclaim = s̃(rvirt).

We use s only as notation for these derived Boolean evaluations: we neither commit to them nor append
them to the recursive witness. Their multilinear extension is

s̃(r) =
∑

x∈{0,1}µ′

ẽq(r, x)w(x)(w(x) + 1).

We multiply at each Boolean index and then interpolate. Multiplying the interpolated values instead, as in
w̃(r)(w̃(r) + 1), generally gives a different value away from the Boolean hypercube. The ring-relation check
later binds the claim on s̃ to the original committed witness w (Section 7), reducing both to a claim on w̃.

The product tree. For b⋆ ≤ 8, the polynomial Qsq has degree at most four, so a single sum-check proves

Qsq(s(x)) = 0 for all x ∈ {0, 1}µ′
. This reduces the range claim directly to a claim about the multilinear

polynomial s̃. Without norm fusion, this sum-check uses the equality-factored format of Section 3.5. A
Euclidean route keeps the same sum-check but uses its standard compressed message format, as specified
below.

When b⋆ > 8, we organize the product defining Qsq(s(x)) as a tree of derived Boolean evaluations. At
a Boolean point x, the leaves are the b⋆/2 factors s(x) − k(k + 1) for k ∈ Ub⋆ , and each internal node
value is the product of its child values at that same point. The root therefore evaluates to Qsq(s(x)). Each
node’s multilinear polynomial interpolates these Boolean values; the pointwise product identities do not
assert identities between these multilinear polynomials away from the Boolean hypercube. We choose the
tree so that each product has degree either two or four: the root may have two children, and all remaining
internal nodes have four children. Let di denote the product degree at level i, and let ni denote the number
of nodes at that level. We index the root by i = 0 and the leaves by the final level i = Stree. The resulting
shapes are

b⋆ (d0, . . . , dStree) (n0, . . . , nStree)
4 (2, 0) (1, 2)
8 (4, 0) (1, 4)
16 (2, 4, 0) (1, 2, 8)
32 (4, 4, 0) (1, 4, 16)
64 (2, 4, 4, 0) (1, 2, 8, 32).

Here dStree = 0 because the final level consists of leaves.
The protocol proves the root claim by moving down the tree. At product level i, for 0 ≤ i < Stree, each

node at that level gives one relation saying that the parent value at every Boolean point is the product of its
child values. These relations all have the same degree di, so they can be batched into one equality-factored
sum-check without increasing the degree, provided no norm term is fused into that stage. The output of this
batched sum-check is a collection of evaluation claims on the multilinear polynomials interpolating the child
values at level i+ 1.

If level i + 1 is not the leaf level, the same reduction is repeated at the next product level. At the leaf
level, the values s(x)− k(k + 1) are all affine functions of the same derived Boolean values s. Therefore the
final leaf claims collapse to a single claim about s̃ at the final random point,

sclaim = s̃(rvirt).

This is the only claim that leaves the range pipeline.
As a result, there are Stree sequential range sum-checks, one for each product level i = 0, . . . , Stree − 1.

Without norm fusion, all use the equality-factored format. On a Euclidean route, the last stage has the same
rounds but uses the standard compressed message format. The number of intermediate child evaluations
passed between product levels is controlled by

∑Stree−1
i=1 ni. For example, when b⋆/2 = 32, our tree has

intermediate node counts 2 + 8. A fully binary tree over the same 32 factors would have intermediate node
counts 2 + 4 + 8 + 16.

Verifier offloading does not change this range tree. The separate offloading step is described in Section 9.1.
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Remark 6.1 (Digit range choice). In practice, we use the negative-biased balanced range {−b⋆/2, . . . , b⋆/2−
1} for a power-of-two base b⋆ ∈ {4, 8, 16, 32, 64}. The balanced range minimizes the digit norm for a fixed
alphabet size. When b⋆ is even, its negative bias also enables the degree-halving identity in Equation (114),
since the two roots k and −(k + 1) have the same image under w 7→ w(w + 1). The power-of-two choice
makes digit decomposition a sequence of shifts and masks, improving practical efficiency.

Remark 6.2 (Compression-digit binariness via the fused sum-check). Every compression part is restricted to
{−1, 0} (Section 4.5) and therefore requires an additional binariness proof on these positions. Its vanishing
polynomial w(w + 1) is the same quadratic used for the derived values s(x) = w(x)(w(x) + 1), so the proof
needs neither a separate sum-check nor a higher individual degree.

After the range pipeline fixes sclaim = s̃(rvirt), the verifier samples the carried-claim coefficient γ and the
distinct binariness coefficient ζbin. Their claims are combined in the canonical fused sum-check (160). Its
public binariness weight uses ẽqIbin(rvirt, X), the MLE in X of the Boolean function x 7→ 1Ibin(x)ẽq(rvirt, x).
This restricted equality is not the product of the separate MLEs of equality and the support indicator.

The set Ibin is the union of the schedule-known witness spans occupied by compression digits, including
their commitment parts. Its restricted equality weight can therefore be evaluated without enumerating the
padded witness; Appendix B.2 gives the exact verifier calculation.

6.2 Certifying the ℓ2 Response Norm

The digit range check bounds each digit of the recursive witness. For the folded response, these bounds also
give a bound on each reconstructed coefficient, but they allow every coefficient to be large at once. When
the response has a smaller total squared norm, we can use that stronger bound to obtain tighter Module-SIS
parameters for the inner commitment. We now show how to certify it.

The quantity we need is the norm of the response represented by the digits. A digit in position h
contributes bh times its value to the response coefficient, where b is the response base. We must add these
contributions before squaring: the square of their sum includes products between different digits that would
be missing if we squared each digit separately. We therefore reconstruct each response coefficient as an integer
and sum the squares of these reconstructed values. The digit range check remains necessary, since the other
parts of the recursive witness still rely on their coefficient bounds.

The response norm statement. Let mA be the input width of A and let dA be its ring dimension. The
reconstructed response therefore has NA := mAdA base-field coordinates. These are the coefficients of the
reconstructed response z, rather than its stored digits ẑ. Index these coordinates by u ∈ [NA]. To locate the
digits of each response coefficient in the committed witness, we use the injective map

π : [NA]× [δf ] −→ [|w(j+1)|]

whose image is exactly the scheduled ẑ digit cells. For the response base b, define the signed integer response
coordinate

zZu :=

δf−1∑
h=0

bhw(j+1)
(
π(u, h)

)
. (116)

Reducing zZu modulo q gives coordinate u of the ring vector z = Gb,mA
ẑ. Centered reduction cannot increase

its absolute value. Hence the exact integer quantity

Eint(ẑ) :=
NA−1∑
u=0

(
zZu
)2

satisfies ∥z∥22,coef ≤ Eint(ẑ). (117)

The Euclidean route requires the exact statement

Eint(ẑ) = Eresp and Eresp ≤ Smax, (118)

where Smax is fixed by the schedule. The transcript carries Eresp in the canonical fixed-width unsigned
encoding determined by Smax. The verifier rejects any noncanonical encoding and any decoded value outside
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[0, Smax]. The index set in (117) contains every coefficient used by A once. It is not a norm per ring row or
per witness part. The map π is defined after extension-field packing, so no further packing factor is applied
to this norm.

For the sum-checks below, extend the reconstructed response to the Boolean domain {0, 1}µ′
by placing

the NA coordinates in their scheduled order and setting all remaining positions to zero. We write zint(x) for
the resulting Boolean evaluation vector and z̃int for its multilinear extension. The schedule fixes both this
order and the map π.

Direct norm check. A sum-check establishes an equality in Fq, whereas we need an equality of integer squared
norms. We can use the field equality directly when both integers lie in [0, q), so reduction modulo q loses no
information. To check this condition before the proof starts, we bound the largest squared norm allowed by
the certified digit ranges. For each response plane h, let Bdig,h be the largest absolute integer admitted by
its scheduled digit alphabet, and define

Udir := NA

δf−1∑
h=0

bhBdig,h

2

. (119)

The direct route is admissible only when max{Udir, Smax} < q. The prover sends the canonical encoding of
Eresp and proves the field identity ∑

x∈{0,1}µ′

zint(x)
2 = Eresp. (120)

Both sides then represent integers below q, so the accepted field identity determines their integer values
uniquely.

Lemma 6.3 (Direct norm check). Assume the range check accepts, the map π is injective with the
scheduled image, and max{Udir, Smax} < q. Then (120), together with the verifier’s canonical decoding and
comparison against Smax, implies

Eint(ẑ) = Eresp ≤ Smax

over the integers.

Proof. The accepted digit ranges place the left-hand integer in [0, Udir], while canonical decoding and the
public bound place the right-hand integer in [0, Smax]. Both intervals lie in [0, q), so equality of their residues
in Fq is equality in Z.

Digit-expanded norm reconstruction. When the complete squared norm can exceed q, one field identity no
longer determines its integer value. We instead expand the squared norm into inner products between digit
planes, where plane h collects digit h of every response coefficient. We split each inner product into short
segments so that its integer value lies in (−q/2, q/2) and can be recovered uniquely from its residue. The
verifier then reconstructs the complete norm using integer arithmetic. Write the Boolean digit vectors as
zh(x) := w(j+1)(π(x, h)) for h ∈ [δf ], with zero padding outside [NA]. Partition [NA] into public consecutive
segments It. For every segment and every 0 ≤ h ≤ k < δf , the prover supplies the claim

pt,h,k :=
∑
u∈It

zh(u)zk(u) ∈ Fq. (121)

The schedule must choose the partition so that, for every (t, h, k),

|It|Bdig,hBdig,k < q/2. (122)

The verifier takes the unique centered integer lift p̄t,h,k ∈ (−q/2, q/2) and reconstructs

Eresp =
∑
t

δf−1∑
h=0

b2hp̄t,h,h + 2
∑

0≤h<k<δf

bh+kp̄t,h,k

 . (123)

The verifier compares the reconstruction with the decoded integer Eresp and rejects if they differ, if the
reconstruction is negative, or if it exceeds Smax.



70 Dao, Bodaghi, Khajehpour, Vitto et al.

Lemma 6.4 (Unique integer lifting of digit-inner-product claims). Assume the response digit ranges
and (122). If (121) holds in Fq, then p̄t,h,k is the integer inner product

∑
u∈It zh(u)zk(u).

Proof. The triangle inequality and the digit bounds give∣∣∣∣∣∑
u∈It

zh(u)zk(u)

∣∣∣∣∣ ≤ |It|Bdig,hBdig,k < q/2.

There is exactly one integer in (−q/2, q/2) with the claimed residue.

Proposition 6.5 (Integer norm reconstruction from digit inner products). If every digit-inner-
product claim has its true centered lift, then the right-hand side of (123) equals Eint(ẑ) over Z. Consequently,
comparison with the canonical value Eresp ≤ Smax certifies (118).

Proof. For each segment It, expand
∑

u∈It(
∑

h b
hzh(u))

2 and separate the diagonal and off-diagonal digit-
plane pairs. Summing the resulting identity over the partition of [NA] gives (123).

Fusion with the final range-tree sum-check. The norm proof shares the last sum-check of the range tree. Let
Prng(x) denote the summand in that final range leaf, including its equality anchor, and let Crng be its current
claim. In the direct case, set

Pnorm(x) := zint(x)
2, Cnorm := Eresp.

In the digit-expanded case, the verifier first samples ζpair ∈ E after all digit-inner-product claims are fixed.
Using a public canonical ordering of triples (t, h, k), it sets

Npair := |{(t, h, k) : 0 ≤ h ≤ k < δf}| = |{It}|
δf (δf + 1)

2
. (124)

Using the same ordering, it sets

Pnorm(x) :=
∑
t,h≤k

ζ
idx(t,h,k)
pair 1It(x)zh(x)zk(x),

Cnorm :=
∑
t,h≤k

ζ
idx(t,h,k)
pair pt,h,k.

After these claims are fixed, the verifier samples a fresh ζnorm ∈ E and runs one sum-check for∑
x∈{0,1}µ′

(Prng(x) + ζnormPnorm(x)) = Crng + ζnormCnorm. (125)

The direct norm term has degree two. Each digit-pair term has degree three after its segment indicator is
included. The norm term does not carry the range summand’s common equality factor, so the fused stage
uses the standard compressed message format. Fusion adds no sum-check rounds. If the last range product
has degree di ∈ {2, 4}, its equality-anchored summand has degree di + 1, which is at least the degree of
either norm term. The standard round message therefore sends di + 1 field elements, one more than the
equality-factored range message alone (Table 6).

Binding the norm values to the committed witness. At the final range-tree sum-check point r, the direct
proof leaves the evaluation z̃int(r). The digit-expanded proof leaves the digit evaluations z̃h(r) for h ∈ [δf ].
These values must be tied to the ẑ cells inside the committed witness. After these evaluations are fixed, the
verifier samples a fresh batching challenge ηnorm ∈ E. The required randomized identities are

ηnormz̃int(r) = ηnorm
∑

u∈[NA]

ẽq(r, u)

δf−1∑
h=0

bhw(j+1)
(
π(u, h)

)
, (126)

δf−1∑
h=0

ηh+1
normz̃h(r) =

∑
u∈[NA]

δf−1∑
h=0

ηh+1
normẽq(r, u)w

(j+1)
(
π(u, h)

)
(127)
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for the direct and digit-expanded routes, respectively. Both right-hand sides are public linear functions of
the same witness used by the relation check. Let Cbase and Pbase denote the input claim and summand of the
ordinary relation and range-binding sum-check (Section 7.4). Let Cbind be the left-hand side of (126) in the
direct case or of (127) in the digit-expanded case, and let Pbind be the corresponding right-hand summand
after applying the public response-digit map. The combined sum-check proves∑

x

(Pbase(x) + Pbind(x)) = Cbase + Cbind. (128)

The ordinary relation is independent of ηnorm, while every norm-check residual has positive degree in ηnorm.
Thus a false norm-check identity cannot cancel a false ordinary relation identically in the batching challenge.
The combined sum-check reduces the range, norm, and relation statements to the one evaluation claim on
w̃(j+1) already carried by the recursive protocol.

The terminal response. At the evaluation-trace terminal there is no next witness and hence no recursive
norm proof: the revealed response and its scheduled coefficient-wise or squared-norm bound are checked
directly as specified in Section 8.2.

Security interface. The checks above certify (118); the algebraic obligations remain those of Section 7. The
soundness error of the two norm protocols is accounted for in Lemma 10.25, and the weak-binding reduction
turns this certified premise into the route-specific A collision radius in Corollary 10.26. Honest-prover bounds
used to select Smax are stated in Section 10.1; they are not part of the norm-check soundness argument.

7 Checking the Ring Relations

The norm checks of Section 6 constrain the recursive witness to the alphabets and, when selected, the
Euclidean bound assumed by the binding argument. They do not establish that this witness is the result of
a valid fold. We now check the fold, commitment, and evaluation equations on those same witness digits.

The claimed evaluations give scalar equations over E, while the fold and commitment equations hold
over the commitment rings. After reducing the ring equations to field equations, we combine both kinds of
constraints with the range-check output in one sum-check. Figure 6 gives the complete set of rows.

7.1 Opening-Method Evaluation Rows

We begin with one evaluation claim and suppress the group and claim indices. Its weight on each opening
digit depends on the selected opening method: direct coefficient packing or evaluation trace. We derive the
two forms separately, then combine the rows for all claims.

Direct coefficient packing. We expand the scalar equation of (89) on the committed opening digits. For one
claim, the index i ∈ [B] selects one of the B block partials. Within ei, the index j ∈ [dcar] selects a carrier
coefficient, t ∈ [k] selects its coordinate in the extension basis (βt)t∈[k], and ℓ ∈ [δopen] selects a digit. Thus
each partial is reconstructed as

ei(Y ) =
∑

j∈[dcar]

∑
t∈[k]

βt
∑

ℓ∈[δopen]

bℓopêi,ℓ,t,j

Y j , (129)

where bop = b1 is the opening base and êi,ℓ,t,j ∈ K. A digit in position ℓ contributes bℓop times its value
to its basis coordinate. Substituting this expansion into (89) gives the weight of each digit in the claimed
evaluation: ∑

i∈[B], ℓ∈[δopen]
t∈[k], j∈[dcar]

ẽq(rblk, i) b
ℓ
op βt ẽq(rtail, j)︸ ︷︷ ︸

ωdir(i, ℓ, t, j)

êi,ℓ,t,j = v. (130)

Equivalently, ω⊤dirê = v. The fixed basis elements βt combine all k coordinate planes into one E-valued
row, without a random projection. This scalar equation is checked directly over E. The packing-consistency
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equation (93) remains a separate ring-valued row; on the quotient-lift route, that row receives a challenge-
subring quotient. The scalar row needs neither a quotient nor an α-weight.

When k = 1, the basis sum has one term, but the row remains (130); the challenge subring may still have
dcar < dA.

The verifier evaluates the public weight of this row at the final sum-check point using its factored coeffi-
cients and opening-digit addresses in the witness. Appendix B.2 gives the address formula and its evaluation
without constructing the full row.

Evaluation-trace row. For a nonterminal fold using evaluation trace, the tensor-reduction prefix first fixes
a reduced extension-field claim g(ρ) = v̄. The full-ring embedding packs the tail coordinates of g into the
partials ei ∈ Rq,dA

of (96). We want a linear functional on these ring elements that recovers the evaluation
at ρ.

The within-block coordinates ρpos have already been used to form each partial ei. Of the remaining
coordinates in (95), ρblk selects the block and ρpack evaluates the coordinates packed into its ring element.
The block coordinates assign the following weight to block i:

χblk(i) := ẽq(ρblk, i), i ∈ [B]. (131)

For the coordinates within each ring element, we pack the equality weights using the trace-packing map
ψ : EdA/k → Rq,dA

. This gives

χ̌pack := ψ
((

ẽq(ρpack, u)
)
u∈[dA/k]

)
. (132)

Taking a trace against this packed vector recovers the corresponding weighted sum of extension-field coor-
dinates. We use the public linear functional

Tρpack
(Z) :=

k

dA
TrH(Z σ−1(χ̌pack)) . (133)

The trace identity of Hachi [76, Theorem 2] turns the packed opening into the field row∑
i∈[B]

χblk(i) Tρpack
(ei) = v̄. (134)

To express this row on the recursive witness, expand each coefficient of ei in base bop. The index ν ∈ [dA]
now selects a full-ring coefficient, and ℓ ∈ [δopen] selects its digit. By linearity of the trace functional, the
weight on opening cell (i, ℓ, ν) is

ωTr(i, ℓ, ν) := χblk(i)b
ℓ
opTρpack

(Xν). (135)

The verifier evaluates the multilinear extension of these weights using the same offset-equality method as for
the direct row.

For this local calculation, if the tensor-reduction final check is kept fused with this relation, both sides of
(134) are multiplied by the transparent factor Aη(ρ), namely the value at ρ of the public tensor-reduction
accumulator defined in Section 3.7. The tensor-reduction verifier first checks that this factor is nonzero. The
fused row therefore authenticates the forwarded value and requires no inversion. In the shared reduction,
the corresponding factor is θg: it also includes the equality factor on any extra variables introduced for the
common sum-check. The identity reduction instead uses θg = 1, as specified in Section 5.1.

One scalar row for the batch. We now restore the group and claim indices. For packing, multiply each local
digit weight by ϑg,c and compare the sum with the target already fixed in (103):∑

g,c

ϑg,c
∑

i∈[Bg ]

ẽq(rblk,g,c, i)
∑

u∈[dcar,g ]

ẽq(rtail,g,c, u)
∑
t∈[k]

βt
∑
ℓ

bℓ1,g êg,c,i,ℓ,t,u = vroot. (136)

Every summand uses its own point and challenge-subring dimension.
With evaluation trace, the corresponding target and scalar row are

v̄root :=
∑
g∈[G]

∑
c∈[nclm,g ]

ϑg,chg,c,
∑
g∈[G]

∑
c∈[nclm,g]

ϑg,cθgω
⊤
Tr,gêg,c = v̄root, (137)

where ωTr,g is derived from the group-local point ρg and evaluation-trace packing shape. Thus batching these
claims also imposes no common opening point.
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Binding and soundness. For either method, the complete D/H payload binds the opening digits ê before
the fold challenges are sampled. The next recursive commitment authenticates the final evaluation of this
same digit vector. At an evaluation-trace fold, the tensor-reduction prefix has already fixed each scaled claim
hg,c = θggg,c(ρg) before this opening payload is bound; at a packing fold, the scalar claim is the original
opening claim.

The selected scalar equation is then an ordinary row of the relation sum-check. Row batching first
combines the relation rows into one claim. Conditioned on a nonzero residual in that claim, combining it
with the range claim under the later challenge γ causes the residuals to cancel with probability at most
1/|E|. The fused sum-check then checks the combined claim, as described in Section 7.4. This batching error
is separate from the error of reducing the ring identities to field identities and from the coordinate-wise
forking loss. For evaluation trace, the tensor-reduction error is also accounted for separately; multiplication
by each group’s checked nonzero factor θg preserves its scalar equation.

7.2 The Common Ring Relation

The scalar row checks the claimed evaluations, but it still needs the partials and responses to come from
the incoming commitments. We enforce that connection group by group. Each group contributes its fold-
evaluation and inner-consistency rows and its existing sliced outer path. Only the opening path and scalar
row span all groups.

These rows need not share a ring dimension. Each uses the dimension and coefficient field of its own map;
the opening digits and quotient digits retain the corresponding native coefficient blocks. Thus the same batch
can contain distinct Ag, Bg, and shared D dimensions, as well as smaller rings for successive compression
maps. The public schedule fixes the dimensions and compatible coefficient projections; batching does not
require padding every row to the largest ring.

Recompose zg by (105), recompose tg,c,i from its opening digits, and recover each eg,c,i from its base-field
coefficient planes. For a compressed path, its first digit vector also recomposes the raw image ug or v; for
a raw path, that image is already the public payload. The equations in Figure 6 are therefore linear in the
complete witness of (109) once the public challenges are fixed.

The scalar row and all ring rows form one field relation M(α)w = y(α) after the selected ring reduction.
At the root we also write this matrix and target as Mroot and yroot. For G = 1 and one claim, the rows
specialize to the local formulas derived in Sections 5.2 and 7.1; no extra batching coefficient or witness
segment appears.

7.3 Reducing Ring Equations to Field Identities

We have expressed the correctness of a fold as a collection of ring equations. To check them by field sum-
check, we must account for multiplication modulo Xd + 1. Simply substituting a field challenge for X is
insufficient: an equality modulo Xd + 1 need not remain an equality after that substitution.

We use two ways to account for this reduction. The first introduces a quotient polynomial that turns
the ring equation into an ordinary polynomial identity, which we can then evaluate at a field challenge.
The second incorporates reduction modulo Xd + 1 directly into the verifier’s linear weights. The quotient
method adds private coefficients that must be carried through the recursion; the direct method avoids those
coefficients but changes the work needed to evaluate the weights. We first express the ring rows in a common
form, then derive both checks from that form.

A Common Normal Form for the Ring Rows Before deriving either check, we isolate the structure
shared by the ring rows. Each row multiplies public ring elements by polynomials whose coefficients are
stored in the recursive witness, then compares their sum with a public target. Both checking methods will
use these same coefficients and public multipliers.

To write the rows uniformly, we must account for their different ring degrees and for where they read the
witness. In particular, the coefficients of one polynomial need not occupy consecutive positions in the full
witness. We record these positions explicitly so that the checking rule can recover each polynomial from the
existing witness layout.
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The relation for one opening batch.
The following families are ordered as listed. Within a family, use increasing group, slice, and matrix-row indices.
Write

∑
c,i for

∑
c∈[nclm,g ]

∑
i∈[Bg ]

in a group-local row.

1. Fold evaluation, one row per group. With coefficient packing, use the local contraction and challenge
embedding:∑

c,i

cg,c,i(Y )eg,c,i(Y ) = Lg(Gbg,Mgzg)(Y ) in E[Y ]/(Y dcar,g + 1). (138)

With evaluation trace, use the full-ring row instead:∑
c,i

cg,c,i(X)eg,c,i(X) = a⊤
g Gbg,Mgzg(X) in Rq,dA,g . (139)

A carrier row has k base-field coordinate planes; its native modulus remains Y dcar,g + 1.

2. Inner consistency, nA,g rows per group.∑
c,i

cAg,c,itg,c,i = Agzg in R
nA,g

q,dA,g
. (140)

Here cAg,c,i = ιg(cg,c,i) for packing and cAg,c,i = cg,c,i for evaluation trace.

3. Outer consistency, one matrix equation per group and slice.

BgxB,g,s = ug,s, g ∈ [G], s ∈ [SB,g]. (141)

The complete image ug = ∥s ug,s is either the raw payload or the recomposition of ûg,1. Every slice reuses the
same matrix Bg.

4. Shared opening consistency, one matrix equation.

D concat(ê0, . . . , êG−1) = v. (142)

The image is the raw payload or the recomposition of v̂1. This map is unsliced and uses the exact summed
width.

5. Compression chains, in increasing depth. Apply (76) to each Bg/(Fg,a)a path and the shared D/(Ha)a
path. Families 3 and 4 already supply the first row of each chain. At each remaining depth, put all group-local
F rows before the shared H rows. The final rows have public targets upub,g and vpub. At depth zero, there are
no compression rows.

6. One scalar opening row. Use (136) for coefficient packing or (137) for evaluation trace. This is an E-linear
row and has no quotient.

The quotient-lift route carries quotient digits for families 1–4 before the compression stages, then carries each
stage’s quotient digits just after its binary digits, using each row’s native modulus and coefficient field. The
quotient-free route carries none. Both use the witness order of (106) and (109).

Fig. 6: The canonical relation for one fold. Group-local rows preserve the incoming commitment shapes and
points; the shared opening and scalar rows connect them to one successor witness.
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Let Rowsring be the ordered set of active ring-valued rows in Figure 6. A row r ∈ Rowsring has its own
native dimension dr and coefficient field Kr ⊆ E. We write its ring as

Rr := Kr[X]/(Xdr + 1).

For the ordinary A,B,D,F, and H rows, Kr = K, where K = Fq is the base field fixed in Section 4.1. The
logical coefficient-packing carrier row instead has Kr = E and is represented by its fixed Fq-basis planes.
The public schedule fixes this dimension, the row’s position in the canonical row order, and every witness
interval read by the row. We use

dmax := max
r∈Rowsring

dr (143)

for the largest native dimension among these active rows.
We describe those reads at the coefficient level. Let Nw := |w| and write w = (wu)u∈[Nw] for the outgoing

witness of (109), before its zero padding to length 2µ
′
. We use the canonical embedding of its base-field

entries into Kr. A row can read several polynomials from this witness, and the same witness coordinate can
contribute to more than one such polynomial. We index these polynomial occurrences by a finite set Occr.
For occurrence c ∈ Occr, the address map specifies which witness coordinate supplies its coefficient of Xj :

addrr,c : [dr] −→ [Nw] (144)

The map includes the scheduled subcolumn, digit, and compression-layer coordinates. Reading the witness
at these addresses gives the polynomial

Wr,c(X) :=

dr−1∑
j=0

waddrr,c(j)X
j ∈ Rr. (145)

All gadget powers, folding challenges, row signs, and public projection weights are placed in a public multiplier
Ar,c(X) ∈ Rr. For the carrier row, these multipliers include the fixed basis elements βt that combine its base-
field coordinate planes. Thus every ring-valued row has the form

Zr(X) :=
∑

c∈Occr

Ar,c(X)⊛dr
Wr,c(X)− Yr(X) = 0 in Rr, (146)

where Yr ∈ Rr is public and ⊛d denotes negacyclic multiplication modulo Xd + 1. We now identify these
choices for the rows of Figure 6. Group g’s fold-evaluation row uses dcar,g with coefficient packing and dA,g

with evaluation trace. Its inner-consistency rows use dA,g and its sliced outer rows use dB,g; the opening-
consistency rows use dD; and each compression row uses the dimension of its own Fj or Hj map. In a
matrix row, the setup entries supply some of the coefficients of Ar,c, while the opposite side is represented by
multipliers for gadget recomposition. The mode-specific scalar opening row is not in Rowsring: it is already
an E-linear row and joins the field relation only after the ring-valued rows have been reduced.

Quotient Lifting We first turn each ring equation into an ordinary polynomial identity. In (146), choose the
unique degree-< dr representative of every element of Rr. If the row is valid modulo Xdr + 1, the difference
between its two sides is divisible by this polynomial. The prover supplies the quotient Qr ∈ Kr[X], of degree
less than dr, so that we can check the identity∑

c∈Occr

Ar,c(X)Wr,c(X)− Yr(X) = (Xdr + 1)Qr(X), (147)

in Kr[X]. Each product on the left has degree at most 2dr − 2, so a valid row admits a quotient within the
stated degree bound.

Once these polynomials are fixed, the verifier can test the identity at a random point α ← E. This
determines the transcript order: the folded witness and every quotient are bound by the next commitment
before α is sampled. Evaluating at X = α gives

∑
c∈Occr

dr−1∑
j=0

Ar,c(α)α
jwaddrr,c(j) − Yr(α)− (αdr + 1)Qr(α) = 0. (148)
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The witness weight in this equation factors into the row-dependent value Ar,c(α) and the universal coefficient
weight αj . The price of this factorization is the private polynomial Qr, whose digits belong to the next
recursive witness.

To see how the two opening methods differ, fix one group and suppress its index. In the displays below,
i ranges over its claim–block pairs; for a single claim this is simply i ∈ [B]. The contraction is common to
all claims in the group by Section 5.1. With coefficient packing, the fold-evaluation row is over the carrier
ring of degree dcar with coefficient field E. We express its quotient in the fixed basis β as

Qcar(Y ) =
∑
t∈[k]

βt
∑

j∈[dcar]

qt,jY
j .

Its evaluated equation is ∑
i

ci(α)ei(α)− L(Gb,Mz)(α)− (αdcar + 1)Qcar(α) = 0. (149)

The k base-field planes (qt,j) represent one polynomial over E. Its coefficient powers run through αdcar−1,
and its modulus contributes αdcar + 1. Combining the planes does not change this modulus to Xkdcar + 1.

The inner-consistency rows use a different ring: the challenge enters the A ring through the embedding
Y 7→ Xkh. Evaluating the embedded polynomial at X = α therefore gives ci(α

kh). For an A row r ∈ [nA],
we obtain

[A(α)z(α)]r −
∑
i

ci(α
kh)[ti]r(α)− (αdA + 1)QA,r(α) = 0. (150)

Here A(α) and z(α) evaluate the degree-< dA polynomial representatives entrywise. This accounts for the
two evaluations of the same challenge polynomial: ci(α) in the carrier equation and ci(α

kh) in the inner-
consistency equations. These expressions coincide when kh = 1; in general, the two equations require their
respective evaluations.

With evaluation trace, the challenges already lie in the full ring of degree dA, so both fold rows use ci(α).
The fold-evaluation row becomes∑

i

ci(α)ei(α)− a(α)⊤Gb,Mz(α)− (αdA + 1)Qeval(α) = 0, (151)

and the A rows use ci(α) in place of ci(α
kh).

With either opening method, the B,D,F, and H families use the ordinary lift at their scheduled dimen-
sions, with modulus factor αd+1. The active scalar opening row, given by (134) in the evaluation-trace case,
joins the field relation unchanged and has no quotient or α-weight.

By definition, dmax in (143) already accounts for the opening method and every active compression
row at its own dimension. The mixed-dimension argument of Lemma 3.9 bounds the probability that any
false lifted relation passes the evaluation check by (2dmax − 1)/|E|. With coefficient packing, a false subring
identity contributes at most (2dcar − 1)/|E|. Combining the k coordinate planes in the fixed basis β gives
one polynomial over E, so this term is not multiplied by k. With evaluation trace, the fold-evaluation row is
already a dimension-dA row and is covered by the common bound.

Quotient-Free Checking via Transpose Convolution The quotient method accounts for reduction
modulo Xd + 1 by adding a private polynomial. We now ask whether the verifier can account for that
reduction directly in its public weights.

Fix a public multiplier A. Multiplication by A is linear in the witness coefficients, so it is enough to
understand what happens to one basis monomial Xj . We multiply A by Xj , reduce modulo Xd + 1, and
evaluate the result at α. This gives the public weight assigned to the witness coefficient wj . Adding the
weighted coefficients then gives the evaluation of the reduced product, with no private quotient to carry into
the next witness.
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Reduction before evaluation. Fix one row, abbreviate its dimension by d := dr, and write Rd := Kr[X]/(Xd+
1). For any P ∈ Kr[X], the expression P mod (Xd + 1) below means the unique remainder of degree less
than d; this convention makes its subsequent evaluation at α unambiguous. Given a public multiplier A ∈ Rd

and α ∈ E, we define its residue kernel by

κ
(d)
A,α(j) :=

(
A(X)Xj mod (Xd + 1)

)
(α), j ∈ [d]. (152)

Write A(X) =
∑d−1

k=0 akX
k. Since k+ j ≤ 2d− 2, a monomial wraps around the modulus at most once. The

kernel is therefore
κ
(d)
A,α(j) =

∑
k∈[d]
k+j<d

akα
k+j −

∑
k∈[d]
k+j≥d

akα
k+j−d. (153)

The minus sign is the negacyclic wraparound Xd = −1. For example, with d = 4, A = X3, and j = 1, the

kernel is κ
(4)
X3,α(1) = −1 rather than α4.

We have described the weight of one witness coefficient. The following identity shows that summing these
contributions checks the entire ring product.

Lemma 7.1 (Transpose-convolution identity). Let F ⊆ E be a field, let Rd := F [X]/(Xd + 1), and

let A,W ∈ Rd, with W (X) =
∑d−1

j=0 wjX
j. For every α ∈ E,(

A(X)W (X) mod (Xd + 1)
)
(α) =

d−1∑
j=0

wjκ
(d)
A,α(j). (154)

Proof. Multiplication by A in Rd is an F -linear map. Expanding W =
∑

j wjX
j , applying this map term

by term, and then applying the F -linear functional P 7→ P (α) gives(
AW mod (Xd + 1)

)
(α) =

∑
j

wj

(
AXj mod (Xd + 1)

)
(α).

The term on the right is the kernel of (152).

One ring row. We now apply the product identity to each public-multiplier and witness pair in a row. Their
contributions are added before subtracting the public target. Applying Lemma 7.1 to (146) gives the field
residual

zr(α) :=
∑

c∈Occr

dr−1∑
j=0

κ
(dr)
Ar,c,α

(j)waddrr,c(j) − Yr(α). (155)

We reserve the uppercase Zr for the ring residual in (146); the lowercase zr(α) is its field evaluation. The
quotient-free reduction checks zr(α) = 0. It applies this equation to every ring-valued row of Figure 6, at its
native dimension. The scalar opening row remains an ordinary field-linear row.

Efficient weights and row batching. The kernel definition gives the correct weight of every witness coefficient.
Computing all weights separately would take quadratic work in d. Consecutive weights instead satisfy a
wraparound recurrence, which computes the complete kernel in O(d) extension-field operations without
division. Appendix B.1 gives this recurrence and its relation to the rotation-matrix formulation of Grand
Danois [53].

We combine the resulting ring rows with the scalar opening rows using the same multilinear row batch
as the quotient-lift route. Let nrel be their total number and set srel = ⌈log2 nrel⌉. For a row-batching point
τ1 ∈ Esrel , let mqf

α,τ1(u) be the sum of the batched coefficients of witness entry u, and let V qf
α,τ1 be the

corresponding batched public target. The complete field relation is

2µ
′
−1∑

u=0

wum
qf
α,τ1(u) = V qf

α,τ1 . (156)

Every use of a witness coordinate contributes, including uses under different native ring dimensions. The
exact coefficient vector and the algorithm for evaluating its multilinear extension at the final sum-check point
are given in Appendix B.1. They account for the witness addresses without adding quotient witnesses.
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Completeness and soundness. The reduction has a smaller evaluation degree than quotient lifting because
it tests the reduced residual itself.

Theorem 7.2 (Mixed-dimension quotient-free ring checking). Fix the outgoing witness, every ad-
dress map, every public multiplier and right-hand side, and the canonical row order before sampling α. Let
dmax be the largest active ring dimension from (143). Then the following statements hold.
1. If every ring row of (146) and the selected scalar opening row hold, then (156) holds for every α ∈ E and

every τ1 ∈ Esrel .
2. If some ring row is false, the probability that all ring-row residuals vanish at a uniform α← E is at most

(dmax − 1)/|E|.
3. Conditioned on a nonzero vector of evaluated ring and field residuals, its multilinear row batch vanishes

at a uniform τ1 ← Esrel with probability at most srel/|E|.
Consequently, if any relation row is false, the quotient-free reduction and row batching accept with probability
at most

dmax − 1 + srel
|E|

, (157)

before the soundness error of the fused sum-check is added. The reduction is dmax-special sound in α.

Proof. For completeness, Lemma 7.1 identifies zr(α) with the evaluation of the reduced residual Zr. An honest
ring row has Zr = 0 and hence vanishes for every α. The scalar opening residual is zero by hypothesis, so
linear row batching preserves zero for the complete residual vector.

For soundness, choose a false ring row r. Its canonical residual Zr ∈ Kr[X]<dr is nonzero, so it has at
most dr − 1 ≤ dmax − 1 roots in E. If no false ring row is hidden by α, or if an ordinary field row is false,
the resulting padded residual vector is nonzero. Its multilinear extension in the srel coordinates of τ1 is a
nonzero polynomial of total degree at most srel. Schwartz–Zippel and conditioning on α give (157). Finally,
dmax evaluations at distinct values of α determine every degree-< dmax reduced residual.

No step divides by αdr + 1. Points that are roots of one of the cyclotomic moduli therefore require no
rejection and do not create an exception to completeness.

Protocol consequence. The outgoing commitment is bound before α, and the schedule digest fixes which
reduction is used. The transcript then samples the existing α, τ0, and τ1 challenges in their prescribed
order and runs the same fused sum-check as the quotient-lift route. No proof message or challenge is added.
This order is load-bearing: if the row-combination challenge were sampled before the outgoing witness were
bound, the prover could choose a nonzero residual in the resulting linear kernel. The first public version
of Grand Danois contained precisely this ordering issue; the current version removes the affected reduction
(Appendix F.1). Every quotient interval is absent from the outgoing witness of (109). Compression digits,
scalar opening rows, tensor reduction, range checks, and norm checks remain unchanged.

7.4 The Fused Sum-Check

We now bring the algebraic checks and the range check back to the same committed witness. The ring
equations have been reduced to a field relation involving the witness entries. The range check has produced
the claim sclaim = s̃(rvirt) about the multilinear polynomial interpolating the derived Boolean values s(x) =
w(x)(w(x)+1) (Section 6.1). These values were not committed separately, so we still need to bind the claim
on s̃ to the witness we committed to.

Both obligations can be expressed as sums over the Boolean coordinates of the same witness vector. We
combine them with a fresh random coefficient and run one sum-check. When compression digits are present,
we also include the constraint w(x)(w(x) + 1) = 0 at those positions, which restricts them to {−1, 0}. The
resulting check connects the fold equations, the range-check computation, and the compression digits to the
same witness.

The selected ring check determines one public multilinear row weight and one public target. On the
quotient-lift route, let

mτ1(x) :=
∑
i

ẽq(τ1, i) M̃(α)(i, x), Vα,τ1 :=
∑
i

ẽq(τ1, i)[y(α)]i, (158)
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where M(α) includes the quotient columns. On the quotient-free route, let

mτ1(x) := m̃qf
α,τ1(x), Vα,τ1 := V qf

α,τ1 , (159)

using (284) and (285). Both definitions combine every row of Figure 6: commitment, fold, chain, and scalar
evaluation rows alike. The verifier samples γ ← E and, when Ibin ̸= ∅, a distinct ζbin ← E. If Ibin = ∅, we
set ζbin = 0 and ẽq∅ = 0, so the binary-support term vanishes. Both parties run a single sum-check for

Vα,τ1 + γ sclaim =
∑

x∈{0,1}µ′

[
w̃(x)mτ1(x)

+
(
γ ẽq(rvirt, x) + ζbin ẽqIbin(rvirt, x)

)
· w̃(x)

(
w̃(x) + 1

)]
,

(160)

which simultaneously (i) verifies every relation row (the evaluation claim included) and (ii) binds the claim on
s̃ to the committed witness. The additional binary constraint applies only to the compression digit intervals;
its restricted equality weights are evaluated as described in Remark 6.2. The relation term w̃(x)mτ1(x)
does not carry the range term’s equality factor. The complete round message therefore uses the standard
compressed format rather than the equality-factored format. Let r2 be the final sum-check point and v′ the
claimed witness value there. Together with the public weights, this value determines the right-hand side.
After this check, the remaining private claim is the opening w̃(r2) = v′ passed to the next level.

Committed next witness
w(j+1)

Digit range check
and optional norm check

Relation Check
(τ1-batched relation rows)

sclaim

Fused Sum-Check
(under scalar γ)

Claim v(j+1)

on w(j+1)

anchor τ0

at rvirt

batched row weights
and public target

Fig. 7: The checks at one fold. The digit-range check (Section 6.1) supplies a claim that joins the relation
check under γ (Section 7.4). An admissible Euclidean route also certifies the complete reconstructed response
norm through these checks (Section 6.2).

7.5 Verifier Evaluation of the Batched Row

At the final sum-check point rx = r2, we must evaluate mτ1(rx) without constructing its 2µ
′
= Θ(|w|)-

column relation matrix. On the quotient-lift route this is the multilinear extension of the weighted rows of
M(α); on the quotient-free route it is the sum of the native row occurrences in (288) and the scalar rows. We
precompute the row weights ẽq(τ1, i) and separate structured public factors from coefficients of the shared
setup.
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Table 6: Sum-check round-message accounting for one Akita fold. The degree column records the maximum
degree of the summand in one sum-check variable. A standard degree-D message omits its linear coefficient
and sends D field elements; an equality-factored range message omits its constant coefficient after removing
the common equality factor.

Stage Rounds Degree Format
Elements
per round

Nonidentity shared tensor reduction mmax 2 standard 2

Single-claim nonidentity tensor reduction ℓ− κ 2 standard 2

Identity tensor reduction, including k = 1 0 − none 0

Range product stage i, without norm fusion µ′ di + 1 equality-factored di

Final range stage with either norm route µ′ di + 1 standard di + 1

Fused relation, range binding, binary support, and optional
norm-claim binding

µ′ 3 standard 3

Setup-product sum-check νS 2 standard 2

For the norm-fused row, di ∈ {2, 4}, while the direct and digit-expanded norm terms have degrees two and three.
Fusion therefore changes the message format and adds one field element per existing round, but adds no round. A

prescribed sum-check over zero variables is checked directly and has no round message; this includes a
setup-product check with νS = 0. An identity tensor reduction is omitted regardless of tail arity. At the terminal
base proof, only its optional tensor-reduction prefix contributes sum-check round messages; no range or relation
sum-check is run. The counts exclude endpoint values and other fixed messages, including tensor column partials,

range-tree frontier claims, norm claims, final evaluations, nonces, and the outgoing recursive opening.

Structured weights and shared setup. The non-matrix blocks combine public factors such as folding challenges,
gadget powers, and equality weights. We evaluate these factors at the witness addresses using Appendix A.
Offsets and incomplete intervals can introduce carries between coordinates; the evaluator accounts for those
carries without enumerating one public coefficient per witness coordinate. Appendix B.3 specifies the factors
for each opening method and ring-reduction route.

The matrix blocks depend on the shared setup coefficients themselves. LetMsetup index the active A, B,
and D matrix views, and define their longest prefix by Nactive = maxI∈Msetup nImIdI . If coefficient Sp occurs
in several views, we add all its weights before reading it. Writing this combined weight as ω̄(p), their total
contribution is

σS =
∑

p<Nactive

Spω̄(p). (161)

Only B has multiple logical slices. Those slices can reuse the same matrix coefficient, so all their occurrences
enter its combined weight. Constructing that weight also costs work: the structured evaluator contracts the
slice and address factors rather than explicitly expanding every use. Appendix B.4 gives the exact weights
and their costs.

Cost. The factored-block cost is the equality-weight preparation and carry-state contraction cost of the
native affine maps (Appendices A.4 and B.3), plus the outer combines. The fused scan performs Nactive

base-field-by-extension-field multiply-adds, plus the transition work needed to evaluate the matrix weights
and the B-slice contraction. Quotient-free checking additionally prepares the terminal recurrence for each
distinct native address geometry. If Dterm is the sum of their dimensions, this preparation costs O(Dterm)
extension-field operations and storage; it does not depend on the witness length. Admissibility bounds both
the number of relation-row groups and this transition work. Under those bounds, the setup scan retains
the square-root profile when the active setup width does. There is also the direct compression-matrix work:
evaluating each distinct F/H matrix of shape (nI ,mI , dI) costs O(nImIdI) field operations, in addition to
contracting its sparse relation weights. This work remains local even at an offloaded level. On the quotient-lift
prefix, verifier offloading (Section 9) may replace the A/B/D scan by the setup-product sum-check. The
current admissibility rules require the quotient-free suffix to use the direct scan; this is a schedule restriction,
not an algebraic requirement of Lemma 7.1.



Akita: Lattice-Based PCS 81

8 Recursive Opening and Terminal Handling

The fold now leaves one claim about its successor witness, regardless of how many groups it received. We
can repeat the same construction as long as that successor’s commitment shape agrees with the next fold’s
input record. At the stopping point, we must retain the binding established by the last fold while replacing
recursion by direct checks.

8.1 Composing the Folds

After each nonfinal fold j, the parties hold w̃(j+1)(r(j+1)) = v(j+1) under the commitment absorbed during
that fold. Any offloaded edge also carries Sj according to (61). The final fold instead binds the terminal
inner state defined below. We still need to specify the opening method at each receiver.

The analyzed opening-mode policy derives the opening method from the absolute level j and transition
kind:

method(j, kind) :=

{
SubringCoefficientPacking kind = nonterminal, j ∈ {0, 1},
EvaluationTrace otherwise.

(162)

This rule does not require levels 0 or 1 to exist. It assigns a method only to the folds already present in the
schedule.

Both opening methods leave an ordinary base-field witness opening. The receiving fold performs its
opening-method reduction, so switching to evaluation trace requires no extra bridge message from the pre-
ceding fold. A final packing fold can therefore lead directly to the evaluation-trace terminal.

8.2 Terminal Levels (Tail Handling)

We stop when revealing and directly checking the remaining state costs less than another fold. Following
LaBRADOR [16, §5.6], we omit outer commitments whose openings would immediately be revealed and avoid
decomposing the final response. To preserve binding, we must specify what the preceding fold authenticates
for these direct checks.

The state bound by the preceding fold. An ordinary edge binds the next witness through its outer commitment.
At the terminal boundary, we instead need public images against which the revealed response can be checked
directly. The final edge binds the canonical inner state

ti = Atermsi

for every block i ∈ [Bterm] of its one incoming recursive-witness group. The terminal absorbs this same
state as public input. This specialization is what permits the terminal to omit the outer B relation; simply
dropping that relation while retaining an outer commitment as the public state would be unsound.

The terminal accepts one recursive-witness group and no pending setup opening. The final fold must
therefore check any incoming setup group and produce none. It may use either opening method: even a
root-only packing schedule can be followed by this evaluation-trace terminal.

Reducing the incoming opening. Having fixed the terminal’s public input, we next describe the values used
by its direct checks. The tensor reduction turns the incoming opening into one packed claim; the terminal
then forms its partial opening evaluations and folded response. Let

Rterm := Zq[X]/(XdA,term + 1).

Its one tensor-reduction prefix produces a packed claim gterm(ρterm) = v̄term and the final pair (θterm, vtensor),
where vtensor = θtermv̄term. Here θterm = Aη(ρterm), using the public tensor-reduction accumulator of Section 3.7,
when the final tensor-reduction relation is fused with the trace check. When tensor reduction degenerates,
θterm = 1 and vtensor is the incoming opening value. Otherwise the terminal requires θterm ̸= 0 and rejects
without resampling if the factor vanishes. This event is separate from response grinding because it occurs
before the terminal response nonce. Split the tensor-reduction output point as

ρterm = (ρblk,term, ρpos,term, ρpack,term)
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over the block, within-block position, and trace-packing axes. Define the terminal position vector and block
weights by

aterm,x := ẽq(ρpos,term, x), χblk,term(i) := ẽq(ρblk,term, i).

The trace functional Tρpack,term
is the specialization of (133) to the terminal packing point. Set

ei := ⟨aterm, fi⟩ ∈ Rterm, z :=
∑

i∈[Bterm]

cisi ∈ R
mA,term

term .

These are the terminal specializations of (96) and the evaluation-trace folded response.

Revealed values and direct checks. The order matters because the partial opening evaluations must be fixed
before the challenges that combine them. The predecessor absorbs the terminal t state as its outgoing binding.
The terminal reabsorbs that state, runs its tensor reduction, absorbs the clear partial opening evaluations
(ei)i, and then runs the scheduled response grind. Each candidate nonce is absorbed before the transcript
derives the complete fold-challenge tuple (ci)i. A nonce is admissible only when every bounded fixed-filter
sampler produces an accepted challenge and the resulting clear response z satisfies its scheduled encoding
and norm checks. The prover may try at most Ntry,term distinct nonces. The final transcript contains the
selected nonce and absorbs z before the terminal checks

Atermz =
∑

i∈[Bterm]

citi in R
nA,term

term , (163)

∑
i∈[Bterm]

ci(X)ei(X) = aterm(X)⊤Gbterm,Mtermz(X) in Rterm, (164)

θterm
∑

i∈[Bterm]

χblk,term(i) Tρpack,term
(ei) = vtensor in E. (165)

These specialize the fold-evaluation and trace rows (139) and (134). There is no claim-batching draw for this
singleton. Direct checking removes the outer B relation, D/H path, quotient witness, relation sum-check,
and next commitment.

Response bounds and encoding. The response must still satisfy the bound used by the binding argument.
Since z is revealed, the verifier checks its scheduled coefficient-wise or squared-norm bound directly, without
a digit range sum-check. On the Euclidean route, the norm check imposes no additional coefficient bound.
A signed Rice encoding can use a byte budget derived from the squared-norm bound: for Nz coefficients
and bound S, the inequality

∑
i |zi| ≤

√
NzS bounds the unary portion of the Rice code. Such a budget

introduces no separate encoding-admission event.12 The verifier rejects a nonce outside the scheduled set, a
failed fixed-filter sample, and a response outside these bounds. The encoding preserves the segment order
used by the committed folds; bounded responses use the scheduled prefix code and dense segments use
fixed-width coefficients as specified in the Akita Book [61].

These direct checks supply the authenticated terminal state from which Section 10 extracts backward
through the folds. That analysis accounts for the terminal tensor reduction and fold challenges, and its
completeness theorem includes tensor-factor rejection and exhaustion of the bounded response sampler.

9 Verifier Offloading

The verifier’s remaining expensive computation is the setup contribution σS in (161). We replace that scan
by a sum-check whose output is an opening of a precommitted setup prefix. The next fold checks this opening
beside its recursive-witness claim, using the same batch fold as before. The smaller F/H maps remain local;
we offload only the A/B/D contribution.

12 An implementation may instead impose a tighter encodability limit; response admission then also checks that the
encoding fits this limit.
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9.1 The Setup Claim and Setup-Product Sum-Check

To turn the setup work into an opening claim, we first isolate the matrix-dependent part of the verifier’s
final row evaluation. Let r2 be the output point of the fused sum-check from Section 7.4, and let rx be its
projection onto the relation-address coordinates. The row evaluation separates as

mτ1(r2) = mlocal(r2) + σS . (166)

The local term contains the structured gadget, challenge, opening-row, norm, and quotient contributions,
together with the directly evaluated F/H compression relations. The setup term σS contains the contributions
read from the shared setup vector through the A, B, and D views only.

Use the active setup prefixNactive and combined weight ω̄ from Section 7.5. The setup source is represented
on a padded Boolean domain of length 2νS with 2νS ≥ Nactive. Write

S♭(p) :=

{
Sp, p < Nactive,

0, Nactive ≤ p < 2νS ,

for this padded source. The row-batching point τ1, the relation point rx, the ring-reduction challenge α, and
every matrix’s own (n,m, d) layout determine the public coefficient weight ωsetup(p). In particular, a view of
dimension d gives flat coefficient p the quotient-lift factor αp mod d; the quotient-free route instead uses the
transposed residue kernel of Section 7.3. Contributions from all overlapping views are added inside the same
weight, as in (161), and ωsetup(p) := 0 for Nactive ≤ p < 2νS . The delegated value is therefore

σS =
∑

p<2νS

S♭(p)ωsetup(p). (167)

For every admitted offloaded edge from fold h, preprocessing commits to this canonical padded coefficient
vector under the singleton source profile fixed for its successor. The verifier setup stores the resulting public
payload in a registry slot selected by the schedule; we denote that payload by CS,h. The slot fixes the natural
prefix length, padded commitment domain, and complete commitment profile. It is part of the public setup
and cannot be supplied or replaced by the prover opening the edge.

Without offloading, the verifier evaluates (167) by scanning the active prefix. With offloading, the prover
supplies a claimed σS for the final check of Stage 2. The first two stages are otherwise unchanged: Stage 1
performs the digit-range check of Section 6.1, and Stage 2 performs the fused relation and range sum-check
of Section 7.4. Stage 2 also produces the next-witness opening

vW := w̃(h+1)(r2).

Once Stage 2 has fixed rx, the setup weight in (167) is fully determined. Stage 3 then proves the claimed
setup inner product by running a degree-2 sum-check for

σS =
∑

p∈{0,1}νS
S̃♭(p) ω̃setup(p), (168)

where νS is the logarithm of the padded setup-domain length. The sum-check samples a point ρS and ends
with

(sum-check output) = sρS
ω̃setup(ρS), sρS

:= S̃♭(ρS). (169)

The round messages use the standard compressed format, as recorded in Table 6. The verifier evaluates the
public weight without scanning the setup prefix. The remaining value sρS

is carried to the next fold.

9.2 Passing the Setup Opening to the Next Fold

Stage 3 leaves an opening claim rather than checking the setup polynomial at ρS : evaluating it directly would
restore the scan we meant to avoid. We pass that claim to the successor in the scheduled order

Oh+1 = (Sh,Wh+1), Sh = (CS,h, ρS , sρS
), Wh+1 = (CW,h+1, r2, vW ). (170)
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Here CS,h is the registered setup commitment and Wh+1 is the Stage 2 output. Their points and shapes
remain separate. The receiver absorbs both instances, including the schedule-selected setup slot, and binds
their shared opening payload before sampling ϑgrp ← E.

The scalar row specializes Section 7.1 to two claims. With packing, the target is

vboundary := ϕSsρS
+ ϑgrpϕW vW , (171)

where each padding factor uses its own group’s domain. With evaluation trace, the shared tensor reduction
first produces the scaled claims hS = θS s̄ρS

and hW = θW v̄W from the padded inputs, where s̄ρS
and v̄W are

the packed output values. Their checked nonzero factors include the native-prefix adjustments of Section 5.1,
and the target is

v̄boundary := hS + ϑgrphW . (172)

A fixed nonzero pair of scalar residuals cancels with probability at most 1/|E|; two accepting transcripts
with distinct coefficients force both residuals to vanish.

The receiving fold checks Sh before producing any new setup claim for its successor. Thus only one setup
opening is pending, and the last nonterminal fold must check it and produce none. The terminal checks its
remaining matrix work locally on its one recursive-witness state (Section 8.2).

Lemma 9.1 (Soundness of setup offloading). Fix an offloaded level with active setup length Nactive.
Conditioned on the soundness of the Stage 3 product sum-check and on binding of the successor’s accepted
opening of the registered commitment CS,h, the value σS used in Stage 2 equals the verifier’s direct fused
setup scan (161). The binding condition is established by the source-comparison class Ccmp

S,h containing the
setup occurrence. Its A instance has radius ηA,Ccmp

S,h
from (195), and its B/F instances use (196). This class

contains both the successor’s protocol occurrence and the canonical reference occurrence u0S,h of (192). Thus
its radius covers the mixed comparison between the extracted opening and the setup’s canonical algebraic
decommitment, rather than only two extractions under the successor profile.

Proof. Correct preprocessing commits CS,h to the canonical padded source S♭ and fixes its canonical algebraic
decommitment state. Compare the source certificate extracted from the accepted successor opening with the
canonical reference certificate (191). By Corollary 10.17, either their decoded source vectors agree or their
difference yields a matrix collision in Ccmp

S,h at its recorded mixed radius. In the former case the successor’s

source value at ρS is S̃♭(ρS). Soundness of Stage 3 then fixes σS to the inner product of that source and
ωsetup. The weight is zero outside the active range and agrees with ω̄ of (161) inside it, so the two sums are
identical.

Evaluating the Public Setup Weight Stage 3 leaves the public factor ω̃setup(ρS) in (169). The verifier
computes it from the matrix layouts, row weights, and witness addresses, without reading the setup entries
or enumerating all public weights. Contributions from overlapping views add, including the logical slices of
B; A and D remain unsliced. Appendix B.4 gives the contraction using the general evaluator of Appendix A.

Size of the Carried Setup Group The setup prefix is a second opening group at the next fold. Under
the rank-one profile, its active field-coefficient length is controlled by the recursive witness. If mI and dI
are the width and ring dimension of I ∈ Msetup, then the source digits of each rank-one view occupy dImI

coordinates in the successor. Write |w′|K for the number of base-field coordinates in that successor witness.
Since nI = 1 in this profile, the definition above specializes to

Nactive = max
I∈Msetup

dImI ≤ |w′|K . (173)

The least power-of-two prefix length Nprefix := 2⌈log2 Nactive⌉ then satisfies

Nprefix < 2Nactive ≤ 2|w′|K . (174)

For larger module ranks, schedule validation checks the exact rounded shape instead of relying on this
inequality. The planner uses the same exact shape when deciding which nonterminal levels offload; no fixed
offloading depth is part of the protocol.
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9.3 Full Schedules and Admissibility

A schedule must connect valid folds and supply the bounds used by the security proof. This is separate from
choosing which combinations of opening methods, compression, and ring checks to implement. We state
the recursive interface and the family analyzed in this paper first, then give the compatibility and security
conditions that define admissibility.

Recursive interface. We use the following recursive interface. The root source O0 is a nonempty list of
application-supplied opening groups satisfying the root batching conditions of Section 5. No application-
supplied group occurs at a later level. After a direct edge, the next source is exactly (Wj+1); after an
offloaded edge, it is exactly (Sj ,Wj+1). The final edge is TerminalInnerState and supplies the one recursive-
witness state required by Section 8.2.

Schedule family analyzed here. The following restrictions simplify the implemented schedules and their
analysis; they are not intrinsic requirements of the commitment or offloading identities. We retain them as
explicit scope for the results that assume an admissible schedule. In particular, the restriction on Euclidean
norm proofs specifies which response configurations our current analysis covers.

(i) Opening and norm methods. Nonterminal folds at levels 0 and 1 use direct coefficient packing and
coefficient-ℓ∞ response bounds; later folds use evaluation trace with tensor reduction. This rule applies
only to existing folds. The Euclidean route applies to one recursive-witness response at an evaluation-
trace stage, after setup openings and response chunking have ended, or at the terminal.

(ii) Compression. Root and setup-prefix commitments are compressed. Along the remaining recursion,
compression may stop once and does not resume.

(iii) Ring checks. Quotient lifting forms a prefix, followed by an optional quotient-free suffix. Quotient-free
folds occur only from level 2, use evaluation trace, and neither receive nor produce a setup opening.
Their outgoing claims therefore go directly to the next witness fold or terminal. The terminal checks
its clear response directly and has no ring-check tag.

In particular, excluding quotient-free offloading is a simplifying choice. The setup-product identity (167)
also applies to quotient-free rows, using the transposed residue kernel in place of quotient-lift weights. The
public-weight evaluation cost changes, but the reduction to an opening of the setup prefix is the same.

Compatibility between folds. Direct packing requires dA = khdcar and the same challenge in the subring
consistency equation and the embedded A equation. A Euclidean certificate must bound the complete re-
constructed response used by that equation. These requirements concern the local relations, rather than the
level at which a method is chosen.

Every level’s fold description must satisfy the matrix-dimension, coefficient-alphabet, and challenge con-
ditions of Sections 4.1, 4.3, 4.5 and 5. For a multi-group source, the corresponding conditions apply to every
group, and the shared D/H layout must be the one derived in Section 5. Every B slice count satisfies the
commitment-slicing conditions of Section 4.5; every target shape is exactly the source shape used at the
next level; and every committed segment is written in an alphabet certified by the level that scans it. In
particular, each group satisfies b1,g ≤ b⋆ for opening and inner-image digits (Remark 10.16) and bz,g ≤ b⋆

for response digits (Section 5.4), where b⋆ is the certified range base of the scanning level. Quotient and
compression digits satisfy their prescribed alphabet conditions as well. For an offloaded edge, the producer’s
Stage 3 statement, the commitment and frozen source profile in the schedule-selected registry slot, and the
successor’s setup group must agree exactly. The setup group is a source occurrence at that successor. Its
frozen A, B, and F ranks must meet the security floors for the comparison class containing that occurrence,
under the receiving fold’s certified challenge, response, and digit profiles. The next fold checks the setup
group. At an evaluation-trace receiver, the setup and recursive-witness groups enter one shared tensor re-
duction under their own shapes and points, and the receiver samples fresh evaluation-trace claim coefficients
only after the shared opening payload is fixed, with the first coefficient normalized to one. A fold may check
one setup group and produce a new one, but the two groups do not accumulate. The final committed fold
must check any incoming setup group and cannot produce another one to the terminal.
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Security conditions. Every Module-SIS instance induced by these maps and their certified collision bounds
must meet the stated security floor, with response-derived norms taken from (113). These instances use the
schedule-defined source-comparison classes of (195), including the corresponding cross-profile source-path
alphabet diameters.

Every accepted challenge family must have a certified cardinality lower bound and certified pairwise-
difference conditions. The protocol derives each multi-coordinate folding tuple by bounded fixed-filter sam-
pling. By Lemma 10.1, conditioned on sampler success, its random-oracle distribution is the product of the
corresponding accepted families. For every challenge round r and coordinate u, the schedule records Lr,u, a
certified lower bound αr,u, and

ar,u := 1− (1− αr,u)
Lr,u . (175)

It requires Lr,u and 1/ar,u to be polynomially bounded. The transcript program’s worst-case honest HFS

query count, including all allowed nonce probes, must not exceed Qmax. The complete round list must satisfy

Tree(sch) ≤ Tpoly(λ,Nexp,max), (176)

where Tree is the mixed tree in (225), including nested interpolation at every multilinear batching stage, and
Nexp,max is the environment’s maximum total explicit length of the public instance and extracted witness,
measured in base-field coordinates, over an admitted schedule. In particular,

Nexp,max ≥ 2µmax .

The bound Tpoly is a fixed polynomial in the security parameter and this explicit length. It need not be
polynomial in the logarithmic variable count µmax, since an extractor must already spend linear time to
output a dense witness. Finally, the exact schedule-wide interactive error must satisfy the Fiat–Shamir
budget (224) for the recorded (λFS, Qmax). Selecting a raw challenge family does not suffice unless this full
check passes.

Definition 9.2 (Admissible Akita schedule). A schedule in the family specified above is admissible if:
(i) its folds and terminal follow the stated recursive interface;
(ii) its commitments, digit alphabets, and outgoing claims satisfy the compatibility conditions above; and
(iii) its matrix instances, challenge samplers, extraction tree, and transcript error satisfy the security con-

ditions above.

Implementing the challenge sampler. For a nonce, round, and coordinate, the ideal coordinate oracle supplies
a lazy uniform bit stream. Here Lr,u counts completed shell draws, not bit words: exact bounded-integer
rejection within a draw consumes a variable number of bits. The implementation uses a coordinate-indexed
SHAKE stream from the group’s transcript seed. We analyze that expansion in the ideal-XOF model, with
the coordinate stream as the programmable object. Hence Lemma 10.2 gives the exact conditional preimage
sampler required by the classical-ROM tree builder. An implementation that obtains raw draws from separate
HFS counter queries must count every such query instead. Sampler failure rejects that nonce attempt.

Admissibility is a condition on the resulting sequence, not on how it was found. Soundness neither assumes
that a planner found an optimum nor depends on its cost model.

9.4 The Constant-Root Verifier

The first few folds use a different geometry from a balanced direct schedule. Fix a constant κroot ≥ 2 and set
the target scale

N⋆ :=
⌈
N1/κroot

⌉
.

For the first κroot − 1 folds, choose Bj = Θ̃κroot,λ(N⋆) source blocks and block length Mj = ⌈Nj/Bj⌉, up
to the required power-of-two rounding. The verifier processes the Bj challenge-dependent contributions and
directly evaluates the F/H matrices, while setup offloading removes the scan over the longer block. The
regularity conditions below bound the remaining local work. This asymptotic prefix need not coincide with
the at-most-two-fold packing prefix. When κroot > 3, some of these wide folds use evaluation trace. The
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argument below uses only the closed successor size and the regularity conditions, so it applies under either
opening method.

Admissibility alone is a soundness condition and does not imply the size recurrence below. We therefore
call a family of admitted schedules constant-root regular if, at every one of these early levels:
1. the numbers of source groups, claims per group, logical B slices, relation-row families, quotient families,

and active F/H maps are Õκroot,λ(1);
2. all per-matrix ring dimensions, module ranks, digit depths, challenge descriptions, and finite-state address

spaces are Õκroot,λ(1) as functions of the root size N ;

3. every successor segment other than the folded response has total length Õκroot,λ(Bj);
4. the longest active flat A/B/D setup prefix satisfies the exact rounded balance check, with

Nprefix,j = Õκroot,λ(|wj+1|);

5. the exact finite-state evaluations of every remaining factored row and of ω̃setup(ρS) take Õκroot,λ(N⋆) field
operations. In particular, any factor over the Mj positions is evaluated through its equality structure,
without enumerating all Mj values.

These conditions concern a family as N grows and are checked on its exact successor layouts. A fixed matrix
and compression template is sufficient only if it remains admissible throughout that family and its derived
quantities satisfy the displayed growth bounds. A validated row at one input size does not establish this
uniform statement. In particular, any growth needed to maintain the challenge-entropy, field-error, and
Module-SIS budgets must be included in the regularity check. The conditions exclude schedules whose slice
count, chain depth, norm-claim count, or matrix rank grows polynomially with N .

The direct compression work is already controlled by these parameters. The first F map acts on digits
of the stacked B image, which has SBnBdB coefficients, and the first H map acts on digits of the D image,
which has nDdD coefficients (Section 4.5). Each later map acts on digits of the preceding compression image.
Thus the bounds on slice counts, module ranks, ring dimensions, digit depths, and chain lengths already
make the total F/H evaluation work and expanded storage Õκroot,λ(1). Leaving these maps with the verifier
requires no additional regularity condition.

The folded response has Mj positions, and the remaining data attached to the source blocks has size

Õλ(Bj). The carried setup group is bounded as in Section 9.2. Hence the witness satisfies

Nj+1 = Õκroot,λ

(
Nj

N⋆
+N⋆

)
. (177)

Induction gives Nj = Õκroot,λ(N/N
j
⋆ +N⋆), so after κroot − 1 folds the witness has size Õκroot,λ(N⋆). The core

recursion then continues to the terminal check of Section 8.2.
At every early level, the verifier performs Õκroot,λ(N⋆) work. Once the witness reaches this size, a direct

check of the remaining data has the same bound. The early folds add a constant number of logarithmic
transcripts, and the witness sizes at successive levels form a geometric series beginning at N .

Theorem 9.3 (Constant-root verifier family). Fix a constant κroot ≥ 2 and security parameter λ.
Consider a constant-root regular family of admissible Akita schedules whose first κroot − 1 folds use the
geometry above and setup offloading, followed by balanced direct folds retaining the polylogarithmic parameter
and per-level count bounds above. Require Nj+1 ≤ Nβ

j for a fixed 0 < β < 1 until the total source length first

reaches a prescribed Õκroot,λ(1) threshold, where the terminal check applies. Here Nj includes any incoming
setup group. Use the coefficient-ℓ∞ response route in this asymptotic family. More generally, the statement
also holds if every selected Euclidean certificate has Õκroot,λ(1) explicit norm claims per level. For a root

opening of size N , the prover runs in Õκroot,λ(N) operations, the proof has size Õκroot,λ(logN), and the verifier

runs in Õκroot,λ(N
1/κroot) field operations. Moreover, the verifier can be provisioned with only Õκroot,λ(N

1/κroot)
expanded coefficients from all active setup views, including A, B, D, and any F/H maps, in addition to the
setup seed and the short commitments authenticating the offloaded prefixes.

Proof. The recurrence (177) reduces the witness to Õκroot,λ(N⋆) after κroot − 1 folds. At each early level, the

challenge scan costs Õκroot,λ(N⋆) and setup offloading removes the only scan whose width can be Mj . The
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direct suffix begins at total source size Õκroot,λ(N⋆). Its parameter bounds and contraction give
∑

j Nj =

Õκroot,λ(N⋆) and
∑

j logNj = O(logN) over the suffix. The first sum bounds its verifier work and expanded
setup storage; the second bounds its transcripts under the stated response-route condition. The terminal
contributes only polylogarithmic cost. A digit-expanded norm check with an unbounded number of response
segments would add those claims to the proof and is therefore a concrete optimization, not part of this
asymptotic family. Summing the total source lengths, including carried setup groups, over the constant
early prefix and this suffix gives the prover bound. Verifiers at the first κroot − 1 producer levels do not
require expanded A/B/D prefixes, since these contributions are offloaded. They still evaluate the F/H

matrices directly. As shown above, their evaluation work and expanded storage are Õκroot,λ(1). The first

direct producer occurs after the witness has size Õκroot,λ(N⋆), so its active matrix prefix, and every later one,
has the same bound.

A larger fixed κroot lowers the verifier exponent but adds early offloaded folds. For every fixed κroot, proof
size remains polylogarithmic and prover work remains linear up to polylogarithmic factors. Completeness
and knowledge soundness for these schedules are covered by Section 10.

A Parameter Choice Attaining the Bound The preceding theorem separates the cost argument from
parameter selection. We now give one choice of schedules that meets its conditions. The relevant hardness
requirement is quantitative: as the input grows, we must retain security against algorithms that can already
read that input. A hardness claim for a fixed modulus, dimension, or collision bound would not suffice.

Write

L := λ+ ⌈log2(N + 2)⌉+ ⌈log2(Qmax + 2)⌉.

For the bounds below, logQmax = O(λ+logN). We use the following sufficient parameter-growth assumption
for ordinary Module-SIS, specialized to module rank one. For each fixed constant C, one can choose a power-
of-two degree d ≥ CL, with d = LOC(1), and a prime q ≡ 5 (mod 8) with log2 q = ΘC(L

2), such that the
coefficient-wise Module-SIS instances of degree d, rank one, width at most 2CL, and collision bound at most
2CL have solving probability at most 2−CL for algorithms running in time at most 2CL. Enlarging C covers
the polynomial running-time overhead of Theorem 10.33 and the allocation of error among the active maps.
This is an assumption about the full SIS parameter tuple, not merely an exponential attack-cost estimate in
the dimension. It introduces no additional structure in the public matrices.

Lemma 9.4 (Existence of constant-root schedules). Under the parameter-growth assumption above,
for every fixed κroot ≥ 2 there is a family of admissible Akita schedules satisfying Theorem 9.3. The family
uses only coefficient-wise response bounds and deterministic honest-response bounds.

Proof. Use one root opening, a common ring degree d for all maps, module rank one, and one B slice. Take
E = Fq, so that the extension degree is one, and use the entire ring as the challenge subring at the first two
levels. Later levels use the corresponding evaluation-trace encoding. For this parameter choice, use quotient
lifting throughout the offloaded prefix and while checking its final setup opening. Its factored weights simplify
the cost analysis; this choice is sufficient for existence and does not assert that offloading requires quotient
lifting. A later direct suffix may use quotient-free checks. Fix the balanced digit base b = b1 = 4, with
no Euclidean norm certificates, operator filtering, or response-dependent grinding. Root and setup-prefix
commitments use the prescribed two binary stages; their outputs need not have the concrete 128-byte size.
Keep compression throughout the offloaded prefix and its last receiver, then use raw commitments for the
direct suffix. This makes only one compressed-to-raw transition. Every ring and digit conversion has LO(1)

overhead. Full-field source coefficients require O(log q) base-four digits. Quotient coefficients have bit length
O(logm+ log q+ log d), so their digit depths are also polynomial in L. Setup sampling uses enough bits per
coefficient to make the total sampling bias negligible under Section 4.3.

For challenges, use all sign vectors with exactly d/2 nonzero entries. Their number is
(

d
d/2

)
2d/2 = 2Ω(d),

their coefficient one-norm is d/2, and a difference has coefficient bound two. Since q ≡ 5 (mod 8), the power-
of-two cyclotomic ring has two irreducible factors; the invertibility condition of Section 3.2 holds. Increasing
the constant in d ≥ CL covers the sum of the folding errors and the factor Qmax + 1. The modulus also
covers all field-challenge errors. For a folded digit vector with Bj blocks, the deterministic coefficient bound
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is O(Bjd); its base-four decomposition therefore has O(logBj + log d) planes. In particular, neither honest
completeness nor the challenge count requires a response model or an operator filter. To sample the shell
exactly, draw a uniform integer index into the shell by binary rejection and unrank its support and signs.
Each trial succeeds with probability at least 1/2; allowing CL trials per coordinate gives a fixed raw-draw
tape with failure probability at most 2−CL. A union bound over the coordinates covers sampler failure within
the completeness budget, and the accepted distribution is uniform. Unranking costs a polynomial in d. All
commitment collision bounds and matrix widths are 2O(L), so the assumed SIS bounds apply after choosing
C sufficiently large.

Let N⋆ = ⌈N1/κroot⌉. At each early fold choose a power-of-two block length within a factor two of the
current group length divided by N⋆, with a minimum of one ring position; use separate such lengths for
the at most two source groups. There are O(N⋆) blocks per group. All response planes together have size
LO(1)Nj/N⋆. Inner images, quotient polynomials, compression digits, and other auxiliary digits have total size
LO(1)N⋆: ranks, ring degrees, and numbers of claims are polynomial in L, while there are only constantly
many source groups. Write Wj+1 for this ordinary successor length. The rank-one balance of (174) gives
Nprefix,j ≤ 2Wj+1, including power-of-two padding. The input size at the next level counts both source
groups, hence Nj+1 = Wj+1 + Nprefix,j ≤ 3Wj+1. At the next fold, apply the same block-length choice
separately to these two groups. Thus

Nj+1 ≤ LO(1)(Nj/N⋆ +N⋆).

After κroot − 1 early folds the remaining size is LOκroot (1)N⋆. Use balanced direct folds thereafter, stopping
when the witness has size LO(1) and performing the terminal check. For inputs already below this threshold,
use a direct schedule from the start. Choosing the threshold large enough absorbs the digit and ring overhead
in each direct fold.

The common ring dimension and consecutive digit layout leave polynomially many coordinate ranges and
relation families in L. Each family uses only a constant number of simultaneous affine addresses. After peeling
the power-of-two position strides, the remaining strides and carry ranges are polynomial in L: they involve
only ring lanes and digit indices. Long position axes enter through equality-bit factors; the only long explicit
local factors are the O(N⋆) folding challenges. The carry-peeling and paired contractions of Appendices A
and B.4 therefore evaluate the remaining weights in LO(1)N⋆ operations, without scanning a long position
interval. All active two-stage binary compression maps act on only LO(1) coefficients: each rank-one image
has d coefficients and its binary expansion has d⌈log2 q⌉ digits. Their work satisfies the same bound. These
choices verify all five regularity conditions above.

Finally, fixed digit bases give constant sum-check degree. Above a sufficiently large polynomial-in-L stop-

ping threshold, each balanced direct fold reduces Nj to at most N
3/4
j . Consequently

∑
j logNj = O(logN)

over this suffix. Its number of folds is O(1 + log(logN/ logL)), so their accumulated O(logL) costs are also
O(logN). Each fold has O(logNj+logL) constant-degree rounds and polynomially many claim-combination
branches in Nj and L. The fixed early prefix and the terminal contribute only Oκroot(logN+logL) to the log-
arithm of the extraction-tree size. Thus the complete tree has size (NL)Oκroot (1), as required for admissibility.
The exact security allocation is made using Equations (176) and (224).

Sufficient hardness assumptions. A suitable exponential hardness guarantee is sufficient but is not necessary
for polynomial parameter growth. In this discussion, a hardness guarantee includes the success-probability
bounds of the assumption above, rather than just the cost of one known attack. To make the distinction
precise, suppose the relevant SIS instances provide h(D) bits of hardness at an effective size D, and im-
plementing this size costs a polynomial in D and L. Here h must already account for the modulus, width,
collision norm, and reduction losses. We need h(D) = Ω(L). If h(D) = Ω(Dα) for any fixed α > 0, choosing
D = LO(1/α) preserves every displayed soft-O bound. This includes attack-time lower bounds of the form

2Ω(
√
D), not just 2Ω(D).

If instead the available guarantee is only 2Ω((logD)c) for fixed c > 1, the analogous sufficient choice is

D = 2O(L1/c). Polynomial overhead in this size is not polylogarithmic in N . For fixed λ and polynomial
Qmax, the same accounting gives prover cost N1+o(1), verifier cost N1/κroot+o(1), and proof size No(1), rather
than the polylogarithmic proof guarantee. Thus “subexponential hardness” alone is too imprecise: a fixed
positive power in the hardness exponent suffices, whereas a merely quasipolynomial guarantee does not by
itself justify the stronger bounds.
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The Akita protocol, assembled.

Setup(1λ, µmax): fix an admissible schedule (Section 9.3); expand the seed into the shared setup vector S per
(67) with its stacked prefix views (Figure 3); prepare the setup data required by every scheduled direct edge;
and populate the verifier’s setup-prefix registry with the exact commitment CS,h selected for every scheduled
offloaded edge.

Commit(pp, shapecom, (fp)p∈[P ]): run the commitment pipeline (Figure 4) with the ordered vectors prescribed by
the declared root-level source layout (P = 1 for the base PCS interface) and output the commitment together
with its shape cm = (shapecom,upub). Commitments that later enter one root batch remain independently formed
and retain their own shapes.

Eval(pp,O0): absorb the seed identity, schedule digest including (λFS, Qmax), and every root commitment, point,
and claimed value; then:
1. Root and recursive folds. Starting from O0, run Figure 5 at each scheduled nonterminal level with its

recorded configuration. After the root, use the source list from (61). An offloaded edge also runs Stage 3 and
passes its setup opening to the immediate successor.

2. Terminal. The final fold produces the canonical terminal inner state. Apply the tensor prefix when required
and the direct checks of Section 8.2 to this singleton state; reject any pending setup opening.

V accepts iff every sum-check verifies, every payload and shape check passes, the grinding nonces respect their
scheduled ranges, and the terminal checks hold.

Fig. 8: The complete Akita protocol. Root multi-group batching changes only the source O0; setup offloading
changes one producer edge and the source topology of its immediate successor. The configuration fields of
(62) are recorded at each committed fold, with the opening method derived by (162).

9.5 The Assembled Protocol

Figure 8 specifies how the setup, commitment algorithm, and canonical fold implement the PCS interface.
The security analysis of Section 10 is stated against this figure.

10 Security of Akita

The object of analysis is the assembled protocol of Figure 8: the folds of Figure 5, whose per-fold checks are
the rows of the relation matrix (Figure 6), closed by the terminal checks of Section 8.2, under an admissible
schedule in the sense of Definition 9.2. A scheduled fold may have one or several source instances, and may
replace its direct setup scan by the offloading transition of Section 9. The analysis below covers both cases.
Public batching adds only the claim-combination check of Lemma 10.24.

The theorem keeps two security coordinates separate. The Module-SIS inventory may target 128-bit
quantum attack cost. The noninteractive knowledge-error bound is instead a schedule-specific statement in
the classical random-oracle model. QROM security is outside the scope of this paper; we identify it as future
work in Section 14. The bound below equals the full interactive error, including all fold, ring-reduction,
sum-check, norm, batching, offloading, and terminal terms, multiplied by the random-oracle query loss. This
bound takes no security credit for algebraic-challenge proof-of-work; its separate work accounting is described
below. The exact field-size ceiling for this conservative bound and the requirements for a claimed Fiat–Shamir
bit level appear in Corollary 10.34 and Section 12.2. The knowledge-soundness proof itself proceeds from
one-fold backward extraction, to interactive extraction for a fixed schedule, and finally to the Fiat–Shamir
transform.

Figure 9 summarizes the backward extraction. Each fold uses the authenticated state supplied by its
successor; its range and relation checks then support the coordinate forks that recover the incoming weak
openings.

Fixed-filter sampling. The concrete challenge sampler uses a finite raw-draw allowance. The next lemma
records both its abort probability and its conditional output distribution.
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Terminal
authentication

Backward extraction
at each fold

range/relation checks
and coordinate forks

Root evalua-
tion vectors
and evalua-
tion claims

A short collision in a priced
A,B,D,F, or H view

or

Fig. 9: The extraction argument. The terminal supplies the initial authenticated state. At each preceding
fold, extraction returns incoming weak source openings or a short matrix collision. Cross multiplication
establishes the source consistency needed to continue to the root relation (Theorems 10.31 and 10.33).

Lemma 10.1 (Bounded sampling from a fixed accepted family). Let Cacc ⊆ C0 be nonempty, let
α := |Cacc|/|C0|, and sample at most L ≥ 1 independent uniform elements of C0. Output the first element in
Cacc, or ⊥ if all L draws are rejected. Then

Pr[⊥] = (1− α)L, Pr[c = x | c ̸= ⊥] = 1

|Cacc|
for every x ∈ Cacc. (178)

For independent coordinate samplers indexed by u ∈ U , the probability that all coordinates are produced is

a :=
∏
u∈U

(
1− (1− αu)

Lu
)
, (179)

and, conditioned on this event, the output tuple is uniform over
∏

u∈U Caccu . Replacing each αu by a certified
lower bound gives a lower bound on a.

Proof. The failure probability is the probability that all raw draws lie outside the accepted set. For x ∈ Cacc,
the probability that the first accepted draw equals x is

L−1∑
j=0

(1− α)j 1

|C0|
=

1− (1− α)L

|Cacc|
.

Dividing by the probability of producing an output proves conditional uniformity. Independence across the
coordinate substreams gives (179) and the product distribution.

Lemma 10.2 (Fiat–Shamir compatibility of a fixed filter). Fix the sampler of Lemma 10.1, and
suppose each coordinate u ∈ U is derived from a separately indexed, domain-separated ideal coordinate stream
supplying its Lu independent shell-valued draws. Assume that decoding one shell draw and sampling its bit
encoding conditional on a prescribed shell element both take expected polynomial work. The queries share a
fixed round context but do not absorb one another’s answers. Only the sampler output in

∏
u∈U Caccu , or ⊥,

is used as the transcript challenge. Write

au := 1− (1− αu)
Lu .

For every accepted tuple c = (cu)u∈U , there is an exact sampler for an ideal coordinate tape conditioned on
producing c. Its expected work, counting shell draws, filter tests, and conditional shell encodings, is

O

(∑
u∈U

Lu

au

)
.

Consequently, if membership in each accepted family is efficient and every Lu and 1/au is polynomially
bounded, the classical-ROM tree-building reduction for challenges sampled uniformly from

∏
u Caccu also applies

to the fixed-filter protocol in this programmable ideal-coordinate-stream model, with polynomial overhead. Its
coordinate-wise special-soundness denominators remain |Caccu |.
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Proof. Consider one coordinate and fix c ∈ Cacc. Sample a uniform length-L raw tape until the bounded
sampler succeeds. Let J be the position of its first accepted draw, replace that draw by c, and leave the
rejected prefix and unused suffix unchanged. Before replacement, conditioned on success, the first accepted
value is uniform on Cacc and independent of J , the rejected prefix, and the unused suffix. The resulting
tape therefore has exactly the conditional distribution of a uniform tape given that its sampler output is c.
Rejection sampling needs 1/a trials in expectation and examines at most L draws per trial. Applying this
construction independently to every coordinate gives the claimed shell-valued tuple sampler.

To realize this tape in bits, sample the encoding of each shell element conditional on that element, then
concatenate the encodings and append a fresh uniform suffix. This is necessary: replacing a decoded shell
element does not itself produce a correctly distributed bit tape. For Akita’s sparse shell decoder, choose a
uniform ordering of the prescribed support within each magnitude class and invert the partial Fisher–Yates
shuffle to obtain its accepted bounded integers. For n = 1, the decoder returns zero without consuming bits.
For n > 1, the bitmask rejection decoder samples b = ⌈log2 n⌉ bits until the value is below n. Conditional on
its accepted value, sample the geometric number of rejected words, each uniform in [n, 2b), followed by that
value; unused bits of the underlying byte words remain uniform. Condition each sign byte on its required low
bit and sample its remaining bits uniformly. This gives the exact conditional encoding. Integer rejection uses
fewer than two word attempts in expectation; the shell’s bounded support size gives expected polynomial
decoding work. The displayed cost counts shell operations, each with this expected polynomial bit cost.

The implementation bounds the outer fixed-filter search by 4096 completed shell draws but does not
limit the inner integer rejection. In the ideal-stream model it terminates almost surely; there is no separate
bounded-decoder exhaustion event. The conditional construction programs that ideal stream, not a preimage
of the concrete 256-bit SHAKE seed.

In the classical-ROM programming step, program the challenged coordinate’s oracle input with its condi-
tional tape and keep all other coordinate inputs and answers fixed. The adversary sees the same oracle-answer
distribution conditioned on the chosen accepted challenge as it would in the real fixed-filter protocol. Hence
the direct accepted-family reduction lifts without changing its counting denominator; only the conditional-
tape sampling work is added.

Field vectors returned together. The tensor-row, range-anchor, and relation-row challenges are uniform field
vectors. Their extraction uses Lemma 3.22, not the flat sibling structure of Definition 3.16. At a rewind,
keep the selected oracle input and the preceding transcript fixed, program the required coordinate prefix
of its answer, and draw its remaining coordinates independently. The ideal Fiat–Shamir input encodes the
stage and complete preceding transcript, so matching inputs preserve the prefix required by that lemma. The
prover receives the complete vector, exactly as in the protocol. This operation does not replace one vector
query by several scalar queries.

In the ideal-XOF model, condition the answer tape on the prescribed field coordinates. For uniform
base-field rejection decoding, sample the rejected words and the accepted word conditional on its prescribed
value, as in the bit-decoding argument above; use independent coordinates for an extension-field element
and leave the unused tape suffix uniform. This is an exact polynomial-time conditional sampler. Nested
extraction programs these ideal answers, not the concrete seed from which the implementation expands its
field challenges. Together with Lemma 10.2, this supplies the conditional-answer interface for both kinds of
stage in Lemma 3.22.

A response-dependent nonce grind is different from this fixed filter. The schedule records the nonce range,
its cardinality, and the deterministic retry rule, but the set of nonces accepted by that rule depends on the
witness. It therefore does not define a smaller fixed set Cacc. Every Fiat–Shamir-namespace probe used to
search the nonce range is instead included in Q. The schedule-wide claim is restricted to Q ≤ Qmax, so a
parameter checker must ensure that the allowed honest grind fits within that public query budget. It must
not both shrink |Cacc| for the grind and charge the same probes through Qmax.

Algebraic-challenge proof-of-work. Akita uses transcript-bound proof-of-work before selected algebraic chal-
lenges, independently of response retries. At such a site, L is the numerator of an algebraic error bound,
such as a polynomial degree or a sum of degree bounds. For an error bounded by L2−C , the rule g =
max{0, 128+ ⌈log2 L⌉−C} makes 2−gL2−C ≤ 2−128. The implementation uses the challenge field’s nominal
capacity C in this rule; its production profiles use C = 128. The analysis below uses the actual bad-challenge
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fraction ϵ (for example, L/|E|), so it does not identify a nominal C-bit field with a field of exactly 2C

elements.
The public plan fixes each protected site, its target g, and its nonce width. For g > 0, the prover searches

at most 2g+7 nonces. The verifier checks a domain-separated predicate with g zero bits and then derives the
algebraic challenge from an independent output. A zero-bit site is a no-op. The instance descriptor binds the
plan; verification replays the exact order and widths of the packed nonce stream. This mechanism applies to
standalone PCS proofs and the Jolt backend (Appendix E.5).

Proposition 10.3 (Adaptive search at a protected challenge). Fix a protected site with target g. A
candidate context binds the transcript prefix, site, and nonce to one predicate/challenge pair. Distinct con-
texts have distinct independent pairs of ideal oracle outputs. For each context c, let Bc be its bad-challenge
set. Assume this set is fixed before either output of that pair is first queried and, conditional on the preced-
ing history, has mass at most ϵ under the challenge distribution. The predicate passes with probability 2−g

independently of that challenge.
An adaptive prover that queries either output of at most N distinct candidate pairs and finally submits

one candidate has probability at most
min{1, (N + 1)2−gϵ}

of submitting a passing predicate with a challenge in its bad set. Queries may occur in either order, including
before the candidate is used in the proof. The same statement holds for g = 0 with a vacuous predicate.

Proof. Enumerate candidates when either output is first queried. Conceptually sample both outputs at that
time, revealing only those actually queried. Conditioned on the history before this first query, the context
and its bad set are fixed and the two fresh outputs are independent. Thus the probability that this pair both
passes and is bad is at most 2−gϵ. Later queries and the decision whether to use the pair cannot enlarge this
event. A union bound over the at most N first-touched pairs gives N2−gϵ. If the final candidate was never
touched, its verification exposes one additional fresh pair with the same bound. If either output was already
queried, that candidate was already counted. This argument also covers stopping early and choosing later
contexts from previous answers.

Corollary 10.4 (Several protected and unprotected sites). For each site s in a fixed transcript plan,
suppose the hypotheses of Proposition 10.3 hold with bad fraction ϵs, target gs, and at most Ns first-touched
candidate pairs. Put gs = 0 for an unprotected site. If the proof submits one candidate per site, then

Pr[∃s : site s passes with a bad challenge] ≤ min

{
1,
∑
s

(Ns + 1)2−gsϵs

}
.

No independence between sites is required: the per-site bounds hold conditionally on their preceding histories,
and then a union bound applies. The site index includes each occurrence in the recursive schedule.

This bounds adaptive search for the specified algebraic bad events, including challenge-first prequeries. In
particular, success probability δ > 0 for a protected event requires N +1 ≥ δ 2g/ϵ. The knowledge-soundness
theorem below uses the mixed extraction tree and the budget in (224). Its tree-failure terms need not be
bad sets fixed before a candidate’s first query, so Corollary 10.4 does not rescale that theorem’s entire error
expression. It gives the grinding gain for the local algebraic checks to which its hypotheses apply; unprotected
checks retain their terms in the same bound.

10.1 Completeness

The algebraic identities of an honest execution hold exactly, but the execution can still abort. At each
response-producing stage, a bounded challenge sampler may fail, or the resulting response may lie outside
its scheduled encoding or norm bound. We first express the probability of these events for one stage and
then account for them across the schedule.

LaBRADOR and Greyhound also use distributional estimates to choose concrete response bounds [16,
§5.4][78, §5]. Here we make the required premise explicit for every preceding honest transcript and account for
finite response retries, bounded challenge sampling, zero tensor factors, and grinding exhaustion throughout
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the recursion. Proved response bounds establish this premise unconditionally; our optimized later-fold bounds
use the response-model premise in Equation (351).

Let RespLev(sch) be the set of response-producing stages: every nonterminal fold and the Akita terminal.
Fix a stage h ∈ RespLev(sch) and an honest transcript prefix τ immediately before its response nonce is
sampled. This prefix fixes every source vector used at stage h. We shall define qh(τ) as the conditional
probability that one candidate nonce is unusable. Since all Ntry,h retries use the same fixed sources, we first
bound this probability for each τ and only then average over honest execution histories.

Response encoding and norm bounds. Fix an admissible schedule sch and a response-producing stage h. Thus
h ∈ RespLev(sch). Let Rh index the folded responses checked at that level. Thus Rh has one element for
the core relation, one element per source instance for the multi-instance relation, and one element at the
terminal. The response-chunked specialization is given in Corollary 11.3.

For response r, let Ench,r(z) be membership in its exact scheduled encoding domain, evaluated on centered
integer coefficients. The schedule records a symmetric threshold Th,r whose coefficient cube is contained in
this domain. At a nonterminal fold using balanced positional base bh,r and depth δf,h,r, the exact domain is
the interval below in every coefficient:

Mh,r :=
bh,r
2

b
δf,h,r

h,r − 1

bh,r − 1
, Th,r :=

(
bh,r
2
− 1

)
b
δf,h,r

h,r − 1

bh,r − 1
. (180)

Thus Ench,r(z) is exactly the event that every coefficient lies in [−Mh,r, Th,r], or equivalently that the
canonical decomposition fits in δf,h,r planes. At the terminal it is the exact coefficient domain accepted by
the scheduled clear prefix or fixed-width encoding. If response r uses the Euclidean route, let Smax,h,r be its
scheduled complete response squared-norm bound.

Definition 10.5 (Honest response admission). With these encoding domains and norm bounds, define

HAdmh,r(z) := Ench,r(z) ∧

{
true, ph,r =∞,
∥z∥22,coef ≤ Smax,h,r, ph,r = 2.

Failure of one nonce attempt. Let Histhonh be the set of reachable honest transcript prefixes immediately before
the nonce for stage h is sampled. At an evaluation-trace receiver, the prefix includes its tensor reduction and
the condition that every required final factor is nonzero. A prefix τ ∈ Histhonh fixes all source vectors.

Definition 10.6 (Conditional nonce failure). Let Uh index the fold-challenge coordinates derived from
one candidate nonce. Coordinate u samples from a raw shell C0,h,u into the accepted family Cacch,u with raw-draw
allowance Lh,u. Write αh,u := |Cacch,u|/|C0,h,u| and define the challenge-construction success probability

ah :=
∏

u∈Uh

(
1− (1− αh,u)

Lh,u
)
. (181)

An unfiltered coordinate has αh,u = 1. A fresh candidate nonce produces either ⊥ or a tuple ch that, condi-
tioned on not being ⊥, is uniform over

∏
u∈Uh

Cacch,u by Lemma 10.1. For a successful tuple, define

qrsph (τ) := Pr
ch

[
¬
∧

r∈Rh

HAdmh,r(zh,r(τ, ch))

∣∣∣∣∣ ch ̸= ⊥
]
, (182)

qh(τ) := 1− ah
(
1− qrsph (τ)

)
. (183)

Thus qh(τ) is the probability that the complete nonce attempt fails, including challenge-sampler exhaustion.

At a nonterminal fold the range proof may certify a wider alphabet than the honest base-bh,r alphabet.
Every accepted response is therefore bounded for security by βcert

fold from (112), and two accepted responses
differ by at most ∆cert

f from (113). Neither quantity replaces the honest encodability event in Definition 10.5.
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Lemma 10.7 (Completeness of one response stage). Fix h ∈ RespLev(sch) and τ ∈ Histhonh . Con-
ditioned on this prefix, an honest prover allowed Ntry,h distinct nonce trials fails to produce an admissible
response tuple with probability

qh(τ)
Ntry,h .

Conditioned on finding an admissible tuple, all remaining honest equations of the stage hold. A nonterminal
fold produces the scheduled honest successor opening, while the terminal accepts.

Proof. Distinct nonce inputs give independent samples from the same bounded challenge-sampling proce-
dure, while the prefix τ and hence every source vector remain fixed. The probability that all trials fail is
therefore the stated power. Once a good nonce is found, the canonical response decompositions exist when
present, the terminal encoding is valid when this is the terminal, and every scheduled Euclidean bound is
satisfied. The commitment equations, opening-method partial-evaluation equations, ring reductions, range
and norm checks, fused relation sum-check, setup-product check, and recursive boundary opening are then
exact identities for the honest witness. The terminal checks are likewise exact identities on its revealed honest
source.

The one-stage lemma reduces schedule completeness to a question about the conditional quantities qh(τ).
We record the pointwise bound that will let us answer this question uniformly over transcript histories.

Definition 10.8 (Uniform conditional nonce-failure bound). For numbers (δh)h∈RespLev(sch), we say
that the schedule has a uniform conditional nonce-failure bound (δh)h if

qh(τ) ≤ δh for every h ∈ RespLev(sch) and τ ∈ Histhonh . (184)

The bound is certified when the sampler-success probability and the response-admission probability are both
bounded by proof. A modeled-response assumption with parameters (δ̂rsph )h instead asserts

qrsph (τ) ≤ δ̂rsph for every h ∈ RespLev(sch) and τ ∈ Histhonh . (185)

The response model of Appendix G.3 supplies the bounds and proposed values δ̂rsph . Its Gaussian surrogate
motivates (185), but does not prove it for the actual integer response. Challenge-sampler success remains a
separate, combinatorially certified quantity.

The conditioning in (184) is essential. An average one-attempt bound

Eτ [qh(τ)] ≤ δh

does not in general imply

Eτ [qh(τ)
Ntry,h ] ≤ δNtry,h

h .

The retries reuse the source vectors fixed by τ , so the power must be taken before averaging over τ .
We can now state the schedule-level bound. Besides nonce exhaustion, it charges the event that an

evaluation-trace tensor reduction vanishes at a required final factor.
For the active proof-of-work sites i in the schedule, let gi > 0 be its target and Mi its nonce allowance.

Define
εpow(sch) :=

∑
i:gi>0

(1− 2−gi)Mi . (186)

The implementation uses Mi = 2gi+7, so each summand is at most e−128. A zero-bit site performs no search
and cannot exhaust.

Theorem 10.9 (Completeness of scheduled Akita). Fix an admissible schedule sch. By Section 9.3,
it is fixed independently of the expanded setup and before the protocol challenges. For each h ∈ RespLev(sch),
suppose ξh satisfies

E
[
1{Reachh}qh(Tr<h)

Ntry,h
]
≤ ξh (187)

for every honest opening request that passes the public admission checks. Here Reachh is the event that the
honest execution reaches the nonce step at level h, and Tr<h is its transcript prefix there.
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Let EvalRecv+(sch) be the set of evaluation-trace receivers, including the terminal when applicable, whose
tensor reduction is nondegenerate. For each h in this set, let Gh be its number of incoming groups, κh its
tensor split parameter, and mmax,h its largest tensor-reduction tail arity; write Eh for its extension field.
Then the honest prover is accepted in the random-oracle model with probability at least

1− εcomp(sch),

εcomp(sch) :=
∑

h∈RespLev(sch)

ξh +
∑

h∈EvalRecv+(sch)

Gh(κh +mmax,h)

|Eh|
+ εpow(sch).

(188)

Proof. All honest algebraic checks are exact identities. By Lemma 10.7, the probability that the execution
reaches level h and exhausts its response nonces is the expectation on the left-hand side of (187). At a
nondegenerate evaluation-trace receiver, each of the Gh required final factors is a nonzero polynomial, jointly
in the row-batching point and the common tensor-reduction point, of degree at most κh + mmax,h. The
completeness part of Theorem 3.11 therefore bounds its rejection probability by Gh(κh + mmax,h)/|Eh|.
An identity tensor reduction has no such rejection event. At each active proof-of-work site, independent
predicate outputs give exhaustion probability (1− 2−gi)Mi . A union bound over these sites, response stages,
and nondegenerate receivers gives (188).

Corollary 10.10 (Conditional completeness). Suppose qh(τ) ≤ δh for every h ∈ RespLev(sch) and
every reachable honest prefix τ ∈ Histhonh . Then Theorem 10.9 applies with

ξh = δ
Ntry,h

h .

In particular, the schedule’s completeness error is bounded by

εcomp(sch) ≤
∑

h∈RespLev(sch)

δ
Ntry,h

h +
∑

h∈EvalRecv+(sch)

Gh(κh +mmax,h)

|Eh|
+ εpow(sch). (189)

This is an unconditional completeness bound when each sampler-success bound and response-admission bound
is proved. If any response bound is instead assumed from the response model, the conclusion is conditional
on the corresponding modeled-response assumption.

Proof. For every reachable prefix, qh(Tr<h)
Ntry,h ≤ δNtry,h

h . Substitute this inequality into (187).

Allowing rare exceptional histories. Uniform control of qh(τ) is sufficient, but not necessary. Suppose a proved
set of good prefixes Gh satisfies Pr[Reachh∧Tr<h /∈ Gh] ≤ ηh and qh(τ) ≤ δh on Gh. Splitting the expectation
in (187) over these events gives

ξh = ηh + δ
Ntry,h

h .

This lets a proved high-probability invariant on recursive source energies replace a deterministic one. The
exceptional probability ηh is charged once rather than raised to the retry count, since retries hold the source
history fixed.

Obtaining the response-admission bound. The completeness argument now reduces to bounding qh(τ) for
the sources fixed by each honest prefix. There are two certified ways to supply this bound. Deterministic
coefficient and energy envelopes can make every successfully sampled response fit its scheduled bounds.
Alternatively, tail bounds can allocate a failure probability to each response’s encoding and squared-norm
check; a union bound combines these probabilities without assuming independence between the checks or
between responses. Appendix G.2 gives both constructions.

The required source estimates depend on the challenge distribution. Appendix G.1 treats dense and
canonical one-hot sources under the stated unfiltered sampling rules. Appendix G.1 treats the actual accepted
distribution of a symmetric fixed filter. Filtering need not preserve the independent signs used by an unfiltered
tail bound, so that bound cannot be reused without checking its premises. All source envelopes must hold
after fixing the preceding transcript, including its earlier successful nonce searches.
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When a schedule chooses its response bounds from the Gaussian surrogate instead, the same framework
yields a conditional statement. If the model-derived bounds satisfy (185), then (183) bounds the complete
per-attempt failure probability by

δ̂toth := 1− ah(1− δ̂rsph ). (190)

Here ah is determined by the actual accepted-family density and raw sampling allowance; a certified lower
bound on ah gives the corresponding upper bound on δ̂toth . Applying Corollary 10.10 with δh = δ̂toth gives
the conditional completeness error in (189). The modeled premise affects only honest abort probability and
expected prover work, not the knowledge-soundness theorem below.

Choosing the first valid proof-of-work predicate before drawing its independent algebraic challenge pre-
serves the challenge distributions used above. Its exhaustion probability is already included in (188).

10.2 Knowledge Soundness

From the Shared Setup to Module-SIS The public key distribution is the stacked-prefix distribution
of Section 4.3, not a product distribution over independent matrices. Let Occ(sch) contain every scheduled
source-group occurrence at a nonterminal fold and the single terminal source occurrence. An occurrence u
records its A matrix view and the bounds

K1,u, B∞,u, Kmul,2,u, B2,u, K2,u, Bmul,2,u

that its verifier checks for an extracted challenge difference and response difference. A Euclidean entry
may be absent when that route does not certify it. For every registered setup commitment opened by the
schedule, Occ(sch) also contains a canonical reference occurrence u0S,h. If (s

0
S,h,c,i)c,i is the canonical algebraic

decommitment fixed by preprocessing, this occurrence uses the weak certificate

c̄0S,h,c,i = 1, r0S,h,c,i = s0S,h,c,i, (191)

and records the schedule-certified envelopes

K1,u0
S,h

= 1,

B∞,u0
S,h
≥ max

c,i
∥s0S,h,c,i∥∞,coef ,

B2,u0
S,h
≥ max

c,i
∥s0S,h,c,i∥2,coef .

(192)

The last entry makes the first Euclidean pairing available when the protocol occurrence also certifies a
Euclidean response bound. These envelopes and the canonical source-path digit alphabets depend only on
the frozen setup commitment profile, not on the sampled setup values.

Two nonterminal occurrence positions, including canonical reference occurrences, are source-compatible
when the schedule assigns them the same commitment shape, including the B/F source path, and the
same A matrix view. The terminal occurrence is compatible with itself. These schedule-defined equalities
partition the occurrence positions into source-comparison classes. The commitment payload is not part of
this partition: two extracted sources are compared only when their actual commitments are equal, and such
occurrences necessarily lie in one class.

For u, u′ in one class, define the coefficient envelope

E∞(u, u′) := K1,u′B∞,u +K1,uB∞,u′ . (193)

For the Euclidean route, let P(u, u′) ⊆ {1, 2, 3} contain the pairings for which both occurrences certify the
required bounds, and set

E2,1(u, u
′) := K1,u′B2,u +K1,uB2,u′ ,

E2,2(u, u
′) := Kmul,2,u′B2,u +Kmul,2,uB2,u′ ,

E2,3(u, u
′) := K2,u′Bmul,2,u +K2,uBmul,2,u′ . (194)
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Each comparison class C selects one norm pC . Its exact scheduled A collision bound is

ηA,C :=

 max
u,u′∈C

E∞(u, u′), pC =∞,

max
u,u′∈C

min
r∈P(u,u′)

E2,r(u, u
′), pC = 2.

(195)

The Euclidean choice is admissible only if P(u, u′) ̸= ∅ for every ordered pair in C. In particular, the diagonal
pair u = u′ prices two extractions from the same occurrence. For a B or F source-path view K shared by
a class, let DK,u be its verifier-certified input alphabet at protocol occurrence u, including all authenticated
coordinates; at a canonical reference occurrence it is the canonical input alphabet fixed by the registered
commitment profile. Define

ηK,C := max
u,u′∈C

max
x∈DK,u, y∈DK,u′

∥x− y∥∞,coef . (196)

Thus a commitment scanned under two different accepted profiles is priced for their cross-profile difference,
not only for either diagonal profile. Opening-side D/H paths remain occurrence-local.

For an admissible schedule sch, let

I(sch)

be the multiset of all Module-SIS instances induced by the schedule: for every source-comparison class, its
A instance at (195) and its nonterminal B/F source-path instances at (196); for every nonterminal level,
the shared D instance and every active H opening-chain instance at their verifier-certified occurrence-local
digit-collision norms. The terminal class contributes only its A instance. Setup openings are ordinary source
occurrences and hence enter the same comparison-class construction. Each element I ∈ I(sch) records the
matrix view, its ring dimension dI , module rank nI , length mI , norm choice pI ∈ {2,∞}, and collision bound
ηI .

Table 7: The MSIS instance inventory and norm ledger for schedule sch. For B and D, the collision bounds
are the certified range-check alphabet bounds of Remark 10.16, with b the base of the level that range-checks
the segment. For the A matrix, the schedule selects one norm specialization per source-comparison class. Its
radius is the maximum mixed occurrence-pair envelope of (195); the usual coefficient and Euclidean formulas
are its diagonal special cases. The B maps use the corresponding cross-profile alphabet diameter, while D
maps remain occurrence-local. Every F/H map has collision bound one, since its complete input is certified
binary. A class containing a registered setup opening also contains its canonical reference profile from (192).
Neither route may use the honest concentration threshold t⋆ of Section 5.4.

Instance I Description dI nI mI pI Collision Bound ηI

A(C) Nonterminal Source-Class Inner Commitment dA nA mA pC ηA,C in (195)

A(term) Terminal Inner Commitment dA nA mA ∞ or 2 (209) or (210)

B(C) Source-Class Sliced Outer Commitment dB nB mB ∞ ηB,C

D(j) Unsliced Opening Commitment dD nD mD ∞ ηD,j

F
(C)
ℓ Source-Class Outer Chain Map ℓ ∈ {1, . . . , LF } dF,ℓ nF,ℓ mF,ℓ ∞ 1

H
(j)
ℓ Opening-Local Chain Map ℓ ∈ {1, . . . , LH} dH,ℓ nH,ℓ mH,ℓ ∞ 1

For the sliced matrix B, the length mB is the width of the one matrix reused across all slices, not the total logical
input length. A kernel vector of the complete stacked map restricts to a nonzero slice; zero-padding that restriction
gives a kernel vector of the width-mB matrix (Lemma 4.3). The matrix D is unsliced, so mD is the full width of its
ordered partial-evaluation input. For a source class C, ηB,C is the maximum cross-profile diameter of (196). The

occurrence-local quantity ηD,j is the diameter of the alphabet certified at level j, namely brange − 1 for the balanced
range. Every compression map has input alphabet {−1, 0} under all scanning profiles, so ηF,C,ℓ = ηH,j,ℓ = 1. The

fused binary constraint certifies their complete input spans (Remark 6.2).
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Lemma 10.11 (Shared-prefix breaks reduce to ordinary MSIS). Let B be any PPT adversary that,

given (sch,S) for a uniform flat setup vector S← ZNsetup
q , outputs a matrix identifier I ∈ I(sch) and a short

nonzero kernel vector for the corresponding matrix view. Define

Advschsp (B) :=

Pr

[
S← ZNsetup

q ; (I,x)← B(sch,S)
I ∈ I(sch) ∧ 0 ̸= x ∈ RmI

q,dI
∧ MI(S)x = 0 ∧ ∥x∥pI ,coef ≤ ηI

]
,

where MI(S) is the matrix obtained from the same flat setup vector by its prefix view. Then there are ordinary
Module-SIS adversaries (BI)I∈I(sch) such that

Advschsp (B) ≤
∑

I∈I(sch)

Adv
MSIS

(pI )

q,dI
(nI ,mI ,ηI)

(BI), (197)

and each BI has the running time of B plus polynomial overhead.

Proof. Fix a matrix instance I and let the ordinary MSIS challenge be a uniform matrix M⋆ ∈ RnI×mI

q,dI
. The

simulator samples a flat setup vector S subject only to the constraint MI(S) = M⋆, filling every coordinate
not fixed by this view uniformly in Zq. This is efficient because every matrix view is a coefficient-wise prefix
of S, with row-major coefficients fastest (Equation (66)). Since M⋆ is uniform, the resulting S is exactly

uniform over ZNsetup
q . The simulator then runs B(sch,S). If it outputs the same matrix I together with a valid

vector x, return x as a solution to the ordinary MSIS
(pI)
q,dI

(nI ,mI , ηI) challenge; otherwise fail. The success
probability of this solver is precisely the probability that B succeeds and names matrix I. Summing over all
possible output matrices gives (197).

Corollary 10.12 (Shared-prefix reduction for an adaptive schedule). Let S be a finite public family
of admissible schedules, fixed independently of the setup, and let

IS :=
⋃

sch∈S

I(sch).

Suppose an adversary, after seeing one uniform flat setup vector, chooses sch ∈ S and outputs a valid
short kernel vector for some I ∈ I(sch). There are ordinary Module-SIS adversaries (BI)I∈IS such that the
probability of this event is at most ∑

I∈IS

Adv
MSIS

(pI )

q,dI
(nI ,mI ,ηI)

(BI). (198)

The adversary may choose the schedule as a function of the setup; no conditioning on that choice is used.

Proof. For each I ∈ IS , embed an ordinary Module-SIS challenge as the I-view of a uniform flat setup vector
and sample the unused suffix uniformly, exactly as in Lemma 10.11. Run the original adversary, including
its schedule selection, on this vector, and retain its output only when it selects a schedule containing I and
names I. The simulated flat vector is unconditionally uniform. Summing over the matrix identifier output
by the adversary gives (198).

Relaxed Source Extraction and Uniqueness Fix a nonterminal fold level h. Its opening method is part
of the schedule: packing for h ∈ {0, 1} and evaluation trace for h ≥ 2. For each source instance j, let Sj

denote its folding ring and let
ιj : Sj −→ Rq,dA,j

be the map through which a folding challenge acts on the ambient source. In coefficient packing, Sj is the
challenge subring and ιj is the embedding of (47); Lj and Vj,c are the packing partial and scalar-opening
maps of Section 5.2. With evaluation trace, Sj is the full evaluation-trace folding ring, ιj is the identity, Lj

is the evaluation-trace partial map, and Vj,c is its public, tensor-reduction-scaled trace functional. Products
of a challenge with an ambient source below mean multiplication by ιj(c).
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This distinction is internal to a fold. Both modes produce the same semantic successor type: an ordinary
evaluation claim on a multilinear polynomial with base-field Boolean evaluations. An intermediate edge
binds those evaluations through its ordinary outer commitment. The last nonterminal fold instead binds the
canonical inner t state required by the terminal. Neither edge produces a tensor-reduction output claim.
Whenever a later evaluation-trace receiver exists, that receiving fold performs the tensor reduction that
converts its input. The terminal performs the same reduction on its input.

Definition 10.13 (Akita algebraic decommitment). Fix one source commitment

cmj := (shapecom,j ,upub,j). (199)

Its Src component fixes the ordered source-vector layouts and decoder. The full shape fixes the block geometry,
matrix views, slice maps, digit alphabets, and active compression path described in Section 5.1. An Akita
algebraic decommitment of cmj to the ordered decoded commitment-grid vectors (f⋆j,c)c is the commitment-
side part of that construction. For every applicable c and i, its source blocks satisfy

f⋆j,c = Decshapecom,j
((sj,c,i)i∈[Bj ]), Ajsj,c,i = Gb1,j ,nA,j

t̂j,c,i.

The prescribed slice map places the inner-image digits t̂j,c,i in the inputs of (73), with P = nclm,j and
B = Bj. The resulting Bj rows and active F chain satisfy (76), or (77) at depth zero, and terminate at
upub,j. Every inner-image and compression-chain digit lies in the alphabet fixed by the commitment contract.
The decoder imposes no zero condition on an algebraic-padding cell included in the commitment.

Write

RelAkitacom (pp, cmj , (f
⋆
j,c)c, st

⋆
com,j) = 1 (200)

when these conditions hold. Its single-polynomial specialization instantiates Relcom in Definition 3.12; the
group form is the relation used by Akita’s batch theorem. It contains the canonical state produced by the honest
commitment algorithm. It requires neither the canonical gadget decomposition for sj,c,i nor membership of
the decoded vector in the image of an honest padding map. Partial opening evaluations, the D/H path, the
opening point, and the claimed value are excluded: they belong to one evaluation proof and may change when
the same commitment is opened at another point.

For an application batch, write its public statement as

xbatch :=
(
sch;

(
cmj , rj , (πj,c, vj,c)c∈[nclm,j ]

)
j∈[G]

)
. (201)

An Akita batch witness consists of decoded full commitment-grid vectors (f⋆j,c)j,c and one algebraic decom-
mitment state st⋆com,j for every group occurrence. If one commitment occurs in several groups, the schedule-
extraction theorem below establishes agreement of their vector families, unless it returns a matrix collision.
Define

RelAkitabatch(pp, xbatch; (f
⋆
j,c)j,c, (st

⋆
com,j)j) = 1

⇐⇒
∧

j∈[G]

RelAkitacom (pp, cmj , (f
⋆
j,c)c, st

⋆
com,j) = 1 ∧

∧
j,c

f̃⋆j,c(rj) = ϕj,cvj,c.
(202)

The last equality is the padded claim verified by the protocol. If the statement additionally certifies f⋆j,c =

Padj,c(Fj,c), then (80) recovers the natural-domain claim F̃j,c(πj,c(rj)) = vj,c. The Akita opening protocol

does not include that padding-image predicate in RelAkitabatch.

The fixed folding statement. Fix one nonterminal fold with the G ordered source groups and public data
of Sections 5.1 and 7.2. Thus the statement fixes (cmj)j∈[G], the shared opening payload vpub, all active
matrix chains, and the scalar row. In packing mode that row uses the application weights and target; in
evaluation-trace mode it uses the post-payload weights and reduced target of (137).
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Definition 10.14 (Weak opening for one fold). A weak opening uses those layouts and commitment-
opening rows with the following extraction relaxation. It contains (sj,c,i, t̂j,c,i, êj,c,i, c̄j,c,i) and all active
compression-chain openings. For every (j, c, i), c̄j,c,i is a unit in Sj and, for fixed challenge- and response-
difference bounds, satisfies

∥ιj(c̄j,c,i)∥1 ≤ κ̄1,j , ∥ιj(c̄j,c,i)sj,c,i∥∞,coef ≤ β̄∞,j .

On a Euclidean route it also satisfies

∥ιj(c̄j,c,i)∥mul,2 ≤ κ̄mul,2,j , ∥ιj(c̄j,c,i)sj,c,i∥2,coef ≤ β̄2,j .

The source blocks, inner-image digits, and B/F openings satisfy Definition 10.13. The scheduled shared D/H
path authenticates the ordered vector

ê := concat(ê0, . . . , êG−1)

against vpub, using (142) and the active compression rows or the depth-zero row (77). Recompose the partial
digits in base b1,j and apply the selected mode’s fixed decoding from base-field coordinates to recover ej,c,i
(Equations (88) and (96)). The remaining rows enforce

ej,c,i = Lj(Gbj ,Mjsj,c,i), vfold =
∑
j∈[G]

∑
c∈[nclm,j ]

ϑj,c Vj,c((ej,c,i)i∈[Bj ]).

Here vfold is vroot under coefficient packing and v̄root under evaluation trace. Every digit vector lies in the
alphabet certified for its segment. This is the ordinary core relation when G = 1.

The extracted source. For a weak opening ω, let Src(ω) be its source projection: exactly the source blocks,
inner-image digits, and B/F chain openings. It discards every challenge difference, partial opening evalu-
ation and its digits, D/H opening, evaluation point, and claimed value. It is therefore an Akita algebraic
decommitment in the sense of Definition 10.13. The additional bounded products ιj(c̄j,c,i)sj,c,i are the weak
certificates used to prove that this source projection is extraction-unique.

Lemma 10.15 (Weak binding for one fold). Let two weak openings, in the sense of Definition 10.14,
be for the same public fold instance and payloads. If they differ on any semantic block witness sj,c,i or carried
digit vector, then one can deterministically output a short nonzero kernel vector for Aj, Bj, D, or one of
their compression maps. An Aj collision has coefficient norm at most 2κ̄1,j β̄∞,j; every other collision is
bounded by the diameter of the corresponding verifier-certified alphabet.

More precisely, for a coordinate on which the openings differ, set ri := ιj(c̄i)si and r′i := ιj(c̄
′
i)s
′
i. In

the bounds below, each norm of c̄i means the corresponding norm after applying ιj. The same kernel vector
satisfies all of the following bounds:

∥zA∥∞,coef ≤ ∥c̄′i∥1∥ri∥∞ + ∥c̄i∥1∥r′i∥∞, (203)

∥zA∥2,coef ≤ min


∥c̄′i∥1∥ri∥2 + ∥c̄i∥1∥r′i∥2,
∥c̄′i∥mul,2∥ri∥2 + ∥c̄i∥mul,2∥r′i∥2,
∥c̄′i∥2∥ri∥mul,2 + ∥c̄i∥2∥r′i∥mul,2

 . (204)

Consequently, uniform bounds (κ̄1, κ̄mul,2, κ̄2) on the three challenge-difference norms and (β̄∞, β̄2, β̄mul,2) on
the corresponding response-difference norms give

∥zA∥∞,coef ≤ 2κ̄1β̄∞, (205)

∥zA∥2,coef ≤ 2min
{
κ̄1β̄2, κ̄mul,2β̄2, κ̄2β̄mul,2

}
. (206)

If the first and second openings instead have the occurrence profiles u and u′, respectively, the right-hand
side of (203) is at most E∞(u, u′). Each available line of (204) is at most the corresponding E2,r(u, u

′) from
(194).
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Remark 10.16 (Certified versus honest digit alphabets). The collision norms above are priced at the alphabet
the protocol enforces, not the alphabet the honest prover uses. The carried source digit vectors t̂, ê are
honestly balanced base-b1 gadget digits, but the only shortness enforcement on a cheating prover is the
digit range check of the level that scans them (Section 6.1), or the terminal wire encoding at the tail
(Section 8.2), and the range check certifies every segment at the shared balanced alphabet {−b⋆/2, . . . , b⋆/2−
1} of that level’s certified range base b⋆. Completeness therefore requires b1 ≤ b⋆, which admissibility enforces
(Section 9.3), and extraction may assume only the certified bound: the B and D collision norms are b⋆ − 1,
and the schedule inventory is priced there (b1 − 1 would underprice the adversary whenever b1 < b⋆). Every
compression map instead has collision norm one: its complete digit span participates in the fused constraint
w(w + 1) = 0, which enforces {−1, 0} (Remark 6.2). The folded response obeys the same rule: its planes
are bounded not by whatever norm the honest prover grinds them to, but by (112), the recomposition of
the alphabet that the scanning level certifies. Security sizing and support derivation therefore use the same
authenticated alphabet for each map, and a collision norm is a property of the level that scans a segment
rather than of the level that commits it. For a source commitment opened under several scanning profiles,
b⋆ − 1 is only the within-occurrence diameter. Its B/F comparison-class instance uses the maximum cross-
profile diameter defined in (196). For F this diameter remains one across profiles. The opening-local D path
uses its scanning level’s own diameter, while H again has diameter one.

Proof. Apply Lemma 4.3 to every Bj/(Fh,j)h chain and to the shared D/H chain. A difference in carried
digits gives the corresponding matrix collision with the stated alphabet diameter.

Assume therefore that all carried digit vectors agree, in particular t̂j,c,i = t̂′j,c,i and êj,c,i = ê′j,c,i for every
coordinate. If the two weak openings still differ, choose (j, c, i) with sj,c,i ̸= s′j,c,i and omit these indices

below. The inner consistency equations give Ajsi = Gb1,j ,nA,j
t̂i = Ajs

′
i. Define

zA := ιj(c̄
′
i)
(
ιj(c̄i)si

)
− ιj(c̄i)

(
ιj(c̄

′
i)s
′
i

)
.

The two openings are compared across branches of the Fiat–Shamir tree that draw their folding challenges
from different transcript prefixes, so c̄i and c̄

′
i need not agree and both denominators must be cleared. This

produces the two summands in every norm bound below. Since ιj(c̄i) and ιj(c̄
′
i) are units and si ̸= s′i, the

vector zA is nonzero. Moreover AjzA = 0.
Apply (43) separately to the two summands to obtain (203). Applying each of the three Euclidean

inequalities in (44), again term by term, gives the three lines inside (204). Taking the uniform bounds for
the two weak openings yields (205) and (206). This proves every stated specialization for the same nonzero
A-kernel vector.

Corollary 10.17 (Source-extractor uniqueness across opening profiles). Fix a schedule. For a
source-group occurrence u = (h, j), let

φ(u) := cmh,j = (shapecom,j ,upub,j), φh := (φ(h, j))j∈[Gh] (207)

be its source commitment and the ordered projection of its fold input, respectively. Write Srcu(ω) for the com-
ponent of Src(ω) belonging to occurrence u. Consider extracted weak openings ω, ω′ containing occurrences
u, u′, possibly at different points and with different claimed values and opening-side D/H payloads, for which
u, u′ lie in the same source-comparison class and φ(u) = φ(u′). If Srcu(ω) ̸= Srcu′(ω′), one can deterministi-
cally output a short nonzero kernel vector for the corresponding A, B, or F view. The A collision has norm
pC at most ηA,C for their comparison class C; a source-path collision is bounded by that class’s cross-profile
certified-alphabet diameter. Consequently, two full fold extractions with the same ordered projection φh have
equal source projections componentwise, or yield one of these collisions.

The same conclusion holds when one side is a canonical setup reference occurrence, with φ(u0S,h) equal to
its registered commitment. On that side use the canonical algebraic decommitment and the certificate (191);
no evaluation point or opening-side data are needed. Its collision bounds are the mixed envelopes with the
reference profile (192).

Proof. Apply Lemma 4.3 to the two openings of the common B/F payload, using its scheduled depth. On
the raw route, a disagreement gives a B collision directly. On the compressed route, a difference in its chain
digits gives a B or F collision, whose norm is at most the cross-profile alphabet diameter recorded for the
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comparison class. Otherwise the inner-image digits t̂ agree. If a source block still differs, use its two weak
folding factors to clear denominators exactly as in the proof of Lemma 10.15. Equations (193)–(195) give its
scheduled norm bound. The opening point and the D/H path do not enter either argument.

For a canonical setup reference, the same proof uses c̄′ = 1 and r′ = s0. Its canonical commitment
state satisfies the source-path equations and digit alphabets by construction, and (192) supplies the second
occurrence profile in the same mixed-envelope calculation.

Incoming tensor-reduction data. Let h be an evaluation-trace receiver. It instantiates the ordered multi-
instance interface of Section 5.1 and the shared tensor reduction of Section 3.7. A nonterminal receiver has
h ≥ 2; the terminal may occur earlier when a shorter schedule reaches TerminalInnerState. Write G inh for its
ordered incoming groups, Ih,a for the claims in group a, and Ph,a for that group’s binding payload. Denote
claim i’s Boolean evaluation vector, native point, and value by fh,a,i, rh,a, and vh,a,i, so its input assertion

is f̃h,a,i(rh,a) = vh,a,i. At a nonterminal receiver, Ph,a is its ordinary outer commitment; at the terminal it
is the predecessor-bound canonical inner t state. The terminal has exactly one recursive-witness group and
no pending setup opening.

Definition 10.18 (Incoming claims for tensor reduction). For the incoming data above, the receiver
uses the following boundary rules. The schedule fixes every group descriptor, basis, packing bijection Packh,a,
and tail arity mh,a; in particular,

gh,a,i := Packh,a(fh,a,i)

is the packed multilinear polynomial obtained by canonically regrouping the entries of fh,a,i into extension-field
Boolean evaluations and interpolating them, as in Section 3.7. This packing map is invertible on the Boolean
evaluations. The transcript binds these descriptors together with the incoming payloads, native points, and
values before the receiver begins its shared tensor-reduction prefix. Set

mmax,h := max
a

mh,a, Nclm,h :=
∑
a

|Ih,a|.

On a nonidentity route, the receiver applies the canonical shared reduction of Theorem 3.11. For its final
point ρh, group a uses the native prefix ρh,a := ρh,[mh,a] and

θh,a = Aηh,a(ρh,a)

mmax,h−1∏
t=mh,a

(1− ρh,t), hh,a,i = θh,agh,a,i(ρh,a).

The verifier rejects if any θh,a is zero. On the identity route, the prefix and its challenges are omitted,
θh,a = 1, and the canonical packing identification forwards each claim. Each group’s input point remains
part of its bound statement.

After binding the shared evaluation-trace opening payload, the receiver sets the first coefficient to one and
samples the remaining Nclm,h − 1 entries of a fresh normalized coefficient vector for the final products.

Extraction error. The tensor-reduction batch has coordinate-wise extraction charge

εtensor,h :=

0, identity tensor reduction,
κh + (Nclm,h − 1) + 2mmax,h

|Eh|
, otherwise,

as in (56); its one-shot bound replaces Nclm,h − 1 by 1{Nclm,h>1}, and its claim-batching tree factor is Nclm,h.
The subsequent post-payload claim batch has coordinate-wise charge

εgrp,h :=
Nclm,h − 1

|Eh|
(208)

and tree factor Nclm,h; its one-shot failure is at most 1{Nclm,h>1}/|Eh|.
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Lemma 10.19 (Tensor reduction in the receiving fold). Fix a boundary in the sense of Defini-
tion 10.18. Suppose the extractor has the complete mixed accepting tree for the shared tensor-reduction pre-
fix: a nested binary tree in η, a flat affine claim-batching family, and scalar sum-check subtrees. Below every
leaf of this prefix, suppose there is a descendant-certified evaluation-trace source. Each source’s canonical
base-coordinate unpacking must authenticate each fixed payload Ph,a under the scheduled source relation and
satisfy every forwarded packed claim.

Then a deterministic extractor returns, for every group a and claim i ∈ Ih,a, a Boolean evaluation vector

fh,a,i authenticated by Ph,a with f̃h,a,i(rh,a) = vh,a,i; otherwise it returns a commitment-matrix collision from
Corollary 10.17 at a nonterminal receiver or a terminal A-matrix collision. The required receiver tree incurs
coordinate-wise error εtensor,h+εgrp,h. An ordinary accepting transcript instead incurs the two one-shot errors
in Definition 10.18. The identity route has no row-batching, tensor claim-batching, or sum-check challenges
and contributes zero tensor-reduction error.

In particular, the first evaluation-trace receiver composes the predecessor extractor with its own tensor-
reduction prefix. A nonterminal receiver then runs its fold and either produces an ordinary opening or binds
the predecessor state for the terminal. When setup offloading supplies recursive-witness and setup groups,
they enter the same shared tensor reduction. The incoming claims remain separately bound; each output
claim uses its prescribed prefix of the new sum-check point.

Proof. Apply Theorem 3.11 to the fixed payloads, points, values, shapes, and packing bases. First certify
every descendant and use source binding to identify its packed polynomial. Backward scalar interpolation
certifies the degree-2 sum-check for every tensor-batch child. The flat normalized claim family then separates
the claim discrepancies for each fixed η. Finally, Lemma 3.19 applied to the nested binary η tree forces every
tensor-row discrepancy to vanish identically. Inverting each fixed packing map gives the Boolean evaluation
vectors fh,a,i. If two descendants unpack to different evaluation vectors under the same Ph,a, source binding
gives the stated matrix collision; at the terminal, subtracting their predecessor-bound inner-state equations
gives the A collision. The identity route gives the same vectors directly.

After the shared opening payload is bound, the fresh evaluation-trace claim batch separates the final
products with the charge in (208). Cylindrical extension changes only the sum-check domain; the incoming
claims remain separately bound. Later fold challenges may differ across tensor-reduction siblings: the extrac-
tor first certifies the complete descendant of each sibling and never assumes equality of a challenge sampled
after the tensor-reduction node.

Terminal statement and transcript order. Every admissible schedule ends in the evaluation-trace terminal
of Section 8.2. It has exactly one incoming recursive-witness group and no pending setup opening. Write
Rterm = Zq[X]/(XdA,term + 1) and let Bterm be its number of source blocks. Before any terminal challenge,
the predecessor binds the canonical state (ti)i∈[Bterm] with ti = Atermsi, and the terminal absorbs that same
state.

The receiver-owned tensor reduction and direct terminal checks follow Section 8.2, including its transcript
order. In particular, it fixes one packed claim and vtensor = θtermv̄term, with θterm = 1 on the identity route
and θterm ̸= 0 otherwise. It fixes the clear partials (ei)i before sampling (ci)i, absorbs z =

∑
i cisi, and

verifies (163)–(165) together with the scheduled clear encoding and norm bounds. These are direct checks;
the terminal has no outer u, B, D, quotient, or relation sum-check.

Terminal collision bounds. Let κ1,term bound the raw terminal challenge ℓ1 norm and let Z∞,term bound the
accepted clear response coefficient norm. The terminal source occurrence therefore has

K1,term = 2κ1,term, B∞,term = 2Z∞,term.

Its diagonal comparison-class radius on the coefficient route is

ηA,term,∞ = 8κ1,termZ∞,term. (209)

On a Euclidean route, let Γterm be the enforced raw challenge operator-norm bound and let Smax,term be the
enforced response squared-norm bound. Then

Kmul,2,term = 2Γterm, B2,term = 2
√
Smax,term, η2A,term,2 = 64Γ 2

termSmax,term. (210)

The terminalA rank is admissible only if it meets the security floor for the selected one of these two instances.
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Proposition 10.20 (Akita terminal extraction certificate). For the terminal and bounds specified
above, the following holds. From the terminal’s mixed accepting tree, with a nested tensor-prefix tree and
coordinate-wise fold siblings, a deterministic extractor returns a descendant certificate for its incoming open-
ings or a short A-matrix collision. The exact terminal equations add no field error. Its fold challenges
contribute

εterm :=
Bterm

|Caccterm|
, (211)

while the terminal tensor-reduction term is charged separately. There is no terminal claim-batching term
because the terminal has one claim.

Proof. The predecessor-bound t state, the tensor-reduction output, and the revealed partials (ei)i are fixed
before the fold challenges. For each i, choose two children with challenges c(i,0) and c(i,1) that agree outside
coordinate i and differ at i, as guaranteed by the CWSS structure. Let their responses be z(i,0) and z(i,1),
and set

∆ci := c
(i,1)
i − c(i,0)i , s⋆i := (∆ci)

−1(z(i,1) − z(i,0)).

The accepted challenge family makes ∆ci a unit in Rterm. Subtracting the two A equations and cancelling
∆ci gives Aterms

⋆
i = ti. Subtracting the two evaluation-trace fold-evaluation equations gives

ei = a⊤termGbterm,Mterms
⋆
i in Rterm.

Repeating this for every coordinate extracts the terminal source blocks and their partials. If two extracted
candidates for one block disagree, they both map to the same ti. Clearing their unit challenge differences as
in Lemma 10.15 gives the short A collision bounded by (209) or (210).

The trace equation has no fold challenge. The verifier checks it on any accepting child against the fixed
pair (θterm, vtensor); it is not obtained by fold-challenge subtraction. It connects the extracted partials to the
tensor reduction output, and Lemma 10.19 connects that output to the terminal’s one incoming base-field
opening claim. The revealed segment encoding lets the extractor check all digit and norm predicates directly.
Coordinate-wise CWSS gives (211); every remaining terminal check is an exact equality.

Corollary 10.21 (Radius-to-collision bookkeeping). Suppose each raw folding challenge c and each
accepted folded response z satisfy

∥c∥1 ≤ κ1, ∥c∥mul,2 ≤ Γ, ∥c∥2 ≤ κ2,

and
∥z∥2 ≤ Z2, ∥z∥mul,2 ≤ Zmul.

Then the Euclidean A-collision extracted from two weak openings obeys

∥zA∥22,coef ≤ 64min
{
κ21Z

2
2 , Γ

2Z2
2 , κ

2
2Z

2
mul

}
. (212)

Proof. Take centered integer lifts of the raw challenges and accepted responses, but form their differences
over Z, without reducing those differences modulo q. Their challenge norms are at most 2κ1, 2Γ , and 2κ2; the
response norms are at most 2Z2 and 2Zmul, by the triangle inequality. Clearing the two unit denominators
gives an integer representative of the collision as a difference of two negacyclic products. Applying Lemma 3.1
to these unreduced products gives

∥zA∥2 ≤ 8min{κ1Z2, ΓZ2, κ2Zmul}.

Only now reduce the final collision coefficient-wise to its centered representative modulo q; this cannot
increase its Euclidean norm. Squaring gives (212). This argument does not assume that coefficient-wise
reduction contracts a convolution operator norm, and requires no no-wrap premise.

The quantities Z2 and Zmul in Corollary 10.21 are measured on centered ring coefficients. If a protocol
instead certifies a norm before applying the extension-field packing map ψ, it first applies the one logical-to-
ring conversion of Section 3.1. It does not apply that factor to an already packed z or to a z reconstructed
from base-field digit planes.
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Definition 10.22 (Nested coordinate-wise fold family). Fix a nonterminal fold with G source groups
and let

Q := {(j, c, i) : j ∈ [G], c ∈ [nclm,j ], i ∈ [Bj ]}
index its folding challenges. A nested coordinate-wise fold family contains one transcript prefix ending imme-
diately before this fold challenge and |Q| + 1 folding-challenge children forming a coordinate-wise 2-special-
sound structure. For every q ∈ Q, choose a pair c(q,0), c(q,1) from these children that agree outside coordinate
q and differ at q. Their difference at q is a unit with the norm prescribed by its source instance. The pairs
need not share a common child.

Below every folding-challenge child, the family contains a complete accepting mixed subtree, as specified by
Lemma 3.22, for the public-coin rounds that follow that challenge in the protocol. These include the scheduled
ring-reduction, range, norm, and fused-relation rounds, followed by the recursive protocol that authenticates
the outgoing opening claim. The subtrees below two different folding children need not use the same later
challenges or contain the same later prover messages.

Call the family descendant-certified if the recursive extractor has already authenticated every outgoing
opening claim at the leaves of these strong-check subtrees. For one fixed folding child, all such openings
under the same outgoing commitment must yield the same commitment-side source vector. Otherwise Corol-
lary 10.17 already returns a matrix collision. At the tail, Proposition 10.20 supplies the descendant certificate
directly.

Theorem 10.23 (One-fold backward extraction). Fix one nonterminal fold of an admissible schedule.
Suppose its outgoing opening claims have already been authenticated by the recursive suffix, so that the
extractor is given a descendant-certified nested coordinate-wise fold family in the sense of Definition 10.22.
Then a deterministic extractor returns either:

(i) a weak opening of every incoming source group, satisfying the exact commitment, partial-evaluation,
and public opening equations of Definition 10.14; or

(ii) a short nonzero kernel vector for one matrix view in I(sch) at the current level.
For source instance j, the extracted coefficient-difference bound is β̄∞,j = ∆cert

f,j . If the schedule enforces a
Euclidean radius profile from Corollary 10.21, the weak opening also satisfies the certified Euclidean difference
bounds. The extractor runs in time polynomial in the supplied transcript tree and does not require challenges
sampled after the folding vector to agree across two folding children. Taking G = 1 recovers the single-group
fold. Moreover, for two successful invocations whose input instances have the same source projection φh,
either their outputs have the same Src projection or Corollary 10.17 returns a current-level matrix collision.
Thus the extracted source is unique relative to φh, although the complete point-dependent weak openings need
not be.

Proof. Fix one folding-challenge child. Starting at the authenticated outgoing claims, run the strong extrac-
tors from the leaves of its subtree toward the folding node. The sum-check extractors force the range, norm,
and fused relation identities. The scheduled quotient-lift or quotient-free extractor then recovers the original
mixed-dimension ring identities. Thus this child yields one exact instance of every row in the schedule’s
mode-selected relation: the native carrier relation at levels 0 and 1, or the established evaluation-trace rela-
tion at later nonterminal levels. It also yields the certified digit and response bounds. Repeat this procedure
independently below every folding-challenge child. Later challenges disappear at this point because every
recovered identity holds over its native ring.

Compare every commitment path and the shared opening path across these exact branch relations,
using the scheduled depth in Lemma 4.3. A disagreement on a raw path gives a B or D collision directly;
a disagreement on a compressed path gives a collision in its source matrix or one of its chain matrices.
Condition on the corresponding source and chain digits being common.

Fix q = (j, c, i) ∈ Q and subtract the exact relation for child (q, 0) from that for child (q, 1). Every other

folding term cancels inside instance j. With c̄j,c,i := c
(q,1)
j,c,i − c

(q,0)
j,c,i , the response rows give

ιj(c̄j,c,i)sj,c,i = z
(q,1)
j − z

(q,0)
j .

The certified response digits bound this difference by ∆cert
f,j . Subtracting the two fold-consistency and fold-

evaluation rows, then cancelling the challenge difference in the ring of each row, gives

Ajsj,c,i = Gb1,j ,nA,j
t̂j,c,i, ej,c,i = Lj(Gbj ,Mj

sj,c,i).
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The first inversion is in the ambient ring through ιj(c̄j,c,i), while the second is in the scheduled opening
ring Sj (and its scalar extension when needed). With coefficient packing, Lemma 3.2 supplies both units
from the same carrier difference. With evaluation trace, Sj is the ambient folding ring and ιj is the identity,
so the schedule’s unit-difference condition supplies both inversions directly. The resulting difference also
satisfies any enforced Euclidean bounds. Repeating this argument for every q extracts all semantic blocks.
The common digits already satisfy their compression chains and scheduled public opening row because each
strongly extracted branch satisfies every row exactly. They therefore form the claimed weak opening. At no
point did the proof compare the later challenge values of two folding children. The final uniqueness statement
is Corollary 10.17 applied to the two extracted weak openings.

The theorem is local to one fold. Its descendant certificate is supplied by the terminal at the last nonter-
minal fold and then by backward induction at each preceding fold. It therefore states the extraction step used
in the schedule proof, rather than a standalone knowledge-soundness claim for an unauthenticated outgoing
opening.

Strong Checks and Error Accounting

Lemma 10.24 (Per-claim soundness of public batching). Consider the coefficient-packing application
root prescribed by (162). Fix the source commitments, opening payload, points, and claimed values, together
with the uniquely bound partial evaluations, before the verifier draws ζbatch. Let v̄ℓ be the padded value extracted
for global claim ℓ. If v̄ℓ ̸= ϕj(ℓ),c(ℓ)vj(ℓ),c(ℓ) for some ℓ ∈ [Λ], then∑

ℓ∈[Λ]

ζℓbatchv̄ℓ =
∑
ℓ∈[Λ]

ζℓbatchϕj(ℓ),c(ℓ)vj(ℓ),c(ℓ)

holds with probability at most (Λ− 1)/|E|.

Proof. The difference is a nonzero polynomial in ζbatch of degree at most Λ − 1. The claim follows from
Schwartz–Zippel.

Lemma 10.25 (Soundness of the Euclidean response check). Fix a nonterminal Euclidean route
from Section 6.2. Let Npair be the number of digit-inner-product claims and let δf be the response digit depth.
Apart from the ordinary sum-check extraction errors, an accepting range check, Stage 1 norm check, Stage 2
binding to the response digits, and integer reconstruction imply

Eint(ẑ) = Eresp ≤ Smax, ∥z∥22,coef ≤ Eresp. (213)

The additional random-linear-combination error is at most

εrlcphys =

{
2|E|−1, direct norm check,

(Npair + δf )|E|−1, digit-expanded norm reconstruction.
(214)

At the Akita terminal, the verifier obtains (213) by decoding the response and computing the integer square
sum directly. The terminal check has no corresponding sum-check or random-linear-combination error.

Proof. For the direct route, Lemma 6.3 gives the integer equality. For the digit-expanded route, it follows
from Lemma 6.4 and Proposition 6.5. Injectivity of the response-digit map and monotonicity under centered
reduction give the second inequality in (213).

The range/norm merge contributes at most 1/|E|. The Stage 2 binding to the response digits has degree
one on the direct route and degree at most δf on the digit-expanded route, contributing at most 1/|E| and
δf/|E|, respectively. The digit-expanded route also batches the Npair inner-product claims, adding (Npair −
1)/|E|. Summing gives (214). The terminal performs the same integer calculation directly on the revealed
coefficients.
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Corollary 10.26 (Route-specific inner-commitment collision). Fix one source instance and its sched-
uled A matrix. Suppose every raw challenge satisfies ∥c∥1 ≤ κ1, and every accepted response on the coefficient
route satisfies ∥z∥∞,coef ≤ Z∞. The extracted coefficient-norm collision then has radius

pA =∞, ηA,∞ = 8κ1Z∞.

If the route is Euclidean, suppose instead that every accepted challenge has multiplication-operator norm at
most Γ and that the recursive check or terminal enforces the bound Smax. Suppose also that the centered
integer lifts of differences of accepted challenges do not wrap coefficient-wise modulo q, so the operator-norm
triangle inequality applies. The extracted collision then satisfies

pA = 2, η2A,2 = 64Γ 2Smax.

For a coefficient-carrier source, the certified carrier bound is also the operator bound of the embedded challenge
acting on the ambient response by Lemma 3.2. No lane or extension-degree factor is added. The planner may
select this Euclidean radius only when the schedule certifies the accepted challenge family and its operator
bound, the response-norm check and bound, and a Module-SIS table entry for the resulting radius. The
schedule may use either exact radius or an upward-rounded radius in its Module-SIS inventory.

Proof. Taking two accepting openings doubles the raw challenge and response radii. The two terms that
clear their weak-opening denominators supply the remaining factor of two. The coefficient statement follows
from (205). The Euclidean statement follows from Lemma 10.25 and Corollary 10.21. An upward-rounded
radius still contains every collision produced by the reduction.

For source instance j, a challenge family drawn from an ℓ1-ball of mass ωj has κ̄1,j ≤ 2ωj . Its coefficient-
norm inner commitment is therefore queried at ηA,j = 4ωj∆

cert
f,j .

The Euclidean alternative is the second route in Corollary 10.26. If the schedule certifies an exact operator
bound on challenge differences, it may replace 2Γ before applying (206); the stated route uses separate radius
bounds on the two raw challenges.

Theorem 10.27 (Ring reduction and sum-check CWSS). For a nonterminal fold, let dmax be the
largest native ring dimension among its active ring-valued rows. Its ring-reduction coordinate is ξring-special
sound, where

ξring :=

{
2dmax, RingCheck = QuotientLift,

dmax, RingCheck = QuotientFree.
(215)

The fused relation sum-check has µ′ rounds of degree-3 messages.

Proof. The lifted residuals have degree below 2dmax by Lemma 3.9; the reduced residuals have degree below
dmax by Theorem 7.2. Interpolation gives the two stated special-soundness arities. For each fixed ring-
reduction challenge, the relation-row discrepancy is multilinear in τ1. Its nested binary interpolation tree has
2⌈log2 nrel⌉ leaves and forces all rows, using Lemma 3.19; coordinate pairs alone would not suffice. The final
claim follows from the degree-3 summand in (160) and Theorem 3.7.

Lemma 10.28 (CWSS of the digit range tree). The digit range tree of Section 6.1 is special sound
round by round: if it has stages of inner degrees d1, . . . , dS and interstage frontiers of sizes m1, . . . ,mS−1,
then the digit range check contribution to the interactive knowledge error is

εtree =

S∑
j=1

µ′(dj + 1)

|Fqk |
+

S−1∑
j=1

mj − 1

|Fqk |
, (216)

where µ′ is the extended-witness variable count. The initial anchor τ0 additionally uses a nested binary tree
of depth µ′: once its descendants certify the anchored sum, Lemma 3.19 forces every Boolean range residual
to be zero. Its charge µ′/|E| is listed separately in (218).

The binary-support residual is multilinear in rvirt. This point is already supplied by the last range sum-
check’s nested scalar challenge tree. After its descendants certify the fused relation and separate ζbin, two
children per coordinate of that tree suffice for binary-support interpolation. It adds no new tree factor.
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Remark 10.29 (Opening-row binding). The extracted partials satisfy the field-level opening row already
included in the relation: (136) with coefficient packing, or (137) with evaluation trace. The same τ1 batches
this row with the commitment, fold, and compression rows. It therefore contributes no separate term to
(218); its row-batching and relation-check errors are already charged there. The preceding tensor reduction
remains a separate strong reduction charged by (220).

The nested strong–weak invariant. SuperNeo formalizes two interfaces for precisely this lattice-extraction
problem [80, Defs. 16–17, Thm. 12]. A weak interactive reduction extracts a witness for a relaxed relation and
guarantees that repeated extractions with the same public projection produce the same witness. A strong
interactive reduction recovers its input witness when its output witness is unique. Their theorem composes
a strong reduction followed by a weak one.

Akita uses the same invariant, but not that sequential theorem as a black box. In protocol order, a
folding challenge precedes the ring-reduction, range, norm, and relation challenges, and its outgoing claim
is authenticated only by the recursive suffix. Moreover, the outgoing commitment is formed after the fold
challenge and may differ across folding children, so it does not provide the common intermediate projection
required at that cut by SuperNeo’s strong-reduction definition. Thus Akita’s weak fold and strong checks are
nested rather than arranged as a strong reduction followed by a weak reduction. The corresponding relaxed
relation is Definition 10.14; the public projection is φh from (207); and the witness subject to uniqueness is
Src(ω), not the complete weak opening. This last distinction is necessary because partial opening evaluations
and D/H paths may legitimately change with the opening point.

The accepting transcript tree supplies the composition directly. Under one folding child, the recursive
extractor first authenticates the outgoing source. The later range, norm, ring-reduction, and sum-check
extractors then recover the exact native-ring branch relation. If two recursive extractions under the same
outgoing commitment disagree on their source projection, Corollary 10.17 already gives a matrix collision.
Only after this strong descendant certificate is available does the extractor compare coordinate siblings at
the earlier folding node and obtain the relaxed incoming source. This is the one-fold step of Theorem 10.23;
Theorem 10.31 iterates it backward from the terminal. In this form, SuperNeo’s framework explains the proof
obligation, while tree unrolling proves the Akita-specific interleaved composition. Every failure of extraction
uniqueness is a matrix-view kernel vector, which Lemma 10.11 converts to ordinary MSIS.

Per-level knowledge error. Write Levnt(sch) for its nonterminal fold levels. For level j, let Gj be its ordered
source groups. For each g ∈ Gj , letWj,g be its number of fold-challenge coordinates and Caccj,g the exact family
sampled by the verifier after every fixed, witness-independent filter. Thus Wj,g is the number of claims in
the group times its number of source blocks. Define

εcw,j :=
∑
g∈Gj

Wj,g

|Caccj,g |
, εcw(sch) :=

∑
j∈Levnt(sch)

εcw,j + εterm. (217)

For one ordinary opening, Wj,g = Bj and this is Bj/|Caccj |. Let µ′j be the extended-witness variable count, nj
the number of rows in the extended relation matrix, and ξring,j the ring-reduction arity from (215) at level j.
With an operator-norm filter, the denominator uses the accepted family (49). Response-search probes enter
Q, without changing this fixed family. Let βj ∈ {0, 1} indicate whether the schedule-derived binary support
is nonempty at this nonterminal level. Let the range tree have stage degrees dj,1, . . . , dj,Sj and interstage
frontier sizes mj,1, . . . ,mj,Sj−1. For every Euclidean source group g, the last range-tree stage includes its
fused norm term from (125). Define

νj,g :=


0, coefficient-ℓ∞ route,

2, direct Euclidean route,

Npair,j,g + δf,j,g, digit-expanded Euclidean route,

νj :=
∑
g∈Gj

νj,g.

By (214), this is the exact total numerator from every Stage 1 norm merge, Stage 2 shifted-power binding
to the response digits, and digit-inner-product-claim batch at level j. These terms are absent at the Akita
terminal, where the verifier computes the integer norm directly. The interactive knowledge error of one
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scheduled nonterminal level is

εj = εcw,j︸︷︷︸
fold CWSS

+
1

|Fqk |

(
ξring,j︸ ︷︷ ︸

ring reduction

+ ⌈lognj⌉︸ ︷︷ ︸
row batching

+ µ′j︸︷︷︸
range anchor

+ βjµ
′
j︸︷︷︸

binary-support anchor

+

Sj∑
s=1

µ′j(dj,s + 1)︸ ︷︷ ︸
range-tree stages

+

Sj−1∑
s=1

(mj,s − 1)︸ ︷︷ ︸
range-tree frontiers

+ 1︸︷︷︸
relation/range batching

+ βj︸︷︷︸
binary batching

+ νj︸︷︷︸
norm-claim binding

+ 3µ′j︸︷︷︸
relation check

)
.

(218)

The Akita terminal is not assigned a copy of (218). Its clear checks have the shorter layout in Proposi-
tion 10.20, and its fold-CWSS contribution is εterm from (211).

Let oj ∈ {0, 1} record whether nonterminal level j runs the Stage-3 setup product sum-check. For every
offloaded edge j → j+1, we have oj = 1. When oj = 1, let NR

setup,j be the padded setup-domain length used
by Stage 3; set it to 1 otherwise. The schedule-level error is

εschj := εj + oj
2 log2N

R
setup,j

|Fqk |
. (219)

The addition is the degree-2 Stage-3 sum-check. The fresh group combination at its nonterminal receiver is
accounted schedule-wide below. An admissible offloaded edge cannot target the Akita terminal.

Lemma 10.30 (Setup offloading inside the scheduled reduction). For an offloaded edge j → j + 1,
the extra terms are the Stage 3 term in εschj and the fresh two-group combination term in εgrp below. If
j + 1 ≥ 2, its two incoming groups also contribute to the one receiver-owned tensor reduction. Offloading
does not change either fold’s CWSS extraction or response-norm bounds. Binding the setup opening of the
registered commitment CS,j is covered by the per-matrix Module-SIS inventory I(sch), at the setup occur-
rence’s comparison-class radii. The receiver j + 1 is nonterminal: the last nonterminal fold must check a
pending setup group and may not create another one for the terminal.

Proof. Stage 2 already produces the recursive-witness opening. Stage 3 is an ordinary degree-2 sum-check
over log2N

R
setup,j variables, giving its term in (219). At level j + 1, the witness and setup prefix are two

instances, each at its own point. At a packing receiver, their commitments, points, and claimed values are
fixed before the normalized scalar in (171); two distinct scalar values extract both claims. At an evaluation-
trace receiver, Lemma 10.19 first reduces them in one shared tensor reduction; it does not identify distinct
incoming opening points. Only after the shared opening payload is fixed does the receiver sample the fresh
evaluation-trace claim coefficients. A nonzero residual vector passes this batch with one-shot probability
at most 1/|E|, and two distinct values of the normalized scalar coefficient extract both claims. The mode-
selected nonterminal multi-instance fold then handles both groups. The setup-offloading soundness lemma
connects an accepted opening of the schedule-selected CS,j to the true setup scan. The setup opening is
checked under the same scheduled matrix inventory as the other opening groups.

Let EvalRecv(sch) be the evaluation-trace receivers in the schedule, including its terminal, and retain the
incoming-group notation of Definition 10.18. Define

εtensor(sch) :=
∑

h∈EvalRecv(sch)

εtensor,h. (220)

This sum includes every nonterminal evaluation-trace receiver that exists and the terminal tensor reduction,
regardless of the terminal’s absolute depth. Let Recv(sch) be the internal receivers whose mode-specific rela-
tion combines Nclm,h > 1 fixed claims, excluding application-level public batching. This includes a packing re-
ceiver with an offloaded setup claim and every evaluation-trace receiver with more than one tensor-reduction
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output claim. Set

εgrp(sch) :=
∑

h∈Recv(sch)

Nclm,h − 1

|Eh|
. (221)

At a packing receiver the normalized coefficients are sampled after its commitments, points, and claimed
values are fixed. At an evaluation-trace receiver they are sampled only after the shared opening payload is
fixed. The summand is its coordinate-wise extraction charge; its ordinary random-linear-combination failure
is at most 1/|Eh|. Application batching remains a separate term because it binds the original public claims
rather than an internal recursive boundary.

Let Batch(sch) contain the public application-batching steps in the schedule. For a ∈ Batch(sch), let Λa

be its number of claims and Ea its challenge field, and define

εbatch(sch) :=
∑

a∈Batch(sch)

Λa − 1

|Ea|
. (222)

An upper bound on the interactive knowledge error of the scheduled protocol is

εint(sch) :=
∑

j∈Levnt(sch)

εschj + εtensor(sch) + εgrp(sch)

+ εterm + εbatch(sch).

(223)

Each public coin is charged once in this expression. The first sum contains the nonterminal fold and its
strong suffix, including a producer’s Stage 3 setup check. The next two terms contain the receiver-owned
tensor reductions and their later internal group combinations. The fourth term is the terminal fold, and the
last term is application batching before the root fold.

For a transcript-bound profile (λFS, Qmax), define the schedule’s Fiat–Shamir error budget by

εFS(sch;Qmax) := (Qmax + 1)εint(sch) ≤ 2−λFS . (224)

Admissibility requires this inequality for the schedule’s exact round ledger and the resulting error upper
bound.

From One Fold to Fiat–Shamir Knowledge Soundness

Security model. The Fiat–Shamir reduction below uses the classical random-oracle model, including the sep-
arately indexed programmable coordinate streams of Lemma 10.2. Coordinate-stream queries count toward
the same public query budget; their lazy bit expansion is the ideal-XOF abstraction specified in Section 9.3.
It uses the classical Q-query mixed-tree extractor of Lemma 3.22. The Module-SIS inventory is sized against
a quantum lattice-attack cost model, but that parameter choice does not upgrade the random-oracle reduc-
tion to the QROM. A post-quantum knowledge-soundness claim for the noninteractive protocol requires a
separate QROM Fiat–Shamir theorem for this multi-round, coordinate-wise extraction tree. That theorem
is explicitly outside the scope of this paper and remains future work. An admitted schedule carries a public
pair (λFS, Qmax) in its transcript-bound digest. The concrete bit claim applies only to adversaries making
at most Qmax queries to HFS. The count includes every prover-controlled nonce probe used for response
grinding. The theorem still states an explicit upper bound for the adversary’s actual query count Q ≤ Qmax.
The independent setup-expansion restriction Hsetup may be queried to recompute public parameters, but
those queries do not enter the Q+ 1 forking loss.

Extractor running time. Let Rounds(sch) list the public-coin challenge stages of the actual protocol, including
every shared tensor-reduction prefix, public claim combination, fold, range stage, setup-product sum-check,
and terminal. A vector sampled together remains one stage. Each stage r records its coordinate spaces Sr,u,
interpolation arities kr,u, and whether it uses a flat coordinate-wise family or a nested interpolation tree.
Define

Tree(sch) :=
∏

r∈Rounds(sch)

br, br :=

{
1 +

∑
u∈Ur

(kr,u − 1), flat stage,∏
u∈Ur

kr,u, nested stage.
(225)
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A fold remains flat, with factor 1 +
∑

gWj,g. A normalized affine combination of Λ claims has factor Λ;
this applies to both tensor and evaluation-trace claim combinations. In contrast, tensor row batching has
factor 2κ, the initial range anchor has factor 2µ

′
, and relation-row batching has factor 2⌈log2 nrel⌉. These

are nested stages. A scalar degree-D sum-check challenge contributes D + 1; its successive protocol rounds
already supply a nested tree. In particular, the binary support check reuses the final range-stage tree rather
than introducing another anchor tree. Setup boundaries retain their separate internal claim-combination
stages. The companion error of Lemma 3.22 is the sum of the coordinate charges already accumulated
in (223). Admissibility requires the exact product in (225) to satisfy (176). Without that condition, the
transcript tree may give a valid error expression but not an expected polynomial-time knowledge extractor.
The polynomial is measured in (λ,Nexp,max), where Nexp,max is the total explicit instance-and-witness length,
not in its logarithmic variable count µmax.

For a classical Fiat–Shamir adversary A making at most Q queries to HFS, let TFS(A, Q, sch) denote
the expected running time of the ROM extractor of Lemma 3.22. That lemma gives a factor-Q + 1 loss in
expected extraction time relative to the interactive CWSS tree extractor. For each fixed-filter coordinate,
the extractor programs a conditional raw tape using Lemma 10.2. Define

Tfilter(sch) := max
r∈Rounds(sch)

∑
u∈Ur

Lr,u

ar,u
, (226)

where an unfiltered challenge has Lr,u = ar,u = 1. The interactive CWSS extractor uses the transcript tree
counted by Tree(sch), plus polynomial-time transcript checks and the deterministic algebraic extractors at
its nodes. Consequently,

TFS(A, Q, sch) ≤ (Q+ 1) · poly
(
λ, |sch|,Tree(sch), TA, Tver(sch), Tfilter(sch)

)
, (227)

where the polynomial depends on the chosen classical rewinding implementation and includes the algebraic
extraction work. This is an expected polynomial-time bound, not a claimed exact call count or universal
constant bound. Together with (176), it is polynomial in the admitted security and explicit-instance param-
eters.

For each matrix instance I, the constructed MSIS adversary first embeds its ordinary MSIS challenge
into the I-th setup view, then runs this same FS extractor, and finally keeps the output only if the collision
names matrix I. Thus

TBI
≤ TFS(A, Q, sch) + Tembed(I) + Tcoll(I), (228)

where Tembed(I) is linear in the setup length and Tcoll(I) is the deterministic cost of subtraction, cross-
multiplication of weak openings, or compression-chain descent for that matrix.

Theorem 10.31 (Interactive extraction for a fixed schedule). Fix an admissible schedule sch. Given
a complete accepting transcript tree whose challenges form the mixed family prescribed by Rounds(sch), a
deterministic extractor returns either:

(i) an Akita batch witness satisfying RelAkitabatch from (202); or
(ii) a short nonzero kernel vector for one matrix view I ∈ I(sch), with norm at most ηI .

If the same application commitment occurs in several opening groups, the extracted full-grid vector families
for those occurrences agree; otherwise Corollary 10.17 gives alternative (ii). The extractor runs in time
polynomial in Tree(sch) and the explicit instance-and-witness length. Consequently, relative to the matrix-
collision alternative, the interactive protocol specified by sch has knowledge error at most εint(sch) from (223).

This statement makes no assumption about the distribution of honest responses. A model-derived response
bound enters only as a public verifier-enforced bound in an accepting transcript.

Proof. Terminal base case. Apply Proposition 10.20 to the terminal subtree. Its clear A and evaluation-
trace fold-evaluation equations extract the terminal source against the predecessor-bound inner state, while
its fixed trace equation binds the extracted partials to the tensor-reduction output. Applying Lemma 10.19 to
the terminal’s incoming recursive-witness group returns the ordinary base-field opening entering the terminal,
or a terminalA-matrix collision. Thus the outgoing object of the last nonterminal fold is descendant-certified.

Backward induction. Suppose the ordinary opening produced by nonterminal fold h has been authenti-
cated by its recursive suffix. For each folding-challenge child, run the strong extractors below that child from
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their authenticated leaves toward the folding node. If two openings under the same outgoing commitment
give different source vectors, Corollary 10.17 returns a matrix collision. Otherwise the folding-challenge chil-
dren form the descendant-certified family required by Theorem 10.23. That theorem returns weak openings
of the incoming source groups or a scheduled matrix collision.

At a coefficient-packing fold, the challenge-subring maps recover each incoming ordinary opening directly.
At an evaluation-trace fold, Lemma 10.19 converts the extracted reduced claims into the incoming base-field
openings at their native points. If setup offloading creates two input groups, the recursive-witness and setup
commitments remain separate through this conversion. Their fresh group-combination tree is extracted only
afterward, and the setup-offloading relation fixes the setup group to the registered setup source. Repeating
this step reaches the root.

Root claims and certified norms. At the root, each extracted weak opening supplies, through its source
projection, the algebraic decommitment of Definition 10.13. Applying Decshapecom,j

to (sj,c,i)i∈[Bj ] defines the
corresponding decoded full commitment-grid vector. Lemma 10.24 separates the public batch and forces
its multilinear extension at rj to equal ϕj,cvj,c. These are exactly the two conjuncts of (202); no padding-
image claim is used. Every accepted coefficient route supplies the certified response envelope used in its
collision inventory. On a Euclidean route, Lemma 10.25 additionally forces the public energy to equal the
sum of squares of the reconstructed integer response; together with the certified challenge-operator bound,
Corollary 10.26 gives the scheduled Euclidean collision radius. These arguments use the predicates proved
in the accepting tree, not the distribution from which an honest response was modeled.

The tree extractor is deterministic. Applying Lemma 3.22 to the stage list gives the sum of the nontermi-
nal, tensor-reduction, internal-group, terminal, and application-batch terms in (223). This proves the stated
interactive knowledge error and running time.

Remark 10.32 (What knowledge extraction does not claim). The source vector recovered by fold-challenge
subtraction contains an inverse challenge difference and need not be the canonical, short gadget decomposi-
tion used by the honest commitment algorithm. The extractor instead returns a valid algebraic decommit-
ment, and Corollary 10.17 makes its source projection computationally unique among successful extractions.
This is exactly why Definition 3.15 states knowledge soundness using a decommitment relation rather than
by re-running Commit and comparing its output state.

A stronger claim that the extractor recovers the canonical commitment state would require an additional
canonicality or source-shortness argument. It does not follow from the bounded folded responses, because
division by a unit need not preserve norm, and it is not supplied merely by invoking the strong–weak
composition theorem. Akita does not use that stronger claim.

Theorem 10.33 (Fiat–Shamir knowledge soundness of Akita). Fix an admissible schedule sch with
transcript-bound profile (λFS, Qmax), and instantiate the public setup as in Section 4.3, including the registry
entries selected by its offloaded edges. Let the statistical distance of the seed expansion from a uniform flat
setup vector be

∆setup ≤ Nsetup q 2
−w

as bounded in (67). For every classical random-oracle prover making Q ≤ Qmax queries to HFS, there is
an expected polynomial-time extractor and, for each I ∈ I(sch), an ordinary Module-SIS adversary BI with
running time bounded by (228). By admissibility, the recorded error upper bound satisfies (224).

If ordinary Module-SIS is hard for every instance in I(sch) and ∆setup is negligible, the Fiat–Shamir
transform of the assembled protocol satisfies adaptive batch knowledge soundness in the classical random-
oracle model for the relation RelAkitabatch of (202). More precisely, in the batch analogue of the same-execution
knowledge experiment of Definition 3.15, with the declared statement xbatch and Akita proof in place of one
evaluation claim, the probability that the verifier accepts but the extractor returns ⊥ or a witness outside this
relation is at most

(Q+ 1) εint(sch) +∆setup +
∑

I∈I(sch)

Adv
MSIS

(pI )

q,dI
(nI ,mI ,ηI)

(BI). (229)

This is an explicit reduction bound for the adversary’s query count Q. By (224), the right-hand side of (229)
is at most

2−λFS +∆setup +
∑

I∈I(sch)

Adv
MSIS

(pI )

q,dI
(nI ,mI ,ηI)

(BI).
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Neither bound assumes that honest responses follow the response model. The model may select a public
bound, but knowledge soundness uses only that bound and digit range enforced by the verifier in an accepting
transcript. Queries used to search for such a transcript are included in Q.

Proof. We prove the statement by a sequence of reductions.
Step 1: idealize the setup. Replace the concrete XOF expansion of Equation (67) by a uniform flat vector

S← ZNsetup
q . By the statistical-distance bound in Section 4.3, this changes the adversary’s success probability

by at most ∆setup. The setup-expansion and Fiat–Shamir inputs occupy disjoint domain-separation names-
paces. In the ideal experiment the simulator lazily answers every setup-domain query from this sampled
vector, including page queries, while leaving the Fiat–Shamir namespace as an independent random oracle.
Thus an adversary that recomputes the public setup sees a consistent oracle; the coefficient-sampling bias
is the only distributional change. All matrices and setup data used below are deterministic functions of this
single uniform vector. Applying this deterministic map cannot increase the statistical distance.

Step 2: Fiat–Shamir to an accepting transcript tree. Consider the public-coin interactive protocol specified
by the schedule, with challenge rounds listed in Rounds(sch). By Theorem 10.31, its interactive challenge error
is at most εint(sch) from (223). For every fixed-filtered coordinate, Lemma 10.2 supplies an exact conditional
random-oracle tape with overhead bounded by (226); response-dependent nonce probes remain part of Q.
By Lemma 3.22, the probability that the original proof accepts but the Fiat–Shamir extractor fails to obtain
the required mixed transcript tree is at most (Q + 1)εint(sch). For the remaining accepting executions, the
extractor obtains that tree.

Step 3: extract the fixed schedule. Apply Theorem 10.31 to the accepting tree. It returns a witness
satisfying RelAkitabatch, or a short kernel vector for a matrix view in I(sch). The response-model hypothesis is
absent from this step.

Step 4: reduce shared-view collisions to ordinary MSIS. If the schedule extractor outputs a short kernel
vector for a matrix view of the uniform setup vector, apply Lemma 10.11. This constructs ordinary MSIS
adversaries (BI)I∈I(sch) whose total success probability is bounded by the final sum in (229). For each fixed
matrix I, the adversary BI embeds its ordinary MSIS challenge into the I-view, samples the rest of the
shared setup uniformly, runs the same extractor, and returns the collision only when the collision matrix is
I. This proves the running-time bound (228).

For one commitment containing one decoded full-grid vector, with one opening claim and no natural-
domain padding obligation, RelAkitabatch specializes to Releval in (57). If a surrounding application separately
certifies that an extracted common-grid vector is the canonical padding of a smaller evaluation vector,
then (80) additionally transfers the extracted padded claim to that smaller natural-domain polynomial.
An application that only uses restrictions to the application’s used slots can instead define its witness by
those restrictions and prove the corresponding opening reduction, as in Lemma E.1; no global zero-padding
predicate is then needed. Completeness and binding are separate properties of the PCS definition and are
not asserted by this theorem.

Corollary 10.34 (Schedule-specific Fiat–Shamir ceiling). For a fixed schedule and query budget,
define its effective Fiat–Shamir strength by

λeffFS(sch;Qmax) := − log2((Qmax + 1)εint(sch)) . (230)

An admissible schedule may claim only λFS ≤ λeffFS. If its interactive error contains a nonzero term c/|E|,
then

λeffFS ≤ log2 |E| − log2 c− log2(Qmax + 1). (231)

This ceiling depends on the full error ledger, not only the fold-challenge families. Its concrete effect on the
supported field profiles is enforced by the transition closure of Section 12.2.

Proof. The first claim is (224) after taking negative base-two logarithms. Since εint(sch) ≥ c/|E|, the same
calculation gives (231).

Corollary 10.35 (Failure modes of a multi-instance opening). Fix a schedule and a classical random-
oracle prover making Q queries. In the uniform-setup experiment, the probability that the verifier accepts but
the extractor returns neither a witness satisfying RelAkitabatch nor a short nonzero kernel vector for some I ∈ I(sch)
is at most (Q+ 1)εint(sch). Replacing the uniform setup by the concrete seed expansion adds at most ∆setup.
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10.3 Schedules Chosen from a Public Family

The preceding theorems fix one schedule before analyzing the protocol. Some applications, however, learn
the lengths of committed evaluation vectors only when a proof is produced. We therefore allow the prover
to declare these lengths and then choose among a public family of schedules. The security question is not
how the schedule was found. It is whether the verifier binds the choice before the first challenge and whether
every schedule it may accept satisfies the same admissibility and security conditions.

Let G0 be the number of application-supplied groups at the root, and write the declared evaluation-vector
lengths as

N⃗ = (N0, . . . , NG0−1).

A public planning policy P fixes the admitted declarations, the per-group size limits, and a finite schedule
family. For an admitted declaration N⃗ , let SP(N⃗) contain the schedules that the verifier may accept, and
define the complete accepted family by

SP :=
⋃
N⃗

SP(N⃗),

where the union ranges over admitted declarations. The transcript binds (N⃗ , sch), together with the common
(λFS, Qmax) profile, before the first protocol challenge.

There are two natural ways to specify SP(N⃗). A public deterministic planner, with fixed tie breaking,
defines the canonical schedule

sch = PlanP(N⃗), (232)

in which case the accepted set is a singleton. Alternatively, the prover may transmit a schedule and the
verifier may accept any schedule approved by the independent validator within the finite policy. The first
approach asks the verifier to recover a prescribed output; the second asks it to check admissibility. Neither
approach makes the planner’s search part of proof verification.

We first lift completeness from one fixed schedule to the accepted family. The resulting statement preserves
the status of the response bounds used to select each schedule.

Corollary 10.36 (Size-adaptive completeness). Suppose that every schedule in SP satisfies the hy-
potheses of Theorem 10.9, and set

εPcomp := max
sch∈SP

εcomp(sch). (233)

Assume that the honest declaration and accepted schedule are chosen independently of the expanded setup.
Then the honest prover is accepted with probability at least 1− εPcomp.

If every response bound used by every schedule in SP is certified, this is an unconditional completeness
statement. If some response bound is model-derived, the statement is conditional on (185) for every such
response stage and every reachable honest transcript prefix of its schedule.

Proof. Condition on the honest declaration and schedule. By the independence hypothesis, the expanded
setup retains its original distribution. This fixes one admissible schedule, so Theorem 10.9 applies. Its failure
probability is at most the maximum in (233). The same conditioning shows why a model-derived bound
must hold uniformly over the reachable prefixes of every schedule in the accepted family.

Knowledge soundness requires one further piece of accounting. A prover that chooses among accepted
schedules may encounter different commitment matrices. We collect all of these Module-SIS instances before
stating the reduction:

IP :=
⋃

sch∈SP

I(sch).

Because the public policy has finite choice sets and bounded recursion depth, it induces a finite family IP of
Module-SIS instances.

We can now apply the fixed-schedule extractor without conditioning the public setup on the prover’s
schedule choice. This is precisely the role of the adaptive shared-prefix reduction in Corollary 10.12.

Theorem 10.37 (Size-adaptive knowledge soundness). Fix the public policy P and its finite accepted
family SP independently of the setup. Suppose the verifier:
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(i) accepts only admitted declarations and schedules in SP(N⃗), each satisfying Definition 9.2;

(ii) in the canonical case, requires sch = PlanP(N⃗);
(iii) in the transmitted case, independently validates the supplied schedule;

(iv) binds (N⃗ , sch) before the first challenge; and
(v) accepts only schedules satisfying (224) and (176) for the common public profile.

Then the Fiat–Shamir batched opening with declared sizes is knowledge sound in the sense of Theorem 10.33.
In particular, the extractor returns a witness to RelAkitabatch for the source commitments and decoded vectors on
the full grid specified by the schedule. Any natural-domain padding-image predicate required by the application
remains a separate obligation, as in (202); applications that use only restrictions to the application’s used
slots may instead apply Lemma E.1.

For a prover making Q ≤ Qmax queries to HFS, extraction fails with probability at most

(Q+ 1) max
sch∈SP

εint(sch) +∆setup +
∑
I∈IP

Adv
MSIS

(pI )

q,dI
(nI ,mI ,ηI)

(BI). (234)

The first term is at most 2−λFS because every accepted schedule satisfies (224). Equivalently, a common family
claim must obey

λFS ≤ min
sch∈SP

λeffFS(sch;Qmax).

Proof. First replace the setup expansion by one uniform flat vector, at statistical cost ∆setup. Run the prover
without conditioning on its declaration or schedule choice. Since an accepted transcript binds both values
before its first challenge, the classical Fiat–Shamir extractor treats them as part of the prover’s pre-challenge
message. At the oracle query chosen for rewinding, a meta-extractor reads the bound schedule and constructs
its transcript tree. The bad-challenge mass is at most the maximum in (234); locating the query contributes
the single factor Q + 1. The meta-extractor then applies Theorem 10.31. The common bound (176) makes
its expected running time polynomial for every accepted schedule.

Any remaining extraction failure produces a collision for an instance in IP . Apply Corollary 10.12 to the
prover’s adaptive schedule choice. That reduction runs the choice on an unconditionally uniform flat setup
vector and never conditions the setup on the selected schedule. It gives the final sum in (234); restoring the
concrete setup contributes ∆setup.

The security claim must account for the whole accepted family. For example, if |IP | ≤ Imax and every
instance in the union has advantage at most 2−λinst , then the final term of (234) is at most Imax2

−λinst . A
concrete claim may instead sum the advantage bounds for the distinct instances, as in Appendix C. In both
cases, the accounting covers the schedules that the verifier may accept, independently of how the planner
orders them.

11 Response Chunking for Distributed Proving

Akita already parallelizes the arithmetic of one fold across the cores and accelerators of a single machine. We
need a different protocol when the polynomial itself no longer fits in one machine’s memory. In this setting,
several machines hold consecutive parts of the source witness, and we want each part, together with the
large objects derived from it, to remain on the machine that stores it.

Most of the fold cooperates with this storage model. Commitment images, evaluation contributions, and
ring-relation numerators decompose additively across the stored pieces. Sum-check also admits distributed
round generation, with the ownership and boundary exchanges specified below. This is the same basic
strategy used by LaBRADOR [16]: distribute the large relation witness, then aggregate only its short images
and proof messages. The folded response is the one object for which this strategy fails directly. Response
chunking is the protocol change that resolves this obstruction in Akita.

We first explain why the response cannot be aggregated without substantial communication. We then
define the chunked witness, derive the one global relation that authenticates it, and show how the prover
distributes the recursive commitment and sum-check. The final subsection accounts for the extra cost and
states the completeness and weak-binding bounds for the chunked relation.
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11.1 The Distributed-Response Obstruction

For clarity, we begin with one polynomial and one opening claim. The multi-group relation of Section 5.5
applies the same construction to each group while preserving the group order. Let the source contain N ring
elements, choose M := 2rpos positions per block, and set

B := ⌈N/M⌉ . (235)

The source blocks are fi = (FiM+x)x∈[M ] ∈ RM
q for i ∈ [B], with zeros after the final input entry. As

in the ordinary fold, we decompose each block into si, compute its inner image ti = Asi, and form the
opening-method partial ei.

Suppose machine Pj stores the blocks in a consecutive interval Ij ⊆ [B]. The short commitment and
opening images decompose additively across these intervals. The folded response does not become short when
its source interval does. The ordinary fold forms

z =
∑
i∈[B]

cAi si, (236)

where cAi = ι(ci) under coefficient packing and cAi = ci under evaluation trace. Machine Pj can compute
only the corresponding partial response

z(j) :=
∑
i∈Ij

cAi si. (237)

Although Pj holds only its share of the source blocks, z(j) occupies the complete ambient response space. At
a balanced first fold this space is itself approximately square-root sized. Recovering (236) would therefore
require an all-reduce of several full-width responses.

We cannot avoid this communication by decomposing first and adding later. Each machine can compute
a balanced digit decomposition ẑ(j) of z(j), but carries prevent

∑
j ẑ

(j) from being a digit decomposition of∑
j z

(j). Thus the machines cannot independently construct the ordinary recursive response segment. We
instead retain their local responses as separate segments of the next witness.

11.2 The Response-Chunked Witness

The protocol fixes a number Nchunk of response chunks. We first describe the case where source ownership
follows whole blocks; below we extend it to the contiguous intervals produced by recursion. For j ∈ [Nchunk],
chunk j corresponds to the canonical block interval

Ij :=
[⌊

jB

Nchunk

⌋
,

⌊
(j + 1)B

Nchunk

⌋)
. (238)

The admitted values are Nchunk = 1 and powers of two at most 64. The intervals are ordered, contiguous,
and differ in length by at most one. When Nchunk > B, some intervals are empty; these positions remain
in the authenticated layout and carry a zero honest response. The proportional boundaries also make every
finer admitted partition refine every coarser one.

The schedule fixes Nchunk before the fold challenges, and the transcript binds the resulting witness layout.
This parameter records the number of ordered response segments: one machine may process several chunks,
or several devices may cooperate on one chunk, without changing the proof.

For each interval, the prover computes and decomposes the local response of (237). It also retains the
opening and inner image digits belonging to the blocks in that interval. Chunk j therefore contributes the
contiguous witness unit

wj := [ẑ(j) | ê(j) | t̂(j)]. (239)

The three segments behave differently. The vectors ê(j) and t̂(j) contain only the blocks in Ij , so their
concatenations recover the ordinary complete ê and t̂ segments. By contrast, every ẑ(j) is response-sized.
Ignoring the shared compression and ring-check witnesses, and using the same scheduled response-digit depth
for every chunk and the single-response comparison, the complete body has length

|wchunk| = Nchunk |ẑ|+ |ê|+
∣∣t̂∣∣ . (240)
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Response chunking therefore adds exactly (Nchunk − 1)|ẑ| coordinates before the shared tail.
All chunks use one fold-challenge vector and one grinding nonce. Each chunk accepts the nonce only if

its response satisfies the scheduled bound. The machines may test a nonce in parallel, but they cannot select
different nonces for different chunks. This keeps every retained response tied to one transcript challenge.

The algebra below is independent of the opening method. Our admitted schedules use Nchunk > 1 only in
the leading coefficient-packing folds, where the source witness is largest, and use the coefficient-ℓ∞ response
route there. Once the recursive witness is small enough to consolidate, the schedule sets Nchunk = 1; later
evaluation-trace folds may then use the selective Euclidean route of Section 6.2.

11.3 One Relation over Chunked Witness Columns

We now need to check an Akita fold using the separately stored responses z(j). Both ordinary response
equations are linear in z, so we substitute

∑
j z

(j) and distribute the equations across chunks. Adding their
short images will recover the ordinary fold identities without collecting the full response on one machine.

We begin with the fold-evaluation equation. For either opening method, let Pfold be the linear map that
evaluates one recomposed response:

Pfold(z) :=

{
L(Gb,Mz), OpeningMethod = SubringCoefficientPacking,

a⊤Gb,Mz, OpeningMethod = EvaluationTrace.
(241)

The first line is valued in the coefficient-packing carrier ring, while the second is valued in the ambient ring.
Since this map is linear, the chunked fold-evaluation row is the single aggregate identity

∑
j∈[Nchunk]

∑
i∈Ij

ciei − Pfold(z
(j))

 = 0. (242)

Here ci is interpreted in the challenge subring under coefficient packing and in the ambient ring under
evaluation trace, exactly as in Figure 6.

The ambient inner-consistency rows aggregate in the same way. For every a ∈ [nA], they assert

∑
j∈[Nchunk]

[Az(j)]a −
∑
i∈Ij

cAi [ti]a

 = 0. (243)

These rows constrain the sum of the retained responses. They do not separately establish the local fold
identity of each chunk. This is the relation we need for the global opening claim; in the extraction argument,
we will accordingly bound differences between aggregate responses (Section 11.6).

The commitment equations use the opening and inner-image digits already assigned to each chunk. Only

the outer B commitment is sliced; the opening commitment uses one unsliced D map. Let x
(j)
B,s be the

contribution of chunk j to outer slice s, and let D(j) denote the columns of D acting on ê(j). Their two
semantic relations are

us =
∑

j∈[Nchunk]

Bx
(j)
B,s (s ∈ [SB ]), (244)

v =
∑

j∈[Nchunk]

D(j)ê(j). (245)

The one F chain binds the complete stack u = (us)s∈[SB ], and the one H chain binds v. Their intermediate
digit vectors and public payloads are shared across all chunks.

Finally, the scalar opening row remains one field identity. If ω
(j)
open is the restriction of the direct or trace

opening weight to ê(j), then ∑
j∈[Nchunk]

(
ω(j)

open

)⊤
ê(j) = vopen, (246)
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where vopen = v under coefficient packing and vopen = v̄ after the tensor reduction under evaluation trace.
These equations can be read as a horizontal concatenation of relation matrices. IfMj contains the columns

acting on wj , then the complete relation has the form

M = [M0 |M1 | · · · |MNchunk−1 |Mshared]. (247)

The shared columns hold the compression and ring-check tails. Every chunk contributes to the original row
families and their original public targets. Consequently, quotient lifting introduces one quotient for each
ordinary ring row, not one quotient per chunk; quotient-free checking introduces no quotient for any of
them. The F/H compression rows likewise occur once.

11.4 Local Images and the Recursive Commitment

The aggregate equations tell us which contributions must add up. We next explain how each machine
computes its contribution using the data it holds.

There are two partitions to keep track of on the B side. The outer commitment was formed using SB

slices, whose boundaries are already fixed. The distributed response computation uses Nchunk chunks, with
chunk j holding the blocks in Ij . These partitions serve different purposes, so their boundaries need not
coincide. For s ∈ [SB ], the committed outer slice is

IB,s =

[⌊
sB

SB

⌋
,

⌊
(s+ 1)B

SB

⌋)
. (248)

The blocks of this slice may belong to several chunks. Chunk j contributes exactly those blocks that also lie
in its own interval, namely

Jj,s := Ij ∩ IB,s. (249)

It places the corresponding t̂ digits at their canonical columns in x
(j)
B,s and writes zero in the remaining

columns. Every block belongs to exactly one chunk, so adding these vectors recovers the fixed slice input:

xB,s =
∑

j∈[Nchunk]

x
(j)
B,s. (250)

Applying B recovers (244) using the commitment’s original columns and slice partition.
For the unsliced D map, let incD,j embed chunk j’s opening digits into their canonical positions in ê, so

that D(j) = D incD,j . Each machine computes the short image v(j) := D(j)ê(j); their sum gives (245). Each
machine also computes its contribution to the scalar opening row.

Ring reduction preserves this aggregation. On the quotient-lift route, the machines add their contributions
to each ordinary row numerator; the aggregator subtracts the one shared target and forms the one quotient
for that row. Equivalently, the prover may distribute an agreed additive share of each target before forming
quotient contributions by ordinary polynomial division. Individual remainders need not vanish; for an honest
row their sum vanishes, so the local quotients sum to the global quotient. On the quotient-free route, the
same local products are added directly under the transpose-convolution weights.

At this point, the machines hold their local witness units, and the compression and ring checks supply
a shared tail. To continue the recursion, we must commit to all these pieces in one fixed order. Using the
quotient and compression segments of Section 5.4, the complete next witness is

w′ =

 ∥∥∥
j∈[Nchunk]

[ẑ(j) | ê(j) | t̂(j)]

 ∥Q̂main

∥∥∥ Lcomp∥∥∥
a=1

[ĉa | Q̂a], (251)

with all quotient segments absent on the quotient-free route and the scheduled zero alignment of Section 5.4
understood. For several groups, each chunk contains their units in the fixed group order. This ordering is
committed by the next level.

No machine needs to materialize all of w′. Each machine supplies the contribution of its contiguous
chunk unit to the target commitment, while an aggregation machine supplies the shared tail. The target
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commitment’s own frozen outer slices determine where these contributions are added. The verifier still receives
one commitment payload and one opening claim, exactly as in the single-chunk recursive interface.

To carry this ownership into the next fold, we keep each chunk unit on its machine and assign the shared
tail to the last machine. We fix ownership before sampling the next fold challenges. The resulting intervals
can be unequal and can cut through the next source blocks. We allow such a block to remain split: if Pj,i

selects the ring positions of block i held by machine j, that machine forms

z(j) =
∑
i

cAi Pj,isi. (252)

The selectors retain all digit lanes of each owned ring position, so
∑

j Pj,i = I and the local responses
still sum to the ordinary response. We retain the canonical intervals Ij for the opening and inner image
digits: source holders send their short raw image contributions to the designated image owner, who adds
them before digit decomposition. Thus the same witness order and aggregate verifier equations apply. Each
machine computes and tests its own response under the common nonce; grinding exchanges only the success
indicators. Commitment and quotient computation aggregate short linear images, while the range-check
factors are pointwise functions of the locally held witness. The sum-check below therefore starts with its
private factors already colocated.

We need only align ownership boundaries to ring elements, which moves at most O(JdA,next) base-field
coefficients for J machines. If we also want balanced intervals, the large response segments cancel from
the balancing cost. Write each unit length as Z + abj , where Z is the common response length, a is the
auxiliary length per source block, and the block counts bj differ by at most one. With a shared tail of length
H, balancing moves O(J(a + H + dA,next)) coefficients; for multiple groups, replace a by the sum of their

auxiliary widths. This is Õ(1) in the source length when the worker count and these auxiliary parameters
are polylogarithmic. We can instead retain the unequal intervals whenever their local response bounds fit
the schedule, as quantified in Proposition 11.1. This transfer concerns consecutive folds that retain the same
workers; the eventual consolidation onto fewer machines has its own communication cost.

11.5 Distributed Sum-Check and Verifier Work

The range and relation checks require more than adding local images: each worker must hold all factors of a
product before evaluating it. We distribute the sum-check terms with this requirement in mind and exchange
factor values only where adjacent ownership intervals meet.

Consider an integrand
G(f1(x), . . . , ft(x),x),

where the fa are prover-supplied multilinear polynomials and the explicit x argument accounts for public
factors. Let each polynomial have L = 2ℓ Boolean evaluations, and let D bound the degree of a round
polynomial. At the start of each round, every remaining Boolean index has one owner, which holds the
evaluations of all t polynomials at that index, with previous challenges substituted. Each owner holds a
consecutive interval of indices. Public factors are computed from the common transcript.

This placement lets a worker form pointwise auxiliary values, such as the range-check product-tree entries,
where their source values are stored. Any redistribution needed to establish the initial placement counts
toward the prover’s communication.

We eliminate the least significant remaining index bit first. For each Boolean suffix v, assign the pair
(0,v), (1,v) to the owner of its even endpoint. If the odd endpoint has another owner, that owner sends its
t current partial evaluations to the pair owner. The pair owner now has both endpoints of every multilinear
factor and can interpolate them at X. Worker j forms its local round polynomial

gj(X) :=
∑

v assigned to j

G
(
f1(X,v), . . . , ft(X,v), X,v

)
,

with all preceding challenge coordinates already fixed.
The coordinator sends

∑
j gj(X) to the verifier and broadcasts the next challenge r. Each pair owner

stores fa(r,v) as the new entry at index v. Thus the same ownership condition holds in the next round,
including when the intervals have unequal lengths.
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Every suffix contributes to exactly one local sum, so the round polynomials and final factor evaluations
agree with those of a single prover on the chunked witness. This applies to every range-tree layer and the
relation sum-check; multiplying separately folded, zero-extended local evaluation vectors would not give the
required products.

If at most J nonempty ownership intervals remain in any round, at most J − 1 pairs cross interval
boundaries. Exchanging their factor values costs at most t(J − 1) field elements per round. Workers also
send at most J(D + 1) round coefficients, and the coordinator broadcasts the challenge. Across ℓ rounds,
communication is therefore O(J(t+D)ℓ) field elements, in addition to the initial redistribution and final factor
openings. These messages accompany the short commitment images and scalar claims; response chunking
avoids aggregating the full response vectors across machines.

The verifier’s setup scan also remains shared. All response chunks use the same public matrices A,B,D.
The Nchunk response segments contribute separate weights to the A columns, which the verifier adds before
reading the setup:

Ωchunk
A (a) :=

∑
j∈[Nchunk]

Ω
(j)
A (a). (253)

It then evaluates each setup coefficient once. The opening and inner-image segments already partition the
ordinary D and B inputs, so their setup contributions are partitioned rather than replicated.

The extra verifier work is constructing and adding the Nchunk response-weight fragments. We next account
for the larger recursive witness and the conditions needed for completeness and security.

11.6 Cost, Completeness, and Security

Response chunking is not an optimization of an isolated Akita proof. The prover forms and decomposes
Nchunk full-width responses, commits to the larger witness of (240), and runs the remaining recursion over
that witness. The proof may acquire additional sum-check rounds or another fold. We pay this cost only
when it avoids response-sized communication or permits a source witness that does not fit on one machine.

The schedule authenticates both Nchunk and the number of leading folds that retain chunks. The limit
Nchunk ≤ 64 bounds the fragmentation an untrusted prover can impose on the verifier.

For completeness, a nonce must work for all chunks at once. We therefore apply the response bound using
the maximum number Cj of source blocks contributing to any one response position of chunk j, then take
a union bound over chunks. As in the ordinary fold, we condition on the honest transcript prefix before the
nonce search.

Proposition 11.1 (Completeness of a response-chunked fold). Fix a reachable honest transcript
prefix and condition on it. For the balanced-digit response model, let Cj bound the number of source blocks
contributing to any one response position of chunk j, let σ∞ bound the absolute values of source coefficients,
and set J+ := {j ∈ [Nchunk] : Cj > 0}. Empty source intervals have an identically zero honest response. For
each j ∈ J+, let

Vj := Cjκ
2
2σ

2
∞ (254)

be the uniform coordinate-variance bound from Lemma G.1. Whole-block ownership gives Cj = |Ij |. For
(252), an interval of nj source ring positions gives Cj = ⌈nj/M⌉; balanced ring intervals therefore give
Cj ≤ ⌈B/Nchunk⌉. If each response has nz base-field coefficients and chunk j uses a symmetric threshold tj
contained in its canonical representable interval of (111), then the one-shot failure probability is at most

δchunk := Pr
[
∃j ∈ J+ : ∥z(j)∥∞ > tj

∣∣∣ ch ̸= ⊥] ≤ ∑
j∈J+

2nz exp

(
−
t2j
2Vj

)
. (255)

The one-hot path applies its corresponding chunk-local response bound to the same source-position subsets.
The bound is conditional on successful challenge construction and, for a filtered family, requires its accepted
distribution to satisfy the premises of the invoked dense or one-hot tail. The schedule chooses the digit depth
and retry limit against the complete right-hand side, because accepting a nonce requires all chunks to succeed
simultaneously. If ah is the certified challenge-construction success bound and the verifier admits Ntry fresh
nonce trials, the probability that an honest prover exhausts them is at most

(1− ah(1− δchunk))
Ntry . (256)
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If ah(1− δchunk) > 0, unrestricted rejection sampling takes at most [ah(1− δchunk)]−1 trials in expectation.

Proof. At each response position of a nonempty chunk, the ring-aligned selector retains at most Cj indepen-
dently challenged source ring elements. Apply the coefficient tail bound of (315) with this count, then take a
union bound over its nz base-field coefficients. A second union bound over J+ gives (255); it does not require
the chunk responses to be independent. The bounded challenge-sampler lemma and distinct random-oracle
nonces give (256) and the expectation bound.

We next return to what the aggregate relation proves. Its response equations authenticate the effective
response

zΣ :=
∑

j∈[Nchunk]

z(j). (257)

When the extractor compares two transcript branches, several retained chunks may differ, even though only
one folding challenge was changed. The range check bounds the difference in each chunk separately. Suppose
that for chunk j this coefficient-wise bound is ∆cert

rsp,j . To bound the difference in zΣ , we add these certified
bounds:

∆cert
Σ :=

∑
j∈[Nchunk]

∆cert
rsp,j . (258)

When all chunks use the same certified alphabet and digit depth, this becomes ∆cert
Σ = Nchunk∆

cert
rsp . This

aggregate bound is the response-difference parameter used by the A binding argument.

Theorem 11.2 (Extraction of a response-chunked fold). Fix a nonterminal response-chunked fold
whose relation is (247), and suppose its outgoing claim is descendant-certified in the sense of Definition 10.22.
From a nested coordinate-wise fold family, a deterministic extractor outputs either a weak opening of the
underlying unchunked source relation or a current-level matrix collision. In the weak opening, the response-
difference parameter of Definition 10.14 is

β̄∞ = ∆cert
Σ . (259)

Consequently, if κ̄1 bounds the extracted challenge difference, the coefficient-norm A collision of Lemma 10.15
has radius at most

ηA,chunk = 2κ̄1∆
cert
Σ . (260)

For a raw challenge family drawn from an ℓ1-ball of mass ω, one may take κ̄1 ≤ 2ω, and hence

ηA,chunk = 4ω∆cert
Σ . (261)

All B, D, F, and H collision radii remain those of the ordinary fold.

Proof. Apply the strong extractors below each folding-challenge child. They recover the exact aggregate
identities (242) through (246), together with the certified range of every response chunk. As in Theorem 10.23,
a disagreement in any shared compression-chain opening already gives the corresponding matrix collision.
Condition on all such digits being common.

Fix a folding coordinate q and choose the two children (q, 0), (q, 1) guaranteed by its coordinate-wise
special-sound structure. They agree outside coordinate q. Write c̄q for challenge (q, 1) minus challenge (q, 0)

at that coordinate, and write z
(q,1)
j , z

(q,0)
j for the two extracted responses of chunk j. Applying the subtraction

from Theorem 10.23 to the horizontally concatenated relation gives

ι(c̄q)sq =
∑

j∈[Nchunk]

(
z
(q,1)
j − z

(q,0)
j

)
. (262)

The certified range of chunk j bounds its summand by∆cert
rsp,j coefficient-wise. The triangle inequality therefore

gives (259). This is the point at which the factor Nchunk appears: the aggregate rows do not identify which
response chunk changed between two transcript branches.

The same subtraction in the aggregate A and fold-evaluation rows, followed by cancellation of the unit
c̄q, recovers the ordinary inner commitment and partial-evaluation relations for sq. Repeating the argument
for every folding coordinate produces a weak opening of the underlying source vector. Applying Lemma 10.15
with β̄∞ = ∆cert

Σ gives (260); the challenge-shell specialization gives (261). Chunking neither duplicates the
other semantic row families nor changes their certified alphabets, so their collision radii are unchanged.
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We can now apply the schedule-level guarantees by substituting the chunked completeness bound, collision
radius, and sum-check parameters.

Corollary 11.3 (Scheduled Akita security with response chunks). Let sch satisfy the premises of
Theorems 10.9 and 10.33, except that some leading coefficient-packing folds may use the response-chunked
relation of this section. Make the following substitutions at every such level h:
1. let Rh in Definition 10.5 index the individual response chunks; Proposition 11.1 then proves the corre-

sponding uniform conditional nonce-failure bound with δh = 1− ah(1− δchunk);
2. replace the ordinary response-difference envelope in the A-role Module-SIS instance by ∆cert

Σ,h, and on the
admitted coefficient route set its collision radius according to (260), or equivalently (261) for the scheduled
challenge shell;

3. compute εschh using the actual chunked witness length, sum-check round count, and ring-check degrees at
level h.

Then the completeness bound of Theorem 10.9 and the Fiat–Shamir knowledge-soundness bound of Theo-
rem 10.33 hold without any additional error term. In particular, the advantage bound remains (229), with
the modified A instance in I(sch) and the recomputed εschh .

Proof. The first substitution is exactly the completeness accounting of Proposition 11.1. In the backward
induction of Theorem 10.33, replace Theorem 10.23 at a chunked level by Theorem 11.2. The rest of the
induction uses the same unchunked weak-opening interface. The larger witness changes the scheduled sum-
check parameters and may change successor layouts, but does not create another category of algebraic
failure. At the chunked fold, the shared setup induces the same matrix views, with only the A collision
radius enlarged according to (260). This gives the stated substitutions in (229).

This security statement treats all machines and the aggregator jointly as one prover for the chunked
relation. With the aggregate coefficient envelope charged above, distribution requires no new hardness as-
sumption. Response chunking provides no privacy, robustness, fairness, or security against malicious workers
within that prover; these properties require a separate multiparty protocol.

12 Offline Planner and Parameter Selection

The preceding sections give us a family of admissible Akita schedules. We now ask how to choose one for a
given input shape and resource budget. The difficulty is that a fold changes the problem faced by the next
fold: its response, commitment digits, and any deferred setup opening all become part of the remaining work.
We use an offline planner to compare these consequences across the complete recursion. A separate validator
checks the chosen schedule against the protocol and security conditions, so correctness does not depend on
the search finding a good choice.

12.1 Parameter-Selection Approaches

The Greyhound reference chooses parameters during proving and keeps a reduction when its proof and
remaining witness are smaller than a direct reveal [64]. LaZer’s newer LaBRADOR implementation instead
generates a sequence offline through successive local size improvements [66]; the inspected RoKoko artifact
supplies concrete chains, with automatic selection listed as future work [84]. We compare complete schedules,
including later setup-opening obligations, under objectives that prioritize verifier efficiency. We also validate
the chosen schedule independently of the search. These distinctions concern the cited artifacts’ selection
strategies, not limitations of their proof systems or a guarantee that Akita improves every cost.

12.2 Choosing a Complete Schedule

A planning instance fixes the public protocol environment Env and the incoming opening shape O0. The
environment specifies the field, available setup, supported protocol variants, certified challenge families, and
concrete security targets. The root shape includes the geometry of every commitment already formed. Such
a commitment cannot acquire a new block split, ring, rank, or compression map when it is opened. When
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provisioning a commitment together with its future openings, we may first compare root shapes and then
fix the chosen one.

A finite planning policy P specifies which parameter choices to consider, a maximum recursion depth,
resource limits, and an ordering of complete schedules. It can restrict choices for tractability without mak-
ing those restrictions part of the protocol. A schedule records the selected folds and terminal, as in (41);
admissibility is defined in Definition 9.2. Our guiding priority is verifier efficiency, followed by proof size and
prover work. The relative importance of online work and stored setup can depend on the application, so the
protocol does not prescribe numerical weights for these costs.

Deriving the continuation. We derive each candidate’s complete successor using (109). A smaller response
alone need not give a cheaper continuation: compression adds witness digits, and offloading adds a setup open-
ing that the successor must check. The compression transition and opening obligations obey Definition 9.2;
their widths are fixed by Sections 4.5 and 9.2. For each candidate ring dimension, we derive the padded
matrix width and sufficient rank before comparing the costs in (68). Shared setup storage is the largest
required prefix, not the sum of the prefix lengths. These dependencies are included before a candidate is
scored.

Comparing costs. We record proof length, verifier work, prover work, setup storage, and distributed com-
munication as

cost(sch) = (Cpf , CV, CP, Csetup, Ccomm). (263)

Each quantity is measured in fixed units for the planning instance. Per-fold messages and work add, while
shared setup is counted once. The proof-length component uses the round-message counts in Table 6; endpoint
values and fixed payloads are added separately. Let ScoreP denote the policy’s ordering of these complete-
schedule costs, including a rule for ties. Our selection problem is

minimize
sch in the family specified by P

sch admissible and within resource limits

ScoreP(sch). (264)

Changing the cost model changes which admissible schedule we prefer. It does not change the protocol
conditions that the schedule must satisfy.

12.3 Predicting the Next Fold

To compare continuations before producing a proof, we need more than their matrix dimensions. The next
fold uses digits of the current response, and the number and size of those digits depend on its scheduled
bounds. A bound that is unnecessarily large can therefore increase the cost of several later folds. A bound that
is too small can make an honest prover exhaust its retries. The planner must account for this completeness
cost alongside the transmitted bytes and arithmetic work.

At the root, Lemma G.1 and Theorem G.2 give rigorous response bounds under their stated challenge-
distribution hypotheses. For later folds, we can propagate certified envelopes, or use a response model to
propose tighter bounds. Our model keeps separate estimates for the response digits, opening digits, matrix
images, and compression digits in the recursive witness. It tracks total squared norms together with full-ring
averaged and local coefficient-moment estimates used to predict response peaks: a small total energy alone
does not rule out a coefficient too large for the chosen digit depth. Appendix G.3 gives the model and the
mathematical calculation used to propose joint coefficient and squared-norm bounds.

The model proposes bounds; it does not prove that the actual integer responses follow its Gaussian sur-
rogate. A schedule using model-derived bounds therefore retains the history-conditional premise of (185): at
every reachable honest prefix, all responses must pass jointly with the stated probability after successful chal-
lenge construction. The response analysis combines this premise with the certified challenge-sampler prob-
ability and retry budget, then derives the schedule-level conditional completeness bound (Proposition G.8
and Corollary 10.10). Separate per-response estimates require an additional joint argument, such as a union
bound, and numerical calibration alone does not prove the premise.

The verifier always enforces the selected bounds, which are used for soundness. Certified alternatives,
including Corollary G.6 and the digit-energy bound of (355), can replace modeled entries when their hy-
potheses hold. If they enlarge a bound, we propagate the change through the remaining schedule and recheck
its security and cost.
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12.4 Searching Across the Recursion

We use dynamic programming over the finite policy, comparing an admitted terminal with further folds
at each state. A state retains the opening shape, depth, restrictions imposed by earlier folds, and pending
obligations; each continuation retains its costs and feasibility data. Because setup is shared, we discard a
continuation only if it is infeasible or a retained replacement is feasible and no worse after every admissible
preceding path. With exhaustive search, backward induction then gives the optimum in (264). Restricting
candidates or retained continuations narrows or removes that guarantee, but does not change admissibility.
The artifact specifies the concrete candidate sets and search limits [61,62].

12.5 Validating and Using Schedules

The validator rederives every successor from the public environment and frozen root shape, then checks
Definition 9.2 and the resource limits. It uses the protocol definitions rather than the optimizer’s cached
shapes or security estimates. The Module-SIS estimator of Appendix C, the schedule-wide bounds of The-
orem 10.33, and any conditional completeness premises retain their stated hypotheses. The validator also
derives the largest admitted shared setup prefix, recomputes its setup-expansion error ∆setup, and checks it
against the common security profile.

Validation precedes proof verification: an opening binds the validated schedule and input declaration
before its first challenge. Applications may retrieve a prevalidated schedule for their input sizes or supply
a member of a fixed public family for validation. Existing commitments keep their shapes, and security
must cover the whole selectable family as in Section 10.3. Neither validation nor proof verification requires
repeating the search or establishing optimality.

13 Implementation and Evaluation

We evaluate Akita first as a standalone PCS and then as a commitment backend for Jolt. The standalone
experiments separate the cost of creating a commitment from the cost of opening it, and compare verification
time, proof size, and memory use. The Jolt experiment tests whether these tradeoffs improve a complete
prover, where commitments are batched and the workload contains sparse as well as dense polynomials.

13.1 Implementation and Experimental Methodology

We implement Akita in Rust and integrate it into Jolt [62,11]. The implementation supports 32-, 64-, and 128-
bit prime fields, with scalar, NEON, AVX2, and AVX-512 arithmetic backends. We use the schedules selected
by the offline planner and accepted by its independent validator, without manual parameter adjustments.
Planning and validation are excluded from the online measurements. The Akita Book describes the arithmetic
and prover optimizations used by the implementation [61].

The implementation and raw measurements are provided in the anonymous supplementary artifact.
Speedup ratios use unrounded timing medians.

Workloads and metrics. Each standalone experiment measures a native commitment-and-opening workload;
Appendix H specifies the single-polynomial and batched cases. We report commitment and opening times
separately because a commitment can be reused for multiple openings. Verification time measures check-
ing one opening; proof size measures the opening proof, excluding the commitment. We also report their
communication cost together and measure memory as the peak resident set size of the complete commitment-
and-opening process. Reusable setup is reported separately where the implementation exposes it; Greyhound
includes key setup in its commitment time.

To compare polynomials over different fields, we measure input size by the number of bits committed,

B = N log2 |F|,

where N is the number of coefficients and F is the coefficient field. We target B = 227, 229, 231, 233, 235

bits, choosing the closest supported power-of-two coefficient count. For a 32-bit field, this corresponds to
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N = 222, 224, 226, 228, 230. This is a nominal field-capacity measure, not the entropy of the sampled input.
The schemes retain their native polynomial interfaces, so equal input sizes do not imply identical statements.

Equal nominal payloads can have different numbers of variables and different opening fields. Binius64
and Flock measure native packed-field openings, excluding the tensor-algebra reduction from an original
binary-subfield claim. Appendix H details these workload differences.

PCS Benchmark Software. All implementations used in our polynomial commitment schemes comparison are
collected in [65]. We imported implementations of the hash-based and lattice-based schemes and integrated
them into a common benchmarking framework.

Hardware and threads. Standalone measurements use an AMD Ryzen 9 9950X with AVX-512, 121GiB RAM,
and a 109GiB per-process memory limit. All verification measurements in this section use one thread. We
also use one thread for lattice-PCS proving because the public Greyhound and RoKoKo implementations
do not expose comparable end-to-end multithreaded provers. The hash comparison includes both one- and
eight-thread proving. Jolt uses an Apple M4 Max, as described below. Sizes are reported in decimal KB
(1000 bytes), except where a plot explicitly uses KiB (1024 bytes).

Scope of the comparisons. Security assumptions and parameter-selection conventions differ across the base-
lines. Greyhound uses a 128-bit quantum ADPS16 Euclidean-SIS policy, but its truncated-output Ring-SIS
assumption is distinct from Akita’s standard Module-SIS assumption. RoKoKo uses structured vSIS priced
using GSA/MATZOV-classical, and a stated 100-bit statistical soundness target [58, Section 9.3]. Its ap-
proximate low-norm challenge sampling has an estimated noninvertibility probability of about 2−94 [58,
Section 9.1]. Appendix F.2 separates these current qualifications from the repaired implementation error.
The hash implementations likewise differ in their security targets and proximity analyses. We therefore
compare the measured implementations without treating every runtime ratio as an equal-security result.
Appendix F discusses the security distinctions.

13.2 Comparison with Lattice-Based PCSs

We compare Akita with Greyhound and RoKoKo. Akita and Greyhound use the same 32-bit field. RoKoKo’s
supported native instances use a roughly 50-bit field, giving 25/16 times the nominal bit capacity at the same
coefficient count; we report their measured costs without rescaling them. Its quadratic-extension opening field
has approximately 100 bits, whereas Akita opens over a degree-4 extension of its 32-bit coefficient field. For
Akita, we distinguish direct setup evaluation from setup offloading, which moves part of the verifier’s work
into preprocessing and an additional proof. Table 8 gives all five measured input sizes; Figure 10 shows the
full scaling curves.

Calibrating Greyhound. To align the concrete security targets, we make three changes to Greyhound’s refer-
ence implementation (Appendix I). We recalibrate the inner and outer commitment ranks for every matrix
role to meet a 128-bit quantum ADPS16 target under Euclidean SIS collision bounds. We also correct
the Johnson–Lindenstrauss norm check: the original dense-sign projection does not match the distribution
required by the certified lower-tail bound. We replace it with a sparse-ternary projection and use the corre-
sponding norm slack

√
128/29 in place of 2. Finally, to handle completeness errors when an honest folded

response exceeds the calibrated norm bounds, we add transcript-bound challenge grinding at every folding
level, including the root and terminal levels. This lets the prover retry the challenges without changing the
preceding commitments. These changes improve comparability but do not remove the distinction between
Greyhound’s truncated-output assumption and Akita’s standard Module-SIS assumption.

Verification and communication. Akita’s main advantage over Greyhound is verification time. Across the
supported offloaded instances, verification takes 8.1–15.9ms, compared with 155–1423ms for Greyhound.
The corresponding speedup grows from 19.2× to 89.7×. Akita’s opening proofs remain 61.3–67.3KB across
the direct and offloaded configurations, compared with 60.1–67.2KB for Greyhound; Akita’s commitments
are 128 bytes. RoKoKo verifies faster, in 4.0–7.2ms, but targets only 100-bit statistical soundness and has
109.3–115.0KB proofs (Table 8).
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Table 8: Lattice PCS measurements across the full input-size range. Proof size excludes the commitment.
RoKoKo uses its native instances as described above; a dash denotes an unsupported input. The full size
range appears in Figure 10.

Bits
committed Scheme

Commit
(s)

Open

(s)

Verify

(ms)
Proof
(KB)

Peak RAM
(GiB)

227 Akita direct 0.097 0.999 7.5 61.3 0.128

Akita offloaded — — — — —

Greyhound 0.110 0.183 75.0 60.1 0.33

RoKoKo 0.037 0.158 4.0 109.3 0.852

229 Akita direct 0.333 1.53 9.3 61.8 0.254

Akita offloaded 0.329 2.04 8.1 66.2 0.253

Greyhound 0.444 0.396 155 60.6 1.08

RoKoKo 0.122 0.275 4.3 109.4 1.72

231 Akita direct 1.25 2.70 12.7 63.1 0.696

Akita offloaded 1.24 3.32 12.1 66.3 0.699

Greyhound 2.10 1.06 334 63.3 3.93

RoKoKo 0.437 0.726 5.0 114.8 4.47

233 Akita direct 6.02 6.59 20.8 64.5 1.38

Akita offloaded 6.02 7.78 14.4 66.9 1.42

Greyhound 11.5 4.50 676 64.9 20.7

RoKoKo 1.69 1.48 4.9 114.9 12.3

235 Akita direct 24.3 16.1 32.5 64.6 4.69

Akita offloaded 24.4 18.4 15.9 67.3 4.71

Greyhound 52.3 19.2 1423 67.2 92.6

RoKoKo 8.27 4.43 7.2 115.0 36.9
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The direct/offloaded comparison shows what setup offloading buys. The first supported offloaded stan-
dalone instance commits 229 bits, or 224 coefficients; the 227-bit instance uses direct evaluation only. At the
largest input, it reduces verification from 32.5 to 15.9ms, while increasing opening time from 16.1 to 18.4
seconds and proof size from 64.6 to 67.3KB. Commitment time is essentially unchanged. Thus the verifier
improvement comes with a modest increase in proof size and opening work, rather than a faster commitment
algorithm (Table 8).
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Fig. 10: Lattice PCS comparison. Input size is the nominal number of bits committed, B = N log2 |F|;
RoKoKo uses its closest supported native instance. Proof size excludes the commitment and evaluation.
Missing points denote unsupported inputs.

Commitment, opening, and memory. The split between commitment and opening is important. At the largest
input, direct Akita commits in 24.3 seconds and opens in 16.1 seconds, compared with 52.3 and 19.2 seconds
for Greyhound. At smaller inputs, Greyhound opens faster, even when Akita commits faster. RoKoKo has
the fastest opening prover at each of its supported sizes. Akita uses the least peak memory in the measured
lattice workloads: at the largest input, direct and offloaded Akita use 4.69 and 4.71GiB, compared with
92.6GiB for Greyhound and 36.9GiB for RoKoKo. These are full-process measurements, including storage
for the polynomial (Table 8).

13.3 Comparison with Hash-Based PCSs

We compare Akita with FRI [15], STIR [8], WHIR [9], BaseFold [89], and Ligerito [81] implementations from
Plonky2, Plonky3, Binius64, Flock, WorldFnd, and SP1. The comparison includes all three Akita prime-
field profiles. The measurements compare the implementations under their native interfaces and parameter
choices. Appendix H records the variable counts, omitted packing reductions, and security configurations.
Plonky3 FRI/STIR measure batched univariate openings, with 128 polynomials at 235 bits, rather than the
single multilinear opening measured by Akita (Appendix H).

Figure 11 shows 235 bits committed, where setup offloading materially reduces Akita’s verifier time.
Plonky2 FRI is omitted from the figure because it runs out of memory at this size. Table 9 gives eight-thread
prover measurements at 227, 231, and 235 bits; the graph shows both prover thread counts at 235.



Akita: Lattice-Based PCS 129

Table 9: Hash PCS measurements at three input sizes. Commitment, opening, and peak RAM use eight
prover threads. Akita field subscripts denote prime-field bit widths. Rows marked (1) use batched univariate
FRI/STIR; (2) marks WHIR’s unique-decoding configuration. OOM denotes the memory limit.

Bits
committed Scheme

Commit
(s)

Open

(s)

Verify

(ms)
Proof
(KB)

Peak RAM
(GiB)

227 Akita (p32) 0.0204 0.255 7.6 61.3 0.137

Akita (p64) 0.0189 0.172 5.7 65.8 0.131

Akita (p128) 0.0262 0.153 5.6 65.7 0.14

Plonky2 FRI 2.25 1.77 1.9 88.0 2.79

Plonky3 FRI 0.216 0.526 8.8 462.2 1.75

Plonky3 STIR 0.217 0.696 3.6 177.8 1.41

WHIR (Plonky3) 0.0239 0.113 1.7 91.4 0.178

Binius64 BaseFold 0.00724 0.00692 0.5 308.6 0.0914

Flock Ligerito 0.00631 0.0233 1.3 408.9 0.0912

WHIR (WorldFnd) 0.0662 0.345 1.0 196.6 0.181

BaseFold (SP1) 2.09 3.35 25.8 1179.4 1.33

231 Akita (p32) 0.172 0.549 12.7 63.1 0.704

Akita (p64) 0.125 0.409 10.3 66.7 0.501

Akita (p128) 0.328 0.438 10.6 68.3 0.833

Plonky2 FRI 38.4 29.6 2.5 117.6 44.6

Plonky3 FRI(1) 0.669 1.04 9.7 520.7 3.94

Plonky3 STIR(1) 0.671 1.4 4.0 192.4 3.25

WHIR (Plonky3) 0.476 6.25 2.1 113.6 2.8

Binius64 BaseFold 0.214 0.1 0.8 472.8 1.42

Flock Ligerito 0.124 0.3 1.1 494.6 1.37

WHIR (WorldFnd) 1.31 6.26 1.2 256.9 2.85

BaseFold (SP1) 5.34 3.42 26.3 1194.8 2.5

235 Akita (p32) 3.46 2.71 32.6 64.6 4.71

Akita offload (p32) 3.46 3.01 15.9 67.3 4.74

Akita (p64) 3.77 1.78 21.1 68.5 4.9

Akita offload (p64) 3.77 2.03 14.7 71.8 4.95

Akita (p128) 2.89 1.87 24.1 69.1 5.05

Akita offload (p128) 2.88 2.01 12.2 72.0 5.15

Plonky2 FRI OOM OOM OOM OOM OOM

Plonky3 FRI(1) 5.89 1.24 10.2 570.2 12.2

Plonky3 STIR(1) 5.89 1.6 4.3 233.5 12.2

WHIR (Plonky3)(2) 5.53 8.38 11.4 690.9 17.1

Binius64 BaseFold 5.01 1.41 1.1 666.7 22.7

Flock Ligerito 2.38 5.21 1.7 570.5 21.7

WHIR (WorldFnd) 24.7 117 1.4 317.4 43.4

BaseFold (SP1) 67.7 5.51 32.0 1440.6 21.3
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Fig. 11: Hash PCS comparison at 235 bits committed. Commitment and opening show one- and eight-thread
proving. Proof size excludes the commitment. Plonky3 FRI and STIR use batched univariate instances, and
Plonky3 WHIR uses unique decoding. Plonky2 FRI is omitted because it runs out of memory.

The measurements show a proof-size/runtime tradeoff rather than one implementation winning every
metric. At 235 bits, Akita’s proofs occupy 64.6–72.0KB, while the hash-based proofs range from 233.5 to
1440.6KB. Akita commits in 18.6–26.3 seconds with one thread and 2.88–3.77 seconds with eight threads.
Binius64 BaseFold, SP1 BaseFold, Plonky3 FRI, and Plonky3 STIR open faster than all six Akita profiles in
the one-thread measurements. Every hash baseline except SP1 also verifies faster than all six Akita profiles
(Figure 11 and Table 9). These are workload-specific tradeoffs: the field and packing choices change the
opening problem as well as the implementation cost.

13.4 Jolt End-to-End

To test whether Akita’s PCS tradeoffs benefit a complete prover, we compare Jolt-with-Akita and Jolt-with-
Dory on SHA-256 chains with padded trace lengths T = 216, 217, . . . , 227. Both configurations use Jolt’s
optimized CPU backend on an Apple M4 Max with 16 CPU cores and 64GiB RAM, running macOS 26.6.2.
We run each configuration three times at every trace length, alternating the order of the two configurations;
all 72 proofs verify successfully. The figures show medians and the full observed ranges.

Prover time includes witness materialization, commitments, sum-checks, and the joint opening proof;
guest compilation and execution tracing, preprocessing, and PCS setup are excluded. We report throughput
in millions of padded trace rows per second (MHz), and memory as process peak RSS. Verification times
use a single worker. Proof sizes are the complete serialized Jolt proofs. Revisions and per-run measurements,
including Perfetto traces, are recorded in the reproduction artifact; tracing is enabled throughout.
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Table 10 gives trace lengths 217, 219, . . . , 227; the graphs retain all twelve measured lengths.

Table 10: Jolt measurements at every other padded trace length on the M4 Max. Times and peak RAM are
medians of three runs. Proof size is the complete Jolt proof, in decimal KB. Akita first uses setup offloading
at T = 221; Jolt changes its one-hot chunk widths at T = 225.

Trace
length Backend

Prove
(s)

Verify

(ms)
Proof
(KB)

Peak RAM
(GiB)

217 Akita 0.50 9.96 85.9 0.33

Dory 1.08 69.38 81.9 0.32

219 Akita 1.12 14.49 88.5 0.55

Dory 2.21 73.93 86.2 0.61

221 Akita 3.30 11.66 92.8 1.26

Dory 5.63 77.80 90.6 1.85

223 Akita 11.22 15.57 94.0 2.93

Dory 16.35 83.10 94.9 3.45

225 Akita 29.45 28.17 94.2 11.17

Dory 54.07 85.78 91.8 13.26

227 Akita 90.85 39.82 98.1 35.47

Dory 175.18 88.29 95.9 34.76

Proving and memory. Across these trace lengths, Jolt-with-Akita proves 1.3–2.2× faster than Jolt-with-Dory
(Figure 12). At T = 227, the median prover time falls from 175.18 to 90.85 seconds, increasing padded
throughput from 0.766 to 1.477MHz. The memory advantage depends on the trace length: at T = 226,
median peak RSS is 17.99GiB for Akita and 22.06GiB for Dory, whereas at T = 227 it is 35.47 and
34.76GiB, respectively.
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Fig. 12: SHA-256 chains on the M4 Max. Left: padded prover throughput. Right: process peak RSS. Points
show medians of three runs; bands show observed ranges.

Verification and proof size. Akita reduces verification time by 2.2–7.4× (Figure 13). At T = 227, verification
takes 39.82ms with Akita and 88.29ms with Dory. The faster prover and verifier do not require a large
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increase in communication: at each trace length, Akita’s complete proof is between 0.9% smaller and 8.9%
larger than Dory’s, with both schemes remaining below 100KB. Proof sizes are identical across repetitions
at each trace length.

Configuration transitions. The curves are not smooth because the implementation changes configurations
at two trace lengths. At T = 221, Akita first uses setup offloading for its one-hot commitments. Verification
falls from 15.44 to 11.66ms despite the larger trace, while proof size grows from 89.6 to 92.8KB. At T = 225,
Jolt switches from 4-bit to 8-bit committed one-hot chunks and from 16-bit to 32-bit virtual read-address
chunks. Wider chunks reduce the number of chunks and change the proof structure: Akita’s proof shrinks
from 96.1 to 94.2KB, and Dory’s from 95.8 to 91.8KB. At the same transition, Akita’s verification rises
from 16.88 to 28.17ms, while its prover throughput increases (Figures 12 and 13).
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Fig. 13: SHA-256 chains on the M4 Max. Left: verification time, showing medians and observed ranges over
three runs. Right: complete proof size in KiB.

14 Conclusion and Future Work

We end with several promising directions and applications for Akita. Our first target is further reducing the
proof size, with both cheaper folds and a smaller tail. Our second target is improving proving time.

Next, we also want to strengthen both the completeness and soundness arguments. Our response-model
premise used for optimized later-fold schedules is heuristic; it would be great to prove them rigorously, or if
not quantify the precise cost in switching to rigorously proven bounds (which can still be average-case and
not worst-case). On the soundness side, the main issue is the lack of a QROM analysis for Akita; we see
promising progress in the literature, but these results do not seem to fully transfer to Akita yet.

For applications, we think Jolt is just the start for Akita, and that there are many more promising
avenues for impact. In particular, Akita facilitates the development of better proof systems for verifying
natively lattice-based claims, such as in aggregating post-quantum lattice signatures, ML-DSA [75] and
Falcon (FN-DSA) [40]. Their verification equations consist of structured lattice relations and norm bounds,
and prior work already expresses Falcon aggregation through LaBRADOR relations [1,16]. Another broader
and more ambitious target is verifiable FHE [88].

Finally, we would also like to bring zero-knowledge to Akita, ideally with low concrete overheads to both
proof size, prover time, and verifier time. This will unlock several privacy applications such as proof-of-
possession for signatures, verifiable pseudorandom functions, and more.
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their Boolean evaluations over the entire witness or setup domain, this last step can cost as much as the
work we sought to avoid. We therefore need evaluation algorithms that use the structure of these weights
directly.

We isolate the general evaluation problem here. The specialization to Akita’s opening, range, norm, and
setup weights is given in Appendix B. That appendix also develops the residue-kernel calculations needed
for quotient-free ring checking.

The public weights have simple factors in their logical coordinates: a block index selects a folding challenge,
a digit index selects a gadget power, or an opening coordinate selects an equality weight. The difficulty is
where these entries occur in the committed vector. Offsets, tight strides, and interleaved coordinates need
not respect the bit boundaries of those factors, so the usual tensor factorization of an equality polynomial
does not apply directly.

We resolve this mismatch by retaining only the information that one part of the address calculation
passes to the next. For an offset, that information is an addition carry; a truncated interval also requires a
boundary condition. We first express the desired evaluation as an inner product with an embedded tensor,
then give a finite-state calculation of that inner product. Finally, we relate this calculation to weighted
read-once branching programs and specialize it to affine addresses. This separates the common evaluation
argument from the particular weights and layouts in the main body.

A.1 From Tensor Factors to Vector Addresses

Let the logical index be split into blocks x = (x1, . . . , xk), with xt ∈ Xt, and suppose its weight is u(x) =∏k
t=1 ut(xt). An address map A places each logical entry at an n-bit vector address. We identify addresses

with little-endian bit vectors throughout this appendix. The evaluation we seek is

TA(r;u) :=
∑

x∈X1×···×Xk

(
k∏

t=1

ut(xt)

)
ẽq(r, A(x)). (265)

To see its multilinear meaning, place the logical weights into a vector indexed by Boolean addresses by setting

UA(y) :=
∑

x:A(x)=y

u(x).

Then TA(r;u) = ŨA(r). This definition also handles overlapping contributions: if several logical entries have
the same address, their weights add. Enumerating every logical entry takes work proportional to

∏
t |Xt|. We

want to use the separate factor values whenever the address map allows it.

Aligned coordinates. Suppose A(x) is the concatenation of blocks At(xt) occupying disjoint sets Jt of address
bits. The equality weight then separates, giving

TA(r;u) =

k∏
t=1

( ∑
xt∈Xt

ut(xt)ẽq(rJt , At(xt))

)
.

We evaluate each factor separately and multiply the results. Once the local equality weights are available,
the contraction takes work proportional to

∑
t |Xt|. There is no reason to enumerate all entries of the tensor

product. We next extend this evaluation method to shifted entries and tighter packing.

A shift couples the factors through a carry. Write x = q + 4h, with q ∈ [4], and take A(q, h) = 3 + q + 4h.
For simplicity, assume all these addresses fit the vector domain. If 3+ q = y+4c, then y ∈ [4] and c ∈ {0, 1}.
We can therefore summarize the low factor in two scalars:

Lc :=
∑
q∈[4]

⌊(3+q)/4⌋=c

ulo(q)ẽq(rlo, (3 + q) mod 4).
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∏
t ut(xt)

product weight
x = (x1, . . . , xk)
logical index

A
address map

ẽq(r, A(x))
address weight

q

carry, boundary, matrix

q0 q1 q2 · · · qk

x1/y1

u1(x1)eJ1
(y1)

x2/y2

u2(x2)eJ2
(y2)

xk/yk

uk(xk)eJk
(yk)

sum the weights of
all state-consistent paths

Fig. 14: The logical tensor factors do not need to align with the address coordinates of the equality polynomial.
The state q carries exactly the information by which earlier blocks affect later address bits, and eJ(y) =
ẽq(rJ , y). The lower row is both a dynamic program and a layered weighted branching program.

The high factor needs to know only which carry occurred. Consequently,

TA(r;u) =

1∑
c=0

Lc

∑
h

uhi(h)ẽq(rhi, h+ c).

The offset has replaced one product by a sum of two products. We retain the small piece of information
passed between the two blocks, rather than the entire low index. The finite-state calculation below makes
this observation precise for several carries and boundary conditions.

A.2 The Common Evaluation Problem

Some verifier weights depend on two addresses at once. An opening weight, for example, is indexed by a logical
position, while its contribution to the final sum-check is indexed by a cell of the committed witness. Both
positions contribute equality factors. We therefore allow several address maps, each with its own product of
bit weights.

For a ∈ [p], let Aa(x) be an na-bit address and define

Ba(y) :=

na−1∏
j=0

ba,j(yj), ba,j : {0, 1} → F.

Equality at ra is the choice ba,j(0) = 1− ra,j and ba,j(1) = ra,j . The choice ba,j(0) = 1, ba,j(1) = za,j gives

monomial weights. A geometric sequence αy is another example: take ba,j(0) = 1 and ba,j(1) = α2j . These
choices use the same address calculation.

Let D ⊆ X1 × · · · × Xk be the logical domain included in the sum. Our common task is to compute

T :=
∑
x∈D

(
k∏

t=1

ut(xt)

) ∏
a∈[p]

Ba(Aa(x)). (266)

All addresses in this expression are in their declared domains. When a formula is used outside a declared
address domain, we assign it weight zero; we never interpret address overflow modulo the domain size. The
included intervals and omitted coordinates are specified by D.

The paired-equality case will recur in the applications:∑
x∈D

u(x)ẽq(rL, AL(x))ẽq(rR, AR(x)). (267)
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It is an instance of the single-address formulation by concatenating AL and AR, but retaining the two maps
makes the separate carries easier to follow. More generally, we can add expressions of (266) with different
domains, weights, and offsets. This is how we represent a union of witness intervals or several matrix views
contributing to the same setup coefficient.

We distinguish two ways to specify a factor ut. A dense factor is supplied by its values, which must
be read. A factor on a Boolean block can instead be supplied as a product over its bits. For example,
ut(xt) =

∏
j wt,j(xt,j) has a description linear in the number of bits, even though its vector of values is

exponentially larger. We retain that description when evaluating it. The cost depends on this representation,
as well as on the address maps.

A.3 Finite-State Contraction

We now describe the information passed between logical blocks. Output bits may belong to any of the
address maps in (266). For notation, concatenate all their coordinates into one set J and write bj for the
corresponding bit weight. Partition J into sets J1, . . . , Jk, allowing an empty set when a layer reads input
without yet outputting any address bits. A singleton input alphabet of weight one allows a final layer to
output remaining carry bits without reading another logical coordinate.

Definition A.1 (Weighted address transducer). A weighted address transducer consists of a finite
state set Q, an initial state qin, final weights ωfin : Q→ F, and transition sets

Γt ⊆ Q×Xt ×Q× {0, 1}Jt × F.

A transition (q, xt, q
′, yt, ηt) reads xt, outputs yt, moves from q to q′, and contributes the scalar ηt. The

transducer assigns to a logical input the sum of its path weights:

v(x) :=
∑
π:x

ωfin(qk)

k∏
t=1

ηt ∏
j∈Jt

bj(yt,j)

 . (268)

It is deterministic if there is at most one outgoing transition for each pair (q, xt). In that case, write the
partial transition function as τt(q, xt) = (q′, yt, ηt).

For a deterministic address calculation, take the transition scalars to be one, output the address bits, and
accept exactly the inputs in D. The resulting v(x) is 1D(x)

∏
aBa(Aa(x)). An undefined transition or a zero

final weight rejects an input. Several weighted paths also allow logical contributions to add; their addresses
need not have disjoint images.

The dynamic program keeps one accumulated field element per state. Initialize z0(qin) = 1 and all other
entries to zero. At layer t, start a zero next-state vector and, for each transition, add

zt(q
′) += zt−1(q)ut(xt)ηt

∏
j∈Jt

bj(yt,j). (269)

Paths that reach the same state have the same possible continuations, so we add their weights before
processing the next block.

Theorem A.2 (Finite-state structured inner product). The recurrence (269) returns∑
q∈Q

zk(q)ωfin(q) = ⟨u1 ⊗ · · · ⊗ uk, v⟩ .

Let Gt = |Γt|, ht = |Jt|, and Gfin = | supp(ωfin)|. With the local factor and bit weights available, direct
contraction uses O(

∑
tGt(ht + 1) +Gfin) field operations and O(|Q|) field elements for the current and next

state vectors. More precisely, successive multiplication along each transition, with no shortcuts for zero or
unit factors, uses∑

t

Gt(ht + 2) +Gfin multiplications, and
∑
t

Gt +max(Gfin − 1, 0) additions.
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These counts exclude initialization, construction of the transitions, and preparation of the local weights.
If the output-bit products are prepared in time P and stored for lookup, the field-operation bound becomes
O(P +

∑
tGt +Gfin); their storage is additional to the state vectors.

Proof. After layer t, zt(q) is the sum of the weights of all labeled path prefixes ending at q. Each prefix weight
contains its logical factors, transition scalars, and output-bit weights. This holds initially and is preserved by
(269). Multiplication by the final weights and summation over states therefore gives (268), summed against
u(x). Each transition multiplies by its logical factor, its transition scalar, and its ht bit weights, then adds
to the next-state accumulator. The final dot product gives the remaining operations.

The theorem is a bound in the size of the state description, not a claim that every address map has a
small description. For deterministic maps, Gt ≤ |Q| |Xt|, so small state gives the desired dependence on the
sum of factor sizes. Several carries require their joint state, and arbitrary dense factors cannot be replaced
by independent bit weights. We account for these costs explicitly in the affine specializations below. Stored
equality weights can be reused for further contractions at the same evaluation point; changing that point
requires preparing them again.

Relation to prior evaluation algorithms. The recurrence in Theorem A.2 is the standard evaluation algo-
rithm for a weighted read-once branching program. Each logical symbol selects a sparse state transition,
and distributivity contracts its tensor factor before the transitions are composed. Holmgren and Rothblum
showed that this computes the low-degree extension of a size-S read-once branching program in O(S) ring
operations [49]; the theorem above allows arbitrary local factor values rather than only the Lagrange weights
of one MLE point.

Jagged Polynomial Commitments applies the same calculation to a width-4 program that tracks one
addition carry and one comparison bit [48], the closest cryptographic precedent for Akita’s carry states.
The transfer-matrix view is also the classical equivalence between weighted automata and matrix-product
representations [32]. Akita’s contribution here is to identify its non-aligned witness and setup layouts as
small-state address transducers and to account for the exact transition cost of evaluating their public weights.

A.4 Affine Addresses on Intervals

For affine layouts, the state has a concrete arithmetic meaning. We start with consecutive digits, then allow
separate strides and several address maps. This order lets us identify exactly which part of the cost comes
from the digits and which part comes from the layout.

Consecutive digits. When one value occupies δ consecutive digit cells, its address is

A(i, u) = o+ δi+ u, i ∈ [L], u ∈ [δ]. (270)

Here o is the first vector address. Neither L nor δ needs to be a power of two. We assume the addresses of
the specified interval fit in [2n].

Lemma A.3 (Reading consecutive-digit addresses). The bits of (270) can be read from low to high
with a carry having O(δ) possible values at each layer. The calculation can also enforce i < L, and does not
divide by an evaluation-point coordinate.

Proof. Read u first and initialize the carry to c0 = o + u. At bit t of i, write ct + δit = yt + 2ct+1, with
yt ∈ {0, 1}. The output bits are those of o+ u+ δi. Indeed, after t steps,

ct =

⌊
o+ u+ δ(i mod 2t)

2t

⌋
.

As u and the processed bits vary, these values lie in an interval of O(δ) integers. Once the input bits end,
continue outputting the carry bits. To enforce i < L, pad i and L to a common bit width and retain
the comparison of the processed bits with the corresponding bits of L. A new, more significant unequal
bit determines the comparison; otherwise the previous comparison remains. This adds only three possible
comparison states.
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Contracting a low block before reading the high block. The bit recurrence explains the carry, but an arbitrary
factor on a block need not factor over its bits. We can instead sum a whole low block into carry buckets and
then scan the high factor once per bucket.

Proposition A.4 (Consecutive-digit evaluation). Let L, δ ≥ 1, o + δL ≤ 2n, and let Q = 2m with
m ≤ n. Suppose ψ(i) = ψH(h)ψL(q) for i = Qh+ q < L. Then

T =
∑
i<L

∑
u<δ

ψ(i)g(u)ẽq(r, o+ δi+ u)

can be contracted in O(δ(Q+⌈L/Q⌉)) field operations once its local equality weights are available for constant-
time lookup. Their preparation time Peq is additional, giving total work O(Peq+δ(Q+⌈L/Q⌉)). The contrac-
tion uses O(δ) carry accumulators, in addition to its stored factor values and any prepared equality weights.

Proof. Write o = Qa+ro with ro ∈ [Q], and split r intom low coordinates and the remaining high coordinates.
For a complete logical row, define

Lc :=
∑

q<Q, u<δ
⌊(ro+δq+u)/Q⌋=c

ψL(q)g(u)ẽq(rlo, (ro + δq + u) mod Q).

There are at most δ + 1 buckets, because 0 ≤ c ≤ δ. The contribution of the complete rows is

∑
h<⌊L/Q⌋

ψH(h)

δ∑
c=0

Lcẽq(rhi, a+ δh+ c).

Building the buckets takes O(δQ) operations, and the high contraction takes O(δ⌊L/Q⌋). If L has a partial
final row, form another set of buckets restricted to q < L mod Q and contract them with that row’s high
weight. This adds at most O(δQ) operations.

The factor δ in the bound accounts for the carry width; it is not an unspecified constant. Nor is the
preparation cost automatically free: direct evaluation of an equality weight costs one operation per bit up
to constant factors. We describe ways to share this work below. An arbitrary vector (ψ(i))i<L contains L
independent values and requires Ω(L) input accesses. The saving comes from retaining the given high/low
factorization, not from treating arbitrary factor values as cheap.

Separate strides and partial windows. The same calculation applies to

A(i, u) = o+ s(i− i0) + tu, i0 ≤ i < i0 + L, u ∈ [d], (271)

where s, t are positive integers and s > t(d − 1). The inequality ensures that a digit group fits before the
next outer position. For i = Qh+ q, the outer weight remains ψH(h)ψL(q), using the global logical index i.
The address o locates the first position i0 in the interval. This distinction matters when a witness interval
begins partway through a logical row.

Separate the partial first row, complete rows, and partial last row, counting a row only once if the whole
window lies in it. If the portion of a row included in the interval begins at low coordinate q0, its first vector
address is bh = o + s(Qh + q0 − i0). Reduce bh modulo Q and summarize the (q, u) pairs included in that
portion of the row using the low address (bh mod Q) + s(q − q0) + tu and the logical weight ψL(q). There
are at most s+1 carry buckets. For complete rows, q0 = 0 and successive starting addresses differ by sQ, so
their low summary is shared; only the high address changes. Thus, if R is the number of high rows meeting
the window, the contraction costs

O
(
dQ+ (s+ 1)R

)
with local equality lookup, plus its preparation cost. Empty windows contribute zero. A large outer stride
can therefore increase the state space even when the number of digits is small.

Remark A.5 (Power-of-two special case). If the digit count is a power of two and the starting address is
aligned to that digit block, the equality polynomial separates across the digit boundary. An unaligned base
introduces the carry across that boundary. Both evaluations refer to the same stored vector; padding or
moving its entries is unnecessary.
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Several address maps. Let x1, . . . , xk be nonnegative integer coordinates and consider

Aa(x) = oa +

k∑
t=1

sa,txt (a ∈ [p]),

with nonnegative strides. A zero stride allows a logical axis to affect only some of the addresses. When each
xt is given on a Boolean block and its weight factors over bits, read one bit from each active axis at a time.
Initialize ca,0 = oa and update by

ca,j +
∑
t

sa,txt,j = ya,j + 2ca,j+1, ya,j ∈ {0, 1}. (272)

Multiply the state weight by the input-bit weights and by
∏

a:j<na
ba,j(ya,j), then merge equal carry tuples.

After an axis ends, its remaining bits are zero. After an address ends, its remaining output bits and final
carry must be zero. These conditions enforce the declared domains rather than wrapping addresses.

For one address, let Sa =
∑

t sa,t. At each layer its possible carries lie in an interval of at most Sa + 1
integers, by the same calculation as in Lemma A.3. The joint state has at most

∏
a(Sa + 1) carry tuples

before any boundary conditions are added; often only a small subset is reachable. If aj axes have an active
bit at layer j, there are at most 2aj bit choices per state. Theorem A.2 charges those transitions and their
local weights. This accounts for the dependence on both the strides and the number of simultaneously active
axes.

An axis of arbitrary length can be split into aligned power-of-two intervals, translating the base for
each interval. Alternatively, its length condition can be retained as a comparison state. An arbitrary dense
axis that has no useful bit factorization can be enumerated, using each coordinate to initialize an affine
contraction of the remaining axes. Enumerating several such axes costs the product of their lengths. We use
this option only when those lengths are already small enough for the required verifier bound.

A.5 Sharing Equality Work and Combining Families

The preceding bounds separate the cost of the contraction from preparation of its local weights. We now
give elementary ways to reduce that preparation and to reuse a contraction across several contributions.

Interval offset equality. For a stored vector f ∈ Fℓ, a scale s ∈ F, and offset o, consider

s

ℓ−1∑
z=0

f [z]ẽq(r, o+ z). (273)

Out-of-domain addresses contribute zero. If the clamped interval is empty, the result is zero. Otherwise let
[lo, hi] be its inclusive endpoints. The little-endian multilinear fold need merge only parents with at least one
child whose subtree intersects the specified interval. Its exact number of parent merges is

n−1∑
j=0

(⌊
hi

2j+1

⌋
−
⌊

lo

2j+1

⌋
+ 1

)
.

With two children v0, v1, use v0 + rj(v1 − v0); with one child, treat the other as zero. Each merge needs one
multiplication, followed by one final multiplication by s. This gives an evaluator for arbitrary stored interval
weights without extending them to the whole vector domain.

Prepared equality factors. When many addresses share the same point, split its coordinates into low and high
blocks. Preparing their equality weights takes O(2nlo +2nhi) field operations and storage, after which each full
equality weight is a product of two lookups. A balanced split reduces the stored weights to square-root size
in the full domain. If even that storage is undesirable, prepare only a short block and evaluate the remaining
bits on demand. The latter choice retains a linear dependence on the number of unprepared bits per lookup.
The same tradeoff applies to products of arbitrary bit weights.
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Power-of-two carry peeling. For x = q + 2mh, an offset contributes at most one carry from the low block.
An arbitrary vector of low-factor values can be summarized into two buckets in O(2m) operations once its
equality weights are available. If the low weight is itself an equality polynomial, read its bits instead: for each
input bit, multiply its logical equality weight by the equality weight of the output address bit. Retaining
the addition carry gives a two-state recurrence taking O(m) field operations. This evaluates the paired low
weights without enumerating either full vector of weights.

Geometric digit weights. Gadget powers allow another useful saving. Let the digit weights be g(u) = g(0)γu,
with γ ̸= 0, and let (E[v])v<Q be a prepared vector of low-block equality weights. Define the weighted prefix
sums

P (v) :=
∑
z<v

γzE[z].

A digit window beginning at a and ending before Q then satisfies∑
u<d

γuE[a+ u] = γ−a
(
P (a+ d)− P (a)

)
.

Precompute the needed powers and inverse powers of γ alongside P . Each such window is now evaluated
in constant work; multiply by g(0) to recover the original digit weights. If d ≤ Q and a window crosses the
low-block boundary, split it into two pieces and assign the pieces to their respective carry buckets. Under
this condition and for unit digit stride, this reduces the low-summary work from O(dQ) to O(d + Q) for a
fixed base residue, including the preparation of these prefix sums. A zero ratio or a non-geometric sequence
uses the direct summary instead. No equality-point coordinate is inverted.

Reuse across offsets and additive families. Consecutive-digit families with the same strides, factors, and low
base residue have identical low summaries for the same interval of low coordinates. Compute those summaries
once. Their different high offsets and scalar weights can then initialize one shared high-state vector. At every
layer, summing weights of equal states before continuing is valid by linearity of the recurrence. Likewise,
in paired contractions, families with identical remaining transitions can share their carry-state evolution.
The cost is the preparation of the initial contributions plus the transitions actually processed; forming and
grouping those contributions must also be counted.

Aligned families admit a still simpler combine. If distinct axes occupy disjoint bit ranges in every address
and the offsets do not generate carries into those ranges, factor them independently as in Appendix A.1. If
the address maps also preserve the separate bits within an axis, a unit or bit-product factor on that axis
costs work proportional to its bit length. A dense axis requires reading its entries and evaluating their local
weights. When alignment fails, retain the carry recurrence. Each method evaluates the same structured sum
TA(r;u) = ŨA(r).

B Evaluating Akita’s Public Weights

Akita’s sum-checks leave public weight polynomials for the verifier to evaluate. The protocol specifies these
weights; this appendix gives the calculations that avoid enumerating all their Boolean evaluations. We use the
general structured evaluation algorithms of Appendix A whenever the weights factor over logical coordinates
but occupy shifted or interleaved vector addresses.

Quotient-free checking requires one additional calculation. Its weights include reduction modulo the native
ring polynomial, so ordinary powers of the ring-evaluation point no longer suffice. We first derive the residue
kernels and their final sum-check evaluations. We then give the factors for the remaining checks and explain
how overlapping setup views are combined, both for a direct scan and after setup offloading.

B.1 Quotient-Free Relation Weights

Fix a native ring dimension d, a public multiplier A(X) =
∑

k<d akX
k, and an evaluation point α ∈ E. The

residue kernel of (152) is equivalent to the rotation-matrix reduction used concurrently in the current Grand
Danois construction [53]. To make the equivalence exact, define the signed rotation

rot(v0, . . . , vd−1) := (−vd−1, v0, . . . , vd−2), (274)
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and let cfd(A) := (a0, . . . , ad−1)
⊤. The matrix

MA :=
[
cfd(A) | rot(cfd(A)) | · · · | rotd−1(cfd(A))

]
(275)

has as its jth column the coefficient vector of the corresponding reduced basis product. Consequently, for
pd(α)

⊤ := (1, α, . . . , αd−1), (
pd(α)

⊤MA

)
j
= κ

(d)
A,α(j). (276)

Thus Grand Danois’s projected rotation row and the residue kernel are the same linear map for one ring
product. The residue-kernel formulation lets us place that map inside the common row normal form, where
different row families may have different native dimensions and noncontiguous witness address maps.

Computing every weight independently from the expanded formula would cost O(d2) operations. Consec-
utive basis monomials differ by multiplication by X, so their weights are closely related. We use this relation
to compute all d weights in linear time.

Lemma B.1 (Kernel recurrence). The residue kernel of A(X) =
∑

k<d akX
k satisfies

κ
(d)
A,α(0) = A(α), (277)

κ
(d)
A,α(j + 1) = ακ

(d)
A,α(j)− (αd + 1)ad−1−j , j ∈ [d− 1]. (278)

Consequently, one complete kernel is computed in O(d) extension-field operations without dividing by αd+1.

Proof. The initial value follows because A already has degree less than d. Multiplying AXj mod (Xd + 1)
by X shifts every coefficient by one place. The coefficient ad−1−j is the unique new term that crosses
degree d. Ordinary evaluation multiplies the shifted polynomial by α, while replacing αd by −1 subtracts
(αd + 1)ad−1−j . This gives (278).

The quotient correction is now public. For each public basis product, Euclidean division gives a public basis
quotient qbasisA,j such that

A(X)Xj =
(
A(X)Xj mod (Xd + 1)

)
+ (Xd + 1)qbasisA,j (X). (279)

Evaluating this identity shows how the quotient contribution enters the kernel:

κ
(d)
A,α(j) = A(α)αj − (αd + 1)qbasisA,j (α). (280)

For the complete row, the quotient of (147) is

Qr(X) =
∑

c∈Occr

dr−1∑
j=0

waddrr,c(j)q
basis
Ar,c,j(X). (281)

This explains where the private quotient has gone. Its contribution is a linear combination of the witness
coefficients with public basis-quotient weights. Incorporating those weights into the check accounts for the
same reduction without asking the prover to supply Qr separately.

The Quotient-Free Relation at the Sum-Check Point

Batched field relation. After reduction, each ring row is a linear equation in the witness coefficients. We
combine these with the scalar opening rows using a row-batching point. To write the resulting coefficient of
a witness entry, we add every contribution from a row that reads that entry. Let Rowsfield be the ordered set
of scalar field rows. Write a row in this set as

zfldr :=
∑

u∈[Nw]

br,uwu − yr, (282)
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where the public coefficients br,u ∈ E include the direct or trace opening weights. Let nrel be the total number
of ring and field rows, let srel := ⌈log2 nrel⌉, and pad the row vector with zero rows to length 2srel . The existing
row-batching point τ1 ∈ Esrel supplies

ωrow,r(τ1) := ẽq(τ1, r). (283)

For the quotient-free route, define the public coefficient vector on the padded witness domain by

mqf
α,τ1(u) :=

∑
r∈Rowsring

ωrow,r(τ1)
∑

c∈Occr, j∈[dr]
addrr,c(j)=u

κ
(dr)
Ar,c,α

(j)

+
∑

r∈Rowsfield

ωrow,r(τ1)br,u, u ∈ [2µ
′
],

(284)

where every summand with u ≥ Nw is zero. Its public target is

V qf
α,τ1 :=

∑
r∈Rowsring

ωrow,r(τ1)Yr(α) +
∑

r∈Rowsfield

ωrow,r(τ1)yr. (285)

These definitions give (156). Equation (284) sums all uses of a witness coordinate. It therefore remains valid
when two row families read overlapping witness coordinates under different native dimensions.

Verifier evaluation at the sum-check point. The prover may enumerate the coefficient vector in (284) directly.
A succinct verifier instead needs its multilinear extension only at the final sum-check point rx. For one
occurrence (r, c), define its exact equality weights by

er,c,rx(j) := ẽq
(
rx, addrr,c(j)

)
, j ∈ [dr]. (286)

Here, as elsewhere in the paper, ẽq(rx, u) with an integer second argument means the equality polynomial
evaluated at the µ′-bit encoding of address u. This definition uses the witness address map and does not
assume that the native window starts at zero or occupies a global tensor coordinate.

Transposing the sum in (153) once more moves these equality weights onto the public coefficients of A.
For any sequence e = (e0, . . . , ed−1) ∈ Ed, define the transposed residue kernel

κ(d),⊤e,α (k) :=

d−1∑
j=0

ej(−1)⌊(k+j)/d⌋α(k+j) mod d. (287)

The desired MLE contribution is then

d−1∑
j=0

ejκ
(d)
A,α(j) =

d−1∑
k=0

akκ
(d),⊤
e,α (k). (288)

The terminal kernel obeys the same wraparound recurrence:

κ(d),⊤e,α (0) =

d−1∑
j=0

ejα
j , (289)

κ(d),⊤e,α (k + 1) = ακ(d),⊤e,α (k)− (αd + 1)ed−1−k, k ∈ [d− 1]. (290)

The proof is Lemma B.1 with the two coefficient sums exchanged. The verifier prepares one such kernel
for each distinct native address geometry and takes a dot product against every public multiplier with that
geometry. This is the quotient-free analogue of the power tensor α̃ in (52).

B.2 Opening, Range, and Norm Weights

We now apply the structured evaluator to the opening, range, and norm checks. Each application specifies
the logical weights, the witness address, and the domain included in the sum. Once those are fixed, the
algorithms of Appendix A determine the verifier’s work without expanding the corresponding witness-sized
vector of weights.
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Opening rows. For direct coefficient packing, the public factors are those of (130). We place them at the actual
addresses of the opening digits before evaluating their multilinear extension. Let oe be the first flat coefficient
of the opening-digit interval and write se = kdcar/dD. Split the packed coefficient index as j+dcart = dDv+u,
with u ∈ [dD]. The native-block order of Section 5.4 gives

addre(i, ℓ, t, j) := oe +
(
(ise + v)δopen + ℓ

)
dD + u. (291)

The relation sum-check uses the multilinear extension of this row. At its final point rx, the verifier needs
only

ω̃dir(rx) =
∑
i,ℓ,t,j

ωdir(i, ℓ, t, j) ẽq
(
rx, addre(i, ℓ, t, j)

)
. (292)

All weights in this sum are public. When the opening-digit interval is bit-aligned with power-of-two digit
depth, the equality weight factors along the block, native-subcolumn, digit, and native-coefficient axes.
Otherwise the offset-equality evaluation of Proposition A.4 accounts for the carries in the address formula.
This lets the verifier evaluate the row at rx without constructing its Bδopenkdcar entries.

Evaluation-trace weights. Let τν := Tρpack
(Xν) for 0 ≤ ν < dA, with the functional of Section 7.1. Recompo-

sition gives the logical row

ωTr(i, ℓ, ν) = θẽq(ρblk, i)b
ℓ
opτν .

Here θ is the checked tensor-reduction scale; take θ = 1 for an unscaled claim. This row is placed at the
opening-digit addresses and is zero elsewhere. Its coefficient factors τν depend on the opening point and
packing, but not on the block index or witness.

First suppose the opening interval is bit-aligned, B is a power of two, and the digit axis of each native
block is padded from depth δopen to ∆ = 2⌈log2 δopen⌉ with zero weights. Its witness address bits consist
of a fixed interval tag, block index, native subcolumn, digit index, and native coefficient. Split the query
point r accordingly and collect the subcolumn and native-coefficient coordinates into rcoef , in the order of ν.
Separating the factors gives

ω̃Tr(r) = θẽq(rtag, tag)ẽq(ρblk, rblk)D(rdigit)C(rcoef),

D(s) :=
∑

ℓ<δopen

bℓopẽq(s, ℓ), C(t) :=
∑
ν<dA

τν ẽq(t, ν). (293)

In particular, the block factor follows from∑
i∈{0,1}log B

ẽq(ρblk, i)ẽq(rblk, i) =
∏
j

(
(1− ρblk,j)(1− rblk,j) + ρblk,jrblk,j

)
= ẽq(ρblk, rblk).

Thus no iteration over blocks is needed. After computing τ within one ring, the verifier evaluates the tag and
block factors in O(log |w′|) field operations. Generating the Boolean equality tables recursively evaluates
D and C in O(δopen + dA) operations, including zero padding to ∆ < 2δopen. This proves the claimed
O(log |w′|+ δopen + dA) evaluation cost for this layout; the ring-local preprocessing is independent of B.

Actual witness intervals may be shifted, block ranges truncated, and digit axes stored without power-of-
two padding. The simple product above then need not hold. Use the actual witness address map instead:

ω̃Tr(r) = θ
∑
i,ℓ,ν

ẽq(ρblk, i)b
ℓ
opτν ẽq(r, addre(i, ℓ, ν)).

The logical block weight and equality weight at the witness address give the paired form (267). Contract
the coefficient traces within their native ring dimension, then apply the affine or paired carry calculation
of Appendix A to the remaining block, lane, and digit coordinates. Separate witness intervals contribute
additively, with their own offsets and block ranges.
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Restricted equality and response norm weights. For the binary support Ibin of Section 6.1, the required weight
is ∑

i∈Ibin

ẽq(s, i)ẽq(r, i).

Represent each disjoint interval [o, o + L) included in the sum by one logical coordinate x ∈ [L] and the
two maps AL(x) = AR(x) = o + x. Its contribution is a paired affine contraction with unit logical weights.
Sum the interval contributions. This evaluates the multilinear extension of the pointwise product on Boolean
addresses; multiplying the separate multilinear extensions of the support indicator and the equality weights
would give a different polynomial.

The norm-linking identities in Section 6.2 have the same form with different maps. One address identifies
a coefficient of a reconstructed response or one of its digit planes; the other identifies the corresponding
committed witness cell. Recomposition powers supply the digit factors. The paired recurrence contracts
these maps, while the intervals determine which response cells participate. Thus the cost is controlled by the
factor descriptions, intervals, and carry states, rather than by the size of the padded witness domain.

B.3 Factored Blocks in the Relation

Each factored block in Figure 6 uses its native address map from Section 5.4, including its segment offset.
For example, a block with dimension d, width s, digit depth δ, and offset o has address A(j, y, u, k) =
o+dδsj+dδy+du+k. The coefficient lane k changes first; consecutive digit planes have stride d. We contract
these factors using the separate-stride and several-address-map extensions of Appendix A.4, retaining all four
coordinates. The scalar consecutive-digit map (270) is only the d = 1 specialization.

Coefficient packing uses the following factors.
– On ê, the carrier-consistency weight for cell (i, ℓ, t, j) is

ci(α)βt b
ℓ
op α

j .

The challenge evaluation is shared across all k coordinate planes.
– On ẑ, the carrier row uses the direct contraction: the public factors are the position weight ẽq(rpos, x), the

low-coefficient weight ẽq(rpack, a), the carrier power α
j , and the two gadget digits, with ambient coefficient

address a+ khj.
– On t̂, ambient row r uses ci(α

kh) together with the A-row selector and the opening gadget digit. This
block cannot reuse ci(α) from the carrier row.

– The direct scalar row on ê uses

ẽq(rblk, i)βt ẽq(rtail, j) b
ℓ
op

and is evaluated by (292).
– On the quotient-lift route, a carrier quotient cell in coordinate plane t and carrier position j has basis-

and-power factor βtα
j , scaled by −(αdcar + 1) and its quotient gadget digit. Every other quotient family

uses its own native power and −(αd + 1).
– On the quotient-free route, these quotient factors are absent. The corresponding cells instead use the

public transpose-convolution weights of Section 7.3. This formula completes the common evaluator; the
admitted schedule family invokes it only after the switch to evaluation trace, never at a coefficient-packing
fold (Definition 9.2).
Evaluation trace replaces the coefficient-packing factors as follows. On opening cell (i, ℓ, ν), the fold-

evaluation weight is ci(α)b
ℓ
opα

ν . The response side uses the ordinary evaluation-trace opening vector a(α),

and the A row on t̂ uses the same ci(α). The scalar row uses ωTr(i, ℓ, ν) from (135). For group g, multiply the
unscaled scalar-row weights ωTr,g by the public scalar ϑg,cθg from (137). Here θg includes the group’s tensor
accumulator at its native prefix and the equality factor on any extra variables in the shared reduction; it is
one for the identity reduction. On the quotient-lift route, the evaluation-trace fold quotient uses the ambient
modulus factor −(αdA + 1).

On the quotient-free route, the same public multipliers act through the residue kernels of (152), not
through their ordinary evaluations followed by a common α-power. At the final sum-check point, the verifier
contracts each native coefficient occurrence with its exact equality sequence from (286) and uses (288). There
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is no additional common α̃ factor: the terminal residue kernel already contains the complete coefficient-
coordinate contraction.

The compression rows use the same procedure for their gadget and ring-reduction terms, restricted to the
scheduled digit intervals. Their matrix terms use directly evaluated F/H matrices, with matrix evaluations
shared across identical shapes. These smaller maps remain local to the verifier, including at an offloaded
level. They do not enter the combined A/B/D scan described next.

B.4 Shared Setup Views and Offloaded Weights

The setup blocks are different in kind: a matrix coefficient is sampled from the shared setup rather than
assembled from small public factors. Let Msetup index the active instances of A, B, and D. The F/H
compression matrices are evaluated separately. An instance I ∈Msetup has shape (nI ,mI , dI) and reads the
flat prefix of length nImIdI . Write Nactive := maxI∈Msetup nImIdI for the longest of these prefixes. A single
setup coefficient can be used by several matrix instances, so we first identify its position in each view. For a
flat index p in instance I’s prefix, define

rowI(p) :=

⌊
p

mIdI

⌋
, colI(p) :=

⌊
p mod (mIdI)

dI

⌋
, coefI(p) := p mod dI .

Thus the same flat coefficient can acquire different monomial or residue weights in views with different ring
dimensions. No global setup ring dimension is used.

To combine the views, we add their weights at each flat index p. Multiplying the resulting weight ω̄(p) by
Sp accounts for all uses of that coefficient. Both reduction routes give the inner product (161). The coefficient
weight ω̄(p) depends on the selected reduction. For quotient lifting, it is

ω̄ql(p) :=
∑

I∈Msetup

p<nImIdI

ΩI(p)α
coefI(p), (294)

where ΩI(p) contains the row-batching weight at rowI(p) and the structured witness-column weight at
colI(p).

For quotient-free checking, a coefficient can contribute through several witness windows even within one
matrix view. In particular, the same B matrix is used for several logical slices, each with its own witness
interval and public weight. The A and D maps are unsliced. We must include each use with the equality
weights of its own window.

Let OccI(p) index the logical row-and-witness-window occurrences in which coefficient p of view I par-
ticipates. For an occurrence ν ∈ OccI(p), let eI,ν,rx be the exact equality sequence of (286), and let ΩI,ν(p)
contain all public row, gadget, slice, and projection factors other than the native coefficient functional. The
quotient-free weight is

ω̄qf(p) :=
∑

I∈Msetup

p<nImIdI

∑
ν∈OccI(p)

ΩI,ν(p)κ
(dI),⊤
eI,ν,rx ,α

(
coefI(p)

)
. (295)

This is (288) applied to every matrix inMsetup. For B, the occurrence sum includes the logical slices whose
interval before padding contains the column; padding contributes zero. The combined weight accounts for
overlapping setup views and lets the verifier scan only their longest prefix.

For shared slices, the underlying linearity is already visible in the ring rows. If βs,r weights logical row
(s, r), their combined B contribution is

∑
r∈[nB ]

∑
c∈[mB ]

Br,c

 ∑
s∈[SB ]

βs,rxB,s,c

 . (296)

At the final sum-check point, the corresponding public weights are combined in the same way, with the
coefficient functional selected by the reduction route as above.
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There is still work to do before multiplying by each setup coefficient: the verifier must compute its
combined weight. For B, explicitly listing every combination of a slice and a column could make this work
expensive. We therefore contract the slice weights using their structured addresses.

For an unsliced matrix, Proposition A.4 computes column weights in amortized constant field work per
column for fixed digit counts, after preparing the local equality weights. For a sliced matrix, the slice number,
its exact interval, and the consecutive-digit address form one additional structured factor. The evaluator of
Appendix A contracts these factors with the same carry state. A direct fallback costs O(SB) field operations
per matrix entry; the structured route has the exact transition cost of Theorem A.2.

The Setup Weight after Offloading At the end of setup offloading, the verifier must evaluate ω̃setup(ρS)
(Section 9.2). Expand this public weight by its logical matrix contributions. A typical family has the form

∑
x

(∏
t

ut(xt)

)
ẽq(ρS , Asetup(x))ẽq(rx, Awitness(x)).

Here x ranges over the row, column, digit, and projection-lane coordinates included in the sum. The first map
locates a flat setup coefficient; the second locates the witness coordinate whose public weight multiplies it.
The factors include row-batching weights and the ring-reduction powers. This is a paired affine contraction.
Native coefficient bits that align with every contribution can be factored off first; differing ring dimensions
leave additional lane coordinates with geometric weights.

For sliced B, intersect each logical slice with the relevant interval of source blocks and use the resulting
offset and length. Several slices can refer to the same matrix coefficient, so their contributions add. The A
and D families are unsliced. Summing these families evaluates the public setup weight without reading the
setup coefficients. The setup value itself is authenticated by the carried opening; no evaluator here assumes
that the pseudorandom setup entries have a small tensor description.

The constant-root analysis in Section 9.4 uses these bounds with controlled factor descriptions and
address states. In particular, long equality factors should be supplied through their bit products, whereas
folding challenges supplied explicitly are charged by their vector length. For concrete parameters, the verifier
can choose between an aligned factorization, a carry contraction, and direct evaluation of a small factor,
accounting in each case for both preparation and contraction.

C SIS Security Estimation

Akita sizes every matrix through the Module-SIS problem of Definition 3.6. This appendix explains the
hardness target, how we estimate attack costs, and how the planner uses those estimates to choose module
ranks.

Hardness target. We estimate the cost of attacking each concrete Module-SIS instance using the ADPS16
model. For a lattice-reduction block size β, this model assigns the quantum attack cost 20.2650β . The estimator
searches over the attack parameters and reports the cheapest attack it finds. For the concrete parameter
family studied here, we require every Module-SIS instance to have estimated quantum ADPS16 attack cost at
least 2128. This common per-instance floor applies to outer commitments Bj , opening commitments Dbatch,
inner commitments A, and every compression map Fi,Hi.

The security proof must still compose these instance-wise assumptions. Let cI denote the estimated
quantum attack cost, in bits, of instance I. For a public policy P with accepted schedule family SP , we
report the combined estimate

λfam := − log2

(∑
I∈IP

2−cI

)
, (297)

where IP contains each distinct shared-prefix matrix instance induced by that family, as in Corollary 10.12.
Under the quantum ADPS16 Core-SVP model, the direct audit reported in the artifact gives λfam > 125
bits of quantum security; every fixed schedule is stronger, with the weakest audited schedule exceeding 127
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quantum bits [62]. We state the lower 125-bit quantum figure because it also covers an adversary that chooses
a schedule from that entire public family after seeing the shared setup.

We do not regard the gap between 128 quantum bits per instance and 125 bits of family-wide quantum
security as a security concern. The quantum ADPS16 Core-SVP model is already conservative: it gives the
attacker the idealized quantum shortest-vector cost and omits the surrounding cost of carrying out BKZ. The
union bound is conservative in a different direction. It adds the modeled advantages of many heterogeneous
matrix instances, but it neither constructs nor corresponds to a single attack that amortizes work across
those instances. Thus the family-wide loss is proof-level accounting, not evidence of a 2125-work quantum
attack on Akita.

The inventory is not a claim that every level has every matrix. In particular, the Akita terminal uses
a predecessor-bound inner t state and induces its terminal A collision instance; it has no B, D, F, or H
row. For comparison, ADPS16 assigns the classical attack cost 20.2920β ; at a 128-bit quantum floor this is
about 2141, the same per-instance floor expressed in classical terms rather than a separate acceptance rule.
Coefficient-ℓ∞ instances use the direct infinity-norm attack equations with LGSA for the reduced-basis shape.
Here LGSA is the L-shaped geometric-series-assumption profile of simulator.LGSA in lattice-estimator:
basis rerandomization removes the initial q-vector plateau. ZGSA is the corresponding Z-shaped profile
of simulator.ZGSA, which allows that plateau. Our Rust implementations use the SIS settings xi=1 and
tau=False, with the profile corrections described below [62]. Euclidean instances use the Euclidean attack
equations, but retain the same quantum ADPS16 cost model and the same 128-bit per-instance floor for this
parameter family. The norm choice is part of the instance supplied by the reduction, not an estimator-side
conversion.

From a lattice problem to a bit-security estimate. A generic attack on an SIS instance searches for a nonzero
short vector in the associated q-ary lattice. In practice, the attacker first runs BKZ to improve the basis. Its
main parameter is the block size β: a larger block lets BKZ find shorter vectors, but requires solving a harder
shortest-vector problem inside each block. An estimator must therefore answer two different questions. It
first predicts how large β must be before the desired collision becomes visible in the reduced basis. It then
predicts how much work an attacker pays for reduction at that block size.

The first prediction depends on the collision norm and on the simulated shape of the reduced basis.
The second is the reduction-cost model. ADPS16, BDGL16, and MATZOV are three answers to this second
question. None changes the SIS problem or the short vector that breaks binding; they change what work
is counted after the estimator has determined β. Thus, “128 bits” does not mean that a theorem forces
every attack to perform exactly 2128 machine instructions. It means that the cheapest attack found by the
estimator costs at least 2128 work units under the stated basis-shape and reduction-cost models.

At a high level, ADPS16 prices only the hardest shortest-vector call inside BKZ; BDGL16 prices a classical
BKZ run assembled from many such calls; and MATZOV gives a more detailed classical gate-count model
for a progressively stronger sequence of reductions. In the high-block-size regime relevant here, the resulting
estimates usually satisfy

quantum ADPS16 < classical ADPS16

< classical MATZOV < classical BDGL16.

The first inequality reflects the assumed quantum speedup. After that, moving to the right charges the
classical attacker for more of the computation around the shortest-vector call. Neither change makes the
underlying SIS instance harder.

ADPS16: the Core-SVP convention. ADPS16 uses the simplest accounting. It treats the dominant work in
BKZ as one shortest-vector computation in dimension β, and maps β directly to an attack cost. The classical
convention assigns 20.2920β work and the quantum convention assigns 20.2650β work [5]. These formulas
intentionally suppress the cost of preparing the basis, invoking the shortest-vector routine many times during
BKZ, and managing the required memory. The output is therefore a Core-SVP yardstick, not a gate count,
running time, or estimate of the number of physical qubits.

We use the quantum ADPS16 convention because it gives a simple post-quantum target and does not
credit Akita with the extra cost of a particular classical BKZ implementation. A newer asymptotic quantum
sieve reduces the idealized SVP exponent from 0.2650 to 0.2563 by reusing a large quantum state across
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many collision searches [21]. We do not use this as the hard production gate because its transfer to an end-
to-end BKZ attack requires strong assumptions about reusable quantum memory and repeated sieving. We
did nonetheless test it as a sensitivity model: an independently optimized sweep found no accepted ADPS16
row below the corresponding rescaled review line.13

BDGL16: classical BKZ accounting. BDGL16 begins from a classical lattice sieve, an exponential-time algo-
rithm that stores many lattice vectors and searches for combinations that produce shorter ones. Its asymptotic
shortest-vector cost is again approximately 20.292β [14]. The implementation in lattice-estimator, how-
ever, does not report only this exponent. It adds a concrete offset for the sieve, the cost of an initial LLL
basis-reduction pass, and an estimate of how many shortest-vector calls BKZ makes. In the common regime
β < d, where d is the lattice dimension, the last factor is modeled as 8d calls. This makes BDGL16 a more
detailed classical estimate, but still not a measured running time or a complete implementation cost. By
counting work that Core-SVP deliberately omits, it also gives the defender a larger security estimate.

MATZOV: a progressive-sieving cost model. The MATZOV report develops an improved dual attack on LWE
and refines the estimated classical cost of lattice sieving [74]. When lattice-estimator uses “MATZOV”
as a reduction-cost model for SIS, it uses the latter refinement; it is not running the report’s full LWE attack.
This model prices a progressive BKZ computation, in which the attacker pays for the sequence of increasingly
strong reductions rather than one abstract shortest-vector call. It also models the effective dimension of the
final sieve and assigns gate counts to the nearest-neighbor and list-decoding subroutines that search for
lattice vectors likely to cancel. Its output therefore depends on both β and the ambient lattice dimension, as
well as on the selected classical nearest-neighbor backend. In particular, MATZOV credits the attacker with
“dimensions for free”: it prices the final sieve in an effective dimension below β. This credit usually makes
MATZOV cheaper than BDGL16, while its progressive-BKZ accounting keeps it more expensive than the
single-call ADPS16 convention. There is no single MATZOV exponent that can be substituted for 0.2650 or
0.2920.

Comparison of reduction-cost models. The ordering above is not a theorem for every β and d. ADPS16
depends only on β, whereas MATZOV and BDGL16 also depend on the ambient lattice dimension, and their
estimates can cross at small block sizes. At the common reference point β = 500 and d = 1024, however, the
current lattice-estimator formulas report 132.5 bits for quantum ADPS16, 146.0 for classical ADPS16,
169.7 for classical MATZOV, and 175.4 for classical BDGL16 [4,5,14,74]. MATZOV obtains its middle value
by pricing a progressive BKZ run while reducing the effective sieve dimension from 500 to about 457.4. These
numbers compare only the reduction-cost models: they fix both the SIS instance and the required block size.

End-to-end estimates can disagree one step earlier. A basis-shape model such as GSA or LGSA can predict
a different required block size β for the same SIS instance; ADPS16, BDGL16, or MATZOV then assigns
a cost to that β. RoKoKo’s released estimator uses GSA followed by classical MATZOV accounting. The
Orthus comparison reports both classical ADPS16 and BDGL16, while Akita’s production gate uses LGSA
followed by quantum ADPS16 [4,74,5,14]. These are different lenses, so their reported bit counts should not
be read as if they measured the same unit of work.

The scope is narrower still. Akita scalarizes a module matrix of ring dimension d to ordinary SIS di-
mensions nsc = nd and msc = md. None of the models above prices attacks that exploit the ring or module
structure, CRT decompositions, subfield projections, or role-specific structure in Akita’s matrices. We there-
fore record each artifact’s native security lens and any normalization separately in Section 13. A different
estimator is not by itself an implementation error: Appendix F concerns mismatches between the relation
claimed by a protocol and the one enforced by its implementation.

Estimator interface. Each candidate matrix induces an instanceMSIS
(p)
q,d(n,m, η) for p ∈ {2,∞}. The schedule

fixes the field modulus q, ring dimension d, matrix shape (n,m), norm p, and collision bound η. Offline table
generation scalarizes this tuple and passes it to our standalone Rust estimator, developed following the
methodology and Python/Sage implementation of the public lattice-estimator, with matching formulas
where the two models agree [4,62]. The generator then searches for the cheapest attack under the fixed norm,
shape, and reduction-cost model and records the smallest rank that reaches the required floor.

13 The model comparison, assumptions, and sweep are recorded in Akita’s SIS policy specification [62].
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The Rust implementation achieves a speedup of approximately three orders of magnitude over the
Python/Sage version, making a complete sweep over the thousands of cells in each production profile practi-
cal. This speedup does not replace validation of the estimates. We retain immutable Sage outputs for trusted
reference cells and test the Rust implementation against them. Where the reference implementation is not
sound for Akita’s parameter range, our estimator deliberately defines a corrected revision. The documented
corrections include the centered Gaussian mass at tiny probabilities, the active dimension after the attacker
removes coordinates, the valid domain for tall q-ary lattices, and determinant preservation for unbalanced
ZGSA profiles. Production LGSA rows also include the ordinary Euclidean attack when it applies and cer-
tify every computed boundary under the complete supported search domain. The estimator revision and
generated-table digest bind these choices; agreement with a faster but uncertified local-minimum search is
not sufficient.

Norms and collision buckets. The collision norm η is read from the fold reduction in Section 10, which
covers both single- and multi-instance folds. At a packing fold, the A bound uses the certified challenge-
subring challenge and its embedding into the A ring. At an evaluation-trace fold, it uses the certified full-ring
challenge. The tensor-reduction prefix contributes to the Fiat–Shamir error budget, but it does not create
another matrix or let the estimator reuse a packing challenge bound for an evaluation-trace instance. For the
B andD matrices, the transcript-difference bound is η = b−1 on the certified balanced base-b alphabet of the
level that range-checks the digits (Remark 10.16); the honest digits are base-b1 with b1 ≤ b. For a coefficient-
ℓ∞ A matrix, the bound is 2κ̄1β̄∞, with κ̄1 ≤ 2ω and β̄∞ the certified fold-response-difference envelope of
Theorem 10.23. For a Euclidean A matrix, the reduction supplies one of the three bounds in (206). A raw
challenge operator bound Γ and a folded-response norm certificate ∥z∥22 ≤ S give the squared collision bound
η2A = 64Γ 2S. The same formula may use the ℓ1 challenge radius, or it may reverse multiplication and use
the ℓ2 challenge radius with the response multiplication-operator norm. These are three bounds on the same
kernel vector, so the planner may select any independently certified one.

All response quantities in these formulas are norms of centered ring coefficients. The logical-to-ring
embedding factor is applied only when the certified source quantity is stated before packing, and is never
applied again to a folded response or its reconstructed base-field digit planes.

Euclidean table units and lookup. For an A matrix of module rank r, ring dimension d, and input width mA,
the Euclidean estimator receives the scalar dimensions

nsc = rd, msc = mAd, Lsc =
√
C2, (298)

where C2 is the squared norm bound for the complete scalar collision vector. For the response-norm route,
C2 = 64Γ 2Smax by Corollary 10.26. The bound Smax already sums the squares of all mAd input coefficients.
The input width therefore appears only in msc. Multiplying C2 by mA or d would count those coordinates
twice.

The shipped Euclidean table is keyed by the squared quantity C2, not by its square root. Given a raw
bound C2 > 0, lookup uses the least supported power-of-two bucket Ĉ2 ≥ C2. For each modulus profile,
ring dimension, module rank, and bucket, a row records the largest supported ring width mA. The planner
chooses the first rank whose recorded width is at least the requestedmA. The upward bucket is sound because

it asks the estimator to secure the larger radius

√
Ĉ2. If the table has no supported bucket, dimension, or

rank, the Euclidean route is unavailable and the planner must retain another certified route.

Table generation. For coefficient-ℓ∞ instances, offline generation computes scalar cutoffs

(modulus profile, η, nsc) 7−→ maxmsc.

The generator expands the matrix roles into every reachable ring dimension, collision bound, and rank,
then deduplicates cells that induce the same scalar instance. For each computed cutoff it records both the
accepted boundary and its immediate rejected successor. The compact runtime projection is keyed by the
policy, modulus profile, matrix role, ring dimension, and collision bound; for each rank it returns the largest
supported ring width. The separate Euclidean table stores maximum-width rows keyed by (q, d, r, Ĉ2), using
the scalar conversion in (298).
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Commitment compression (Section 4.5) adds one query per map of each two-stage pair. Each map is
priced at its native ring dimension as MSISq,dj (nj ,mj , 1), where mj counts ring elements in its complete
binary digit vector, including padding. The fused binary constraint covers every coefficient of that vector,
so two accepted openings differ coefficientwise by at most one. Both maps must meet the selected security
target; the concrete rank-one choices appear in Table 5. The original B,D matrices retain their own MSIS
floors, since the extraction of Lemma 4.3 still walks through them.

Concrete compression estimates. For the two-stage parameters of Table 5, we estimate each map at coefficient
collision bound one. At the maximum source size of 8 KiB, the first-stage ring widths are 1024, 2048, and 4096
over the respective 32-, 64-, and 128-bit moduli in that table. Scalarization gives 65536 input coordinates in
each case, with output dimensions 64, 32, and 16, respectively. The second-stage instances have 2048 input
coordinates and output dimensions 32, 16, and 8. Exhaustive search over the block size and the effective
lattice dimension, using the LGSA basis-shape model and quantum ADPS16 Core-SVP cost, gives 147.34 bits
for each first-stage instance and 153.17 bits for each second-stage instance. The minimizing block sizes are 556
and 578, respectively, yielding these costs through 0.2650β. Smaller supported source images use prefixes of
the same first-stage maps; zero-padding a collision embeds it into the maximum-width instance. Thus every
compression instance in this parameter family has at least 147 bits of estimated quantum security under
this model. These estimates concern the individual compression maps; they enter the combined accounting
in (297) alongside the other commitment instances.

Using the estimates in parameter selection. The planner uses these estimates to select candidate ranks.
Independent schedule validation checks the resulting instances and their combined accounting before the
parameters are used for proving and verification (Section 12.5). Concrete tables and their generation rules
are documented with the parameter-selection artifact [62,61].

Table 11: Inputs and output of the Module-SIS security table.

Parameter Type Meaning

q Input Field modulus
d Input Ring dimension
m Input Matrix column count
p Input Collision norm, 2 or ∞
η Input Certified collision norm

n Output Least module rank meeting the security floor

D Certifying Operator-Norm Challenge Filters

Akita uses operator-norm rejection sampling for sparse folding challenges in some Euclidean security pro-
files. This requires two guarantees. First, the integer predicate replayed by the verifier must never accept a
challenge whose true multiplication norm exceeds the configured threshold. Second, its accepted set must
remain large enough for the security analysis. We prove these properties separately. The first follows from a
fixed-point enclosure of every spectral value. The second follows from exact spectral moments and a rational
polynomial tail certificate.

Comparison with PikkuFold. PikkuFold [82, Section 5] studies the same operator-norm rejection idea, follow-
ing the sketch in LaBRADOR [16]. Its Lemma 18 constructs bounded fixed-weight challenge families whose
pairwise differences are invertible under the stated LS18 hypotheses. Its Lemma 19 proves that rejection
preserves this property, gives a uniform distribution on the accepted set, and trades acceptance probability
p against an expected trial count of 1/p and a loss of − log2 p bits of cardinality. The concrete thresholds
and acceptance rates in its Table 3 are calibrated and validated empirically. Here we supply two further
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certificates for specified challenge families: an exact arithmetic test that never exceeds the operator-norm
threshold, and a proved lower bound on the number of challenges that pass that test. Our mixed-magnitude
shell fixes the number of coefficients of each magnitude; it is a fixed-composition subset of PikkuFold’s
bounded fixed-weight family.

D.1 A Deterministic Fixed-Point Predicate

Let d ≥ 4 be a power of two and set R = Z[X]/(Xd +1). Let Mc denote negacyclic multiplication by c ∈ R.
Evaluation at the odd 2d-th roots of unity diagonalizes Mc, so

ρ(c) := ∥Mc∥2→2 = max
0≤k<d

|c(ζk)|, ζk = e(2k+1)πi/d. (299)

Since c has real coefficients, conjugate frequencies have equal magnitudes, so it suffices to check one frequency
from each of the d/2 pairs.

Fix an integer precision ν ≥ 0 and a scale ∆ = 2ν . Choose signed integer tables C[t] and S[t] for
0 ≤ t < 2d, with a common nonnegative integer error bound ε, satisfying

|C[t]−∆ cos(πt/d)| ≤ ε, |S[t]−∆ sin(πt/d)| ≤ ε.

The bounds are obtained by interval arithmetic: Machin’s identity gives a rational enclosure of π, octant
reduction moves every angle to [0, π/4], alternating Taylor series enclose sine and cosine, and the final
conversion to scale ∆ rounds outward. Thus the table entries and their error bounds can be verified using
exact rational and integer arithmetic.

For each frequency, define the exact accumulators

Rk :=
∑
j

cjC[(2k + 1)j mod 2d], Ik :=
∑
j

cjS[(2k + 1)j mod 2d].

If L = ∥c∥1 and r = Lε, the coordinate errors are at most r. It follows that

∆2|c(ζk)|2 ≤ Uk := R2
k + I2k + 2(|Rk|+ |Ik|)r + 2r2. (300)

For a positive rational threshold T , the fixed-point predicate accepts exactly when Uk ≤ T 2∆2 for one
frequency from each conjugate pair. Clearing the denominator of T makes this an integer comparison. Write
CfpT for the resulting subset of the raw shell C0.

The same enclosure also identifies a true-norm subset that is certainly accepted. Choose a nonnegative
integer h with

h2 > 8r2, h < ∆T, τT := T − h

∆
. (301)

For a fixed shell, L and hence r are constant; the second condition ensures τT > 0.

Theorem D.1 (Fixed-point sandwich). The fixed-point predicate satisfies

{c ∈ C0 : ρ(c) < τT } ⊆ CfpT ⊆ {c ∈ C0 : ρ(c) ≤ T}. (302)

Proof. The right inclusion follows directly from (300). For the left inclusion, let vk = ∆(Re c(ζk), Im c(ζk)).
Each coordinate of (Rk, Ik) differs from vk by at most r. Since Uk = (|Rk|+r)2+(|Ik|+r)2, two applications
of the triangle inequality give √

Uk ≤ ∥vk∥2 + 2
√
2 r < ∆τT + h = ∆T.

Thus every challenge in the left-hand set passes at every frequency.

The first inclusion is used only to lower-bound the accepted cardinality. The second is the security
property used when Akita replaces the general bound ρ(c) ≤ ∥c∥1 by the smaller threshold T .
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D.2 An Exact Accepted-Support Certificate

Let a, b be nonnegative integers with 1 ≤ a + b ≤ d. Choose uniformly a shell element with exactly a
coefficients of magnitude one and b of magnitude two, with independent uniform signs. Writing w = a + b,
its raw cardinality is

Nraw =

(
d

w

)(
w

b

)
2w. (303)

For one frequency, let X := |c(ζk)|2. All d/2 representative spectral magnitudes have the same marginal
distribution, although they need not be independent: for power-of-two d, every odd integer is invertible
modulo 2d, so changing the odd frequency acts on the shell by a signed permutation of coefficient positions.
Also 0 ≤ X ≤ B := ∥c∥21.

Exact moments. The certificate records Mm := E[Xm] for 0 ≤ m ≤ 30. These moments follow from an exact
coefficient identity. With α = eπi/d and Nsupp = d!/(a!b!(d− a− b)!), sign averaging and support extraction
give

Mm =
(m!)2

Nsupp
[smtmuavb]

d−1∏
j=0

(
1 + u cosh(sαj + tα−j) + v cosh(2sαj + 2tα−j)

)
. (304)

The unnormalized moment Nm := NsuppMm is a nonnegative integer. Indeed, sign averaging leaves only even
powers of each signed coefficient, so Nm is an algebraic integer; invariance under the signed permutations
above makes it fixed by every cyclotomic automorphism, hence rational. The bound on X gives 0 ≤ Nm ≤
NsuppB

m. We compute Nm modulo primes p > max(d, 60) satisfying p ≡ 1 (mod 2d), representing α by an
exact primitive 2d-th root of unity. The Chinese remainder theorem recovers every Nm uniquely once the
product of reconstruction primes exceeds NsuppB

30. Dividing by Nsupp yields the exact rational moments. An
additional prime supplies an independent residue check.

A rational tail majorant. Let Q be a rational polynomial of degree at most 30 satisfying

Q(x) ≥ 0 on [0, B], Q(x) ≥ 1 on [τ2T , B]. (305)

Then 1{X≥τ2
T } ≤ Q(X) pointwise. If Q(x) =

∑
i qix

i, its marginal tail is therefore bounded by the exact
rational number

Pr[X ≥ τ2T ] ≤ q⋆1 := E[Q(X)] =
∑
i

qiMi. (306)

We search numerically for a polynomial and then round it to rational coefficients. Numerical optimality is
not part of the proof: any rational Q satisfying (305) gives a valid certificate.

The two inequalities in (305) are checked by exact polynomial arithmetic. One checker subdivides the
intervals and proves that every Bernstein coefficient is nonnegative. The other uses a rational Sturm sequence
to prove that the relevant polynomial has no root in the interval and checks a positive endpoint. A successful
check proves the required pointwise inequalities over the full real intervals without floating point. These
are sufficient certificate tests; a valid nonnegative polynomial with a zero need not pass the strict-positivity
Sturm test just described.

Theorem D.2 (Accepted-support floor). For a polynomial Q satisfying (305),

Pr[ρ(c) < τT ] ≥ p0 := 1− d

2
q⋆1 . (307)

Consequently, |CfpT | ≥ Nrawp0. When p0 > 0, independent uniform sampling from C0 until the fixed-point

predicate accepts takes at most 1/p0 trials in expectation and returns a uniform element of CfpT .

Proof. The complement of {ρ(c) < τT } is the union, over the d/2 representative frequencies, of the events
{Xk ≥ τ2T }. Each event has probability at most q⋆1 by (306), so a union bound proves (307). The cardinality
claim follows from the left inclusion in (302) and uniformity of the raw shell. The trial count is geometric
with success probability at least p0, and all accepted elements have the same probability at each draw.
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D.3 Concrete Certificates

We take ν = 48 and the conservative error bound ε = 4 for both concrete dimensions. The trigonometric
table construction certifies this error bound; the spectral-moment and polynomial certificates then use it
to establish the containment margin and accepted-support floor. The resulting certificates are summarized
below. The decimals are rounded displays of exact rational probabilities and their logarithms; the support
claims are checked by the rational inequality Nrawp0 ≥ 2128.

Table 12: Certified operator-norm challenge filters.

d shell (a, b) T h q⋆1 p0 log2(Nrawp0)

64 (31, 11) 18 600 0.02390904 0.23491065 128.062439
128 (31, 0) 13 351 0.00812072 0.48027391 128.563317

For d = 64, the shell has ∥c∥1 = 53, so r = 212 and τT = 18 − 600/248. The degree-30 polynomial is
certified by exact Bernstein positivity on 80 rational subdivisions of [0, 2809] and [τ2T , 2809]. For d = 128, the
shell has ∥c∥1 = 31, so r = 124 and τT = 13− 351/248. Exact Sturm sequences certify positivity on [0, 961]
and [τ2T , 961]; an independent 4096-subinterval Bernstein replay gives the same result.

The ancillary certificate data record the exact moment vectors, rational polynomial coefficients, and
modular residues used in these calculations [62]. These certificates bound the cardinality of a fixed, witness-
independent challenge family. Pairwise differences remain invertible because the filter only removes elements
from the chosen raw family. The cardinality certificates do not by themselves establish a 128-bit schedule:
coordinate-wise extraction losses, Fiat–Shamir queries, response-dependent nonce searches, and the remain-
ing protocol errors are charged separately in Sections 10 and 12.

E Akita in Jolt

Jolt’s PIOP produces evaluation claims about logical columns: instruction and memory addresses, increment
digits, advice, and committed program data. We implement these columns using a small collection of com-
mitment objects. Columns belonging to the execution trace share one prefix-packed polynomial; advice and
committed-program objects retain their own commitments. At the final opening stage, Akita opens all these
objects together, at their respective points, in one heterogeneous batched proof. This appendix describes
that interface and its catalog-based setup-offloading extension. The interface includes multi-point advice
openings and joint proof framing [11]; Appendix I records the exact Jolt and Akita revisions used in the
measurements.

E.1 Committed Polynomials

The packed execution trace. Let T = 2t be the padded execution length and let K = 2a be the one-hot chunk
alphabet. The logical trace columns have a common domain {0, 1}t+a, with coordinates ordered as cycle
followed by address. They include the instruction-address columns, balanced increment digits, signed carry,
bytecode-address columns, and RAM-address columns. The signed carry uses the same sparse layout, with
its sign retained in the nonzero entry. We assign these columns to the first m slots of a fixed power-of-two
capacity C = 2s. Writing Wi for the restriction of the committed multilinear polynomial to slot i, prefix
packing gives

Wtrace(z,x) =

C−1∑
i=0

ẽq(z, bins(i))Wi(x). (308)

Thus one commitment binds all trace columns, and the polynomial’s arity is s+ t+ a.
The current layout uses C = 64 for K = 16 and C = 32 for K = 256. The corresponding Boolean

evaluation vectors have 2t+10 and 2t+13 entries. These are the commitment-domain sizes: the prover con-
structs the commitment from sparse trace data without materializing the zero entries. The layout fixes the
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column order, dimensions, and variable permutation, and binds them through a digest checked against the
commitment and verifier setup.

The honest encoder fills unused slots with zero. Application semantics, however, refer only to the restric-
tions to the used slots W0, . . . ,Wm−1. The extracted polynomial need not be globally zero on unused slots;
the opening reduction below accounts for their contribution directly.

Advice and committed programs. Advice is represented by a separate bounded-dense polynomial of 64-bit
words. Trusted advice is committed during preprocessing. Untrusted advice is committed at the start of
proving, before the trace commitment, and joins the final opening under its own commitment handle. It
is not copied into the trace polynomial. In committed-program mode, each bytecode chunk and the initial
program image likewise form separate bounded-dense commitment objects. A small object can occupy one
used prefix slot in a larger commitment domain to meet the backend’s supported commitment geometry.

Each object has its own logical domain, layout digest, and commit-time parameters. These parameters are
frozen before its eventual opening point is known, as in Section 4.6. Here, precommitted refers to this order
relative to the trace commitment; it does not mean that untrusted advice was known during preprocessing.

E.2 From Column Claims to Commitment Openings

Jolt’s preceding claim reductions arrange that the columns of each committed polynomial are opened at one
common logical point. For the trace, the adapter moves the cycle coordinates before the address coordinates
and checks that the resulting leaf points agree. Different objects can retain different points and arities.

Fix one object W with m used slots in capacity C = 2s. Suppose the logical claims are Wi(r) = yi for
0 ≤ i < m. After binding the layout, r, and all yi to the transcript, the verifier samples a selector ζ ∈ Fs. It
computes the claim on the packed polynomial

W (ζ, r) = ypack, ypack :=

m−1∑
i=0

ẽq(ζ, bins(i)) yi. (309)

This step evaluates public equality weights and introduces no additional product sum-check. For a single-slot
capacity, it is simply the original opening.

Lemma E.1 (Prefix reduction without a padding predicate). Fix a packed multilinear polynomial
W , a logical point r, and claims y0, . . . , ym−1 before sampling a uniform selector ζ ∈ Fs. If Wi(r) ̸= yi for
some used slot i < m, then (309) holds with probability at most s/|F|. No restriction on the unused slots of
W is required.

Proof. The difference between the two sides, as a polynomial in the selector, is

D(z) :=W (z, r)−
m−1∑
i=0

ẽq(z, bins(i)) yi.

It is multilinear in s variables. At the Boolean selector for a false claim with i < m, D(bins(i)) =Wi(r)−yi ̸=
0, so D is nonzero regardless of the unused slots. The polynomial identity bound gives the result.

Consequently, once the PCS binds the packed multilinear polynomial, prefix reduction binds the claimed
evaluations on its used slots with the error in Lemma E.1. For several objects, these conditional algebraic
errors add over their selector draws; their Fiat–Shamir accounting is separate from the backend PCS error.
The application uses the extracted restrictions to the used slots and does not require a proof that the unused
region is identically zero. Booleanity, one-hot validity, and the relations connecting decoded values to the
execution remain obligations of the Jolt PIOP.
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E.3 One Heterogeneous Akita Proof

Each prefix reduction yields one PCS opening statement consisting of an original commitment, a point, and
a claimed value. The final batch lists the present objects in the canonical order

[U, A, B0, . . . , Bc−1, P, Wtrace ],

where U and A are untrusted and trusted advice, the Bj are bytecode chunks, and P is the initial program
image. Objects absent from the configured execution are omitted. The trace is the final group, while all
earlier groups retain their commit-time descriptors. Akita’s multi-group opening protocol authenticates the
whole list in one proof, using the group-local points and shapes of Section 5. No commitment homomorphism
or common point across objects is required.

The verifier checks that every required object and logical claim is present, that the object roles and order
are canonical, and that the commitment metadata match the public layouts. Advice and program claims
must refer to their original commitments. It binds the ordered commitments, points, values, and schedule
selection before deriving the backend transcript. The same construction handles an execution with only the
trace group.

The Jolt wrapper stores a fixed 32-byte schedule selection and Akita’s canonical headerless proof body.
The verifier resolves the selection against its admitted schedule before deriving the backend decoding bounds.
Proof-size reporting distinguishes that backend body, the raw selection-plus-body payload, and the complete
serialized Jolt proof, including its enclosing framing and PIOP messages. A size reported for the batched
PCS proof is therefore not the size of the entire Jolt proof.

E.4 Schedules and Setup Offloading

The trace size and the shapes of separately committed objects determine the grouped opening profile. Jolt
supplies a schedule for that exact profile, with commit-time parameters preserved for every earlier object.
The schedule determines the recursive witness, opening representations, response bounds, setup requirements,
and terminal check.

Catalog-based integration. The setup-offloading extension stores schedules in external catalogs owned by the
application. It adapts scalar trace schedules to the grouped profiles required by Jolt. During preprocessing,
the application admits the base catalog and the exact rows needed for advice and committed-program objects.
The resulting immutable catalog is stored with the verifier setup. Restoring a transported setup reconstructs
and validates its catalog before use. Its digest is bound into the setup transcript, and the proof selects a row
from this catalog rather than supplying new schedule parameters.

Guided adaptation retains the scalar trace row’s recursive depth, dimensions, block geometry, opening
parameters, relation modes, and direct-versus-offloaded topology. It rederives the grouped root’s shared
opening matrix and every dependent witness length, rank, response bound, setup-prefix length, and proof
cost. The adapted row passes the ordinary schedule and catalog admission checks. If the retained structure
cannot accommodate the new objects, preprocessing fails; the guide does not claim the optimum of a fresh
unconstrained search.

For an offloaded fold, the setup-product check of Section 9 leaves an opening of the authenticated public
setup prefix. The next fold checks that opening alongside the recursive witness. The selected schedule deter-
mines how many such steps occur; the final setup opening must be checked before the terminal. This uses
the same multi-group interface as the application batch.

The choice of where offloading becomes worthwhile is an evaluation policy. The catalog-based integration
selects it through the precomputed catalogs, while proving and verification follow the selected row. In the
measured M4 Max configuration of Section 13.4, setup offloading first appears at padded trace length T = 221.
This crossover belongs to that configuration and its pinned revisions; it is not a universal threshold.

E.5 Transcript Grinding in the Backend

The Akita dependency used by the merged Jolt integration already implements two distinct nonce mecha-
nisms.14 Fold-response search finds a challenge whose honest response satisfies the scheduled representation

14 See Akita PR #460, merged as 4505404b5, and its transcript-grinding specification.

https://github.com/LayerZero-Labs/akita/pull/460
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and norm bounds. Transcript proof-of-work instead precedes selected algebraic challenge queries: the verifier
checks a zero-bit predicate on one transcript output before drawing the protocol challenge from a separate
output.

Section 10 gives the classical online random-oracle work bound for this mechanism. It does not provide
a QROM theorem or a complete end-to-end security estimate; the remaining Jolt and Akita errors and
computational reductions must also be accounted for.

A schedule-derived plan fixes the query order and nonce widths, and its digest is bound into the instance
descriptor. Both nonce mechanisms use one packed proof-level stream whose replay must read exactly the
entries specified by the plan. Sparse fold coordinates are derived by separately indexed oracle queries from a
fixed group root, so changing one coordinate leaves the others fixed as required by coordinate-wise extraction.
The outer Jolt PIOP, its prefix-selector draws, and the backend proof remain distinct parts of the composed
transcript.

F Corrections and Security Mismatches in Prior Work

The security of a lattice-based proof system depends on the exact algebraic relations proved by the protocol
and on the concrete maps and parameters instantiated by its implementation. This appendix records two
issues in public protocol descriptions and several mismatches between released implementations and their
stated security arguments. We state each issue at the narrowest level supported by the evidence. In particular,
none of the implementation findings below is presented as an end-to-end attack on the complete proof system.

F.1 Corrections to Protocol Descriptions

The Base-Field Optimization in Hachi Hachi first gives a generic transformation from evaluation claims
over an extension field to evaluation claims over a cyclotomic ring [76, Section 3.1]. It then proposes a shorter
transformation for the common case in which the committed polynomial has coefficients in the base field but
is evaluated at an extension-field point [76, Section 3.2]. The specialization reduces the number of variables
in the resulting ring-valued polynomial, but the binding check stated in the public paper does not establish
that the claimed partial evaluations are correct.

Let K := Fq, let E/K have degree k = 2κ, and split an ℓ-variable polynomial f into the base-field
polynomials fy(W) := f(y,W) for y ∈ {0, 1}κ. At an opening point (rhead, rtail), write

Ty := fy(rtail) ∈ E

for the honest partial evaluations. The prover supplies claimed partials Sy ∈ E, and the verifier checks their
recombination against the original opening value:

v =
∑

y∈{0,1}κ
ẽq(rhead, y)Sy. (310)

The optimization also fixes a K-basis (βy)y∈{0,1}κ of E, forms the packed polynomial

g(W) :=
∑
y

βyfy(W),

and reduces its claimed evaluation to the ring using Hachi’s generic transformation. At the level of the
partials, this authenticates only the second combination

g(rtail) =
∑
y

βySy. (311)

These two checks do not bind the individual Sy. Set ∆y := Sy − Ty and χy := ẽq(rhead, y). A false set of
partials passes both displayed checks whenever∑

y

χy∆y = 0,
∑
y

βy∆y = 0. (312)
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These are two E-linear equations in k extension-valued discrepancies. For k > 2, including the degree-
4 setting used in the concrete Hachi and Akita parameters, the corresponding map from Ek to E2 has a
nontrivial kernel. The K-linear independence of the basis elements βy does not rule out such a kernel because
the discrepancies ∆y lie in E.

This joint-kernel argument establishes nonuniqueness of the partials while preserving the original claimed
value. A false value requires a different discrepancy: one in the kernel of β but outside the kernel of χ. Such a
discrepancy exists whenever these two E-linear functionals are not proportional. Explicitly, choose a, b with
χaβb − χbβa ̸= 0 and set

∆a = βb, ∆b = −βa, ∆y = 0 (y /∈ {a, b}).

Then the packed claim is unchanged, while the first displayed check accepts the altered value v′ = v+χaβb−
χbβa ̸= v. This identifies what fails in the displayed base-to-extension bridge; it does not assert acceptance
by every other check of the complete protocol.

We use the tensor-algebra ring-switching reduction of Diamond and Posen [35, Theorem 3.5] to au-
thenticate these partials. The reduction expands the claimed extension-valued columns into their base-field
coordinates, changes from the column view to the row view in the tensor algebra, and batches the resulting
row identities with a fresh verifier challenge. Basis independence is then applied only to base-field coordi-
nates. This is an established reduction; Akita uses it here to obtain a sound realization of the base-field
specialization.

The currently public Hachi ePrint still contains the check above in Section 3.2. The Hachi authors have
informed us that they are aware of the issue and have corrected subsequent manuscript and implementation
versions, which were not yet publicly disseminated at the time of writing [77]. The issue is confined to the
Section 3.2 specialization and does not apply to Hachi’s generic extension-field transformation in Section 3.1.

We do not include Hachi as an evaluation baseline. Its public artifact reports prover and verifier measure-
ments for the first folding round rather than an end-to-end recursive opening [76, Section 5]. Our evaluation
is restricted to artifacts that can execute the complete PCS workflow, so there is no Hachi measurement
whose security or runtime we normalize against Akita.

Challenge Ordering in the First Grand Danois Version The first public version of Grand Danois
sampled a row-combination challenge before committing to the recursive witness [54]. A prover could there-
fore choose a nonzero residual in the known projection kernel; the usual random-linear-combination bound
requires the residual to be fixed first. The current version removed this reduction: it commits to the witness
before sampling the field challenges and checks a power-row projection of the coefficient relation [53]. This
is the one-product functional identified in (276). The authors credit Quang Dao for identifying the earlier
issue. We retain this account of the archived version; our comparisons use the repaired construction.

F.2 Released Implementations

While preparing our evaluation, we audited the released implementations most relevant to Akita and found
several concrete mismatches between the implemented maps or parameters and the arguments given in the
corresponding papers. We distinguish the original findings from subsequent repairs and from the security
assumptions and parameter choices that remain different across the measured systems. In particular, our
RoKoKo measurements use the corrected implementation described below.

Greyhound and RoKoKo are direct baselines for our evaluation. We also include Orthus, although it
targets batch verification rather than polynomial commitments, because it uses a commitment-compression
technique similar to Akita’s. Its first map compresses a wide source into an intermediate commitment, and
its second map compresses a binary decomposition of that commitment into a short public payload. Orthus
therefore provides a direct comparison for the security accounting of our compression maps, in which we
price the full input width of each stage.

The findings below concern mismatches between a security argument and the map or parameters instan-
tiated by the released code. We distinguish them from ordinary differences in concrete-security conventions.
Prior systems use different lattice-reduction cost models, target security levels, and methods for allocating a
security budget across protocol components. Those choices affect how we report and normalize our evaluation,
but they are not by themselves security defects; we discuss them separately in Appendix C and Section 13.



Akita: Lattice-Based PCS 161

Truncated-Output Ring-SIS in LaBRADOR and Greyhound The LaBRADOR commitment and the
Greyhound polynomial commitment scheme are analyzed using uniformly random matrices over a base ring,
with binding reduced to Module-SIS [16,78]. Their implementations use a more structured commitment map.
Instead of sampling and applying each Module-SIS row independently, they pack several base-ring elements
into an extension ring and compute the corresponding commitment by extension-ring multiplication.

To see the distinction, let

S = Zq[Y ]/(Y n + 1)

be the base ring, let κ be the desired commitment rank, and let p be the smallest power of two satisfying
p ≥ κ. The implementation works over the extension

T = S[Z]/(Zp − Y ).

Writing the packed key and message blocks as ab(Z), zb(Z) ∈ T , the commitment returned by the imple-
mentation has the form

Com(z) = π<κ

(∑
b

ab(Z)zb(Z)

)
,

where π<κ retains only the first κ coordinates of the extension-ring product.
When κ = p, this is a complete product in T . Its binding can be stated as an ordinary rank-one Ring-SIS

problem over the larger ring T . This is already different from the base-ring Module-SIS instance used in the
papers, but it remains a standard SIS assumption.

The more delicate case is κ < p. A collision then establishes only

π<κ

(∑
b

ab(Z)∆zb(Z)

)
= 0.

The remaining p− κ coordinates need not vanish. Thus, the collision is not a Ring-SIS solution in T . Nor is
it a solution for a uniformly random rank-κ Module-SIS matrix over S, since the retained rows are correlated
rotations of the same packed key material. We refer to the resulting problem as truncated-output Ring-SIS.

Greyhound records the first half of this optimization explicitly. Its implementation section states that
commitments are computed over extension rings, viewed as vector spaces over the base ring, in order to reduce
the randomness sampled for the commitment matrices [78, Section 6.1, p. 30]. It does not state that the
extension degree is rounded up to the next power of two, that only the requested κ coordinates are returned,
or that the returned coordinates are therefore a truncation whenever κ < p. Meanwhile, the security proof
embeds a uniformly random Module-SIS challenge. The missing step is a reduction covering the truncated
output map. We do not know an attack exploiting this structure, but the published Module-SIS theorem
and the corresponding Module-SIS estimates do not establish binding for the implemented map.

This distinction affects our evaluation directly. A standard-assumption comparison should either use the
uniform Module-SIS commitment analyzed in the paper or retain the complete extension-ring output and
price the resulting Ring-SIS instance. The released truncated implementation can still be measured, but only
under an explicit truncated-output Ring-SIS assumption.

RoKoKo: Radix Recomposition and Upstream Correction We identified a radix-recomposition error
in an earlier RoKoKo implementation. For ℓ digits in radix 2k, recomposition has Euclidean operator norm

ρk,ℓ =

(
ℓ−1∑
i=0

22ki

)1/2

.

The earlier implementation used kℓ−1 instead. This underestimated extraction norms in the lattice-security
estimates and in checks used to justify lifting modular norm identities to integer bounds. The original
calculations and affected parameters are recorded in issue 94.15

15 https://github.com/lattice-arguments/rokoko/issues/94.

https://github.com/lattice-arguments/rokoko/issues/94
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The RoKoKo authors repaired the implementation, including its recomposition bounds, commitment
packing, and projection-norm accounting, in revision ba83b317. Our measurements use revision 26d07c73,
which includes these corrections. The September 9, 2026 revision of the RoKoKo paper also updates the
exposition and experiments and acknowledges the initial implementation bugs [58]. The earlier failed checks
therefore do not describe the implementation benchmarked here.

Remaining security distinctions. The corrected implementation retains RoKoKo’s native security assump-
tions and parameter choices. Its structured vSIS assumption is heuristically priced through generic SIS at-
tacks, and its estimator uses GSA with classical MATZOV accounting. Akita instead uses standard Module-
SIS with LGSA and quantum ADPS16 accounting; Appendix C explains why the resulting bit estimates are
not interchangeable.

RoKoKo uses a roughly 50-bit prime q and quadratic-extension challenge slots of size q2 ≈ 2100. Its
stated statistical soundness target is approximately 2−100 [58, Section 9.3]. We refer to this as its 100-bit
statistical soundness target, separately from its 128-bit lattice-security target. Its approximate low-norm
challenge sampling has a further qualification: the paper estimates noninvertibility at about 2−94, using a
heuristic estimate and citing Cyclo for further rigorous analysis [58, Section 9.1]. This estimate concerns a
bad event in challenge sampling and does not by itself establish a forgery attack of that cost. These current
distinctions, rather than the repaired radix error, are why our native-parameter comparison is not security
matched.

Orthus: Outer-Commitment Width and Upstream Correction The outer-commitment sizing issue
below affected an earlier Orthus implementation and has been fixed. Commit 5fc08b5a increased the middle-
commitment output from 32 to 64 coefficients and the projection-commitment output from 32 to 256. The
authors confirmed the repair and announced a corresponding paper update on 17 September 2026.16 With
the default 38-bit modulus, the corrected compressed middle commitments contain 64 · 38/8 = 304 bytes
each, compared with Akita’s 128 bytes: 2.375 times as large. The separate projection commitment contains
256 ·38/8 = 1,216 bytes. These sizes count the packed commitment coefficients. We retain the original width
calculation to explain the issue; the estimates below concern the pre-fix parameters.

Orthus begins with a protocol whose prover messages are too large to send in the clear. Its communication
compression has two layers. First, the prover digit-decomposes these messages and commits to them with
Ajtai commitments; Orthus calls the resulting images middle commitments. The final LaBRADOR statement
proves that these commitments open to the protocol messages and that the messages satisfy the Orthus
verifier’s relations. Second, rather than send the middle commitments themselves, the prover decomposes
their coefficients into bits and commits once more, producing the outer commitments that appear in the
proof [18, Section 5.1]. The random projection messages take a shorter route: they are bit-decomposed and
committed directly by the same outer map, without an intervening middle commitment.

This last binary decomposition is what makes aggressive compression seem possible. Two valid binary
openings differ coefficientwise in {−1, 0, 1}, so their collision vector has coefficient ℓ∞-norm one. The original
Orthus analysis invoked the Dilithium SIS analysis, explicitly ignored the algebraic structure, and concluded
that 32 output equations suffice [18, Section 5.1 and Appendix E]. The input width was absent from that
calculation. Yet SIS security depends on the modulus, output rank, norm bound, and number of input
columns. A fixed map to 32 field elements cannot securely compress binary vectors of arbitrary width merely
because their collision bound is one.

The original coefficient projection has a simple algebraic description. Its full commitment is computed
over

Rq = Zq[X]/(X256 + 1),

but only the coefficients at positions 0, 8, 16, . . . , 248 are transmitted. Setting Y = X8, these coefficients form
an element of the subring

Sq = Zq[Y ]/(Y 32 + 1).

16 https://github.com/lazer-crypto/labrador/issues/1#issuecomment-5718109866.

https://github.com/lattice-arguments/rokoko/commit/ba83b3173a57e874d3088973f0ac33e9c3fa9f98
https://github.com/lattice-arguments/rokoko/commit/26d07c73c54872b9e8d2b3200117a6a0a21b10ee
https://github.com/lazer-crypto/labrador/commit/5fc08b5aa951da88802e39988e9acd92a6c38cd4
https://github.com/lazer-crypto/labrador/issues/1#issuecomment-5718109866
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After splitting each degree-256 input polynomial into its eight residue lanes, the public commitment can be
written as

Comout(z) =

M∑
ℓ=1

7∑
j=0

bℓ,j(Y )zℓ,j(Y ) ∈ Sq.

Thus, the outer commitment is exactly a rank-one Ring-SIS map over the degree-32 ring Sq, with ring width
8M . No new structured assumption is needed for this endpoint, but the full width 8M must be included in
the security estimate.

With the protocol context fixed, the width calculation is direct. The pre-fix Falcon aggregation benchmark
used 213 signatures, q = 238− 107, and ring degree 256. Each ordinary middle commitment has module rank
t2 = 3. Writing each of its coefficients in 38 bits therefore gives

Mmid = 38t2 = 114

binary elements of Rq. After the lane decomposition above, this is a degree-32 rank-one Ring-SIS instance
of width 8Mmid = 912, or equivalently a scalar SIS matrix with 32 rows and 29,184 columns. The directly
committed projection message is much wider: it contains 8,576 binary elements of Rq, giving degree-32 ring
width 68,608 and scalar width 2,195,456.

Outer input M over Rq Width over Sq Scalar shape ADPS16 BDGL16

Middle commitment 114 912 32× 29,184 100.448 134.681
Projection message 8,576 68,608 32× 2,195,456 27.448 67.968

Table 13: Estimated base-2 attack costs for Orthus’s pre-fix outer commitments. Both calculations use coef-
ficient bound one, the LGSA basis-shape model, and no ignored coordinates. ADPS16 denotes the classical
Core-SVP cost model [5]; BDGL16 denotes the full operation-count model [14].

The ordinary middle-to-outer commitment already falls below 128 bits under the ADPS16 classical Core-
SVP convention used for Akita’s comparison tables. The projection-to-outer commitment falls below 128 bits
under both models, reaching only 27.448 ADPS16 bits and 67.968 BDGL16 bits. These estimates expand
the exact degree-32 map as a generic scalar SIS instance; they do not claim any additional attack from its
ring structure. They show that even this generic model does not support the claimed 128-bit binding level
at the original implemented width.17

The issue is therefore not the use of a small terminal commitment by itself. The wide source must first be
compressed by a map sized for that source. Only the bounded intermediate image can then be compressed
into a small terminal payload. Akita follows this staged approach and validates the input width of each
compression map separately. Orthus has repaired the specific sizing issue recorded here; the old estimates
should not be applied to its corrected implementation.

PikkuFold Parameter Updates We reported a missing challenge operator-norm factor in the backward-
extraction recurrence used by an earlier PikkuFold parameter notebook. The authors fixed the issue by
revising the norm-growth analysis and parameters in pull requests 3 and 4.18

G Response Bounds and Parameter Estimates

Response bounds have two roles in Akita. The verifier enforces them to bound extracted witnesses, while the
honest prover needs to satisfy them without too many retries. This appendix supplies the response estimates

17 See https://github.com/lazer-crypto/labrador/issues/1 for the complete derivation and estimator reproduc-
tion.

18 https://github.com/osdnk/pikku/issues/2; https://github.com/osdnk/pikku/pull/3; https://github.com
/osdnk/pikku/pull/4.

https://github.com/lazer-crypto/labrador/issues/1
https://github.com/osdnk/pikku/issues/2
https://github.com/osdnk/pikku/pull/3
https://github.com/osdnk/pikku/pull/4
https://github.com/osdnk/pikku/pull/4
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used for the second role. Throughout, we use the admission predicates and history-conditional completeness
framework of Section 10.1.

We first prove coefficient and energy bounds for the actual response distributions, then explain how they
certify honest acceptance. We next give the response model used to propose tighter parameters and estimate
retry cost. Its guarantees for integer responses remain conditional on the stated model premise. Finally,
we give a pointwise alternative for propagating digit energies. Changing a bound by any of these methods
requires validating the resulting complete schedule, since the next witness and its commitment parameters
can change with it.

G.1 Bounds for Honest Responses

Fix the honest transcript prefix before a response nonce is sampled, so that the source vectors are fixed.
Our bounds concern the resulting integer convolutions. Coefficientwise centering modulo q can only decrease
their absolute coefficients and squared norm.

Dense and One-Hot Sources without Filtering For dense sources, we condition on the challenge
supports and magnitudes and use the remaining independent signs. A canonical one-hot source admits a
sharper bound because only a few source coefficients can contribute to one output position.

Lemma G.1 (Dense-source response bound). Fix an honest response

z =
∑
a∈Q

ca ∗ sa

and condition on the sources and on the support and absolute value of every nonzero challenge coefficient.
Suppose the remaining challenge signs are independent Rademacher variables. For output coefficient u, write

Vu :=
∑
a∈Q

∑
v∈supp(ca)

|ca,v|2s2a,u⊖v, (313)

where u⊖ v includes the deterministic sign of negacyclic wraparound. Then, for every t > 0,

Pr[|zu| > t] ≤ 2 exp(−t2/(2Vu)). (314)

If the response has N coefficients and Vu ≤ V for all u, then

Pr[∥z∥∞ > t] ≤ 2N exp(−t2/(2V )). (315)

In particular, if ∥sa∥∞ ≤ σ∞ and ∥ca∥22 ≤ κ22 for every a, one may take V = |Q|κ22σ2
∞.

Proof. For fixed u, negacyclic convolution expresses zu as a Rademacher sum whose squared weights sum to
(313). Lemma 3.4 gives (314); a union bound over the N coordinates gives (315). The uniform value of V
follows by replacing every selected source coefficient by σ∞ and summing the challenge energies.

Theorem G.2 (Canonical one-hot response bound). Fix a root source formed from unit one-hot
chunks of length K, represented in rings of dimension d, where either K | d or d | K, and let

νoh := max{1, d/K}

be the maximum number of canonical nonzero coefficients from one source class in a ring. Suppose νoh ≤ dc
and the challenge is sampled in dimension dc with n1 coefficients in {±1} and n2 coefficients in {±2}, with
each fixed-weight support sampled without replacement and the two supports disjoint. For a ∈ {1, 2} and
λ > 0, define

Ma(λ) := 1 +
νoh
dc

(
cosh(aλ)− 1

)
. (316)
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For coefficient u, let Qu index the independently challenged source contributions to zu, and put Wu = |Qu|
and W = maxuWu. These are challenge/source pairs indexed by group, claim, and block (g, c, i), not opening
groups: a single group with B independently challenged blocks can contribute B pairs. Then

Pr[|zu| ≥ t] ≤ 2 inf
λ>0

exp
(
Wu

(
n1 logM1(λ) + n2 logM2(λ)

)
− λt

)
. (317)

For a response with N coefficients, replacing Wu by W and multiplying by N bounds the probability that any
coefficient exceeds t. The deterministic bound

∥z∥∞ ≤W min{2νoh, n1 + 2n2} (318)

is valid simultaneously, so the schedule may take the smaller of the deterministic bound and any threshold
certified by (317).

Proof. For one fixed output coefficient, the challenge support samples a population with at most νoh active
unit entries. Lemma 3.5 bounds its moment-generating function by M1(λ)

n1M2(λ)
n2 . Multiplying over the

Wu independently sampled challenge/source contributions and applying the two-sided Chernoff bound gives
(317). The union bound gives the joint statement. Young’s two coefficient inequalities give ∥c ∗ s∥∞ ≤
min{∥c∥∞∥s∥1, ∥c∥1∥s∥∞}, which yields (318).

Energy and Coefficient Bounds for Filtered Challenges A filter changes the challenge distribution.
The following bounds use that accepted distribution directly; they do not assume that its coefficient signs
remain independent. We begin with the expected response energy.

Lemma G.3 (Conditional response energy). For a distribution D over integer challenge polynomials,
let Mul(c) be the real negacyclic multiplication matrix of c and define

ν2(D) := λmax

(
Ec←D[Mul(c)TMul(c)]

)
. (319)

Then every fixed source vector s satisfies

Ec←D[∥c ∗ s∥22] ≤ ν2(D)∥s∥22. (320)

If the challenges ca are independent and centered, then

E

∥∥∥∥∥∑
a∈Q

ca ∗ sa

∥∥∥∥∥
2

2

 ≤∑
a∈Q

ν2(Da)∥sa∥22. (321)

These statements also apply to an operator-filtered challenge family when D denotes its actual accepted
distribution.

Proof. The first identity is E[sTMul(c)TMul(c)s]; the largest eigenvalue bounds the quadratic form. Centering
and independence make every cross term in the squared norm of the sum vanish, giving the second claim.

Lemma G.4 (Certified energy under a symmetric fixed filter). Let C0 be a fixed-weight signed sparse
shell of challenge energy κ22. Let Cacc ⊆ C0 be a nonempty accepted family closed under negation, of fraction
at least α > 0, and with multiplication norm at most Γ . For its uniform distribution D, one has

E[c] = 0, ν2(D) ≤ min{Γ 2, κ22/α}.

Consequently, independent accepted challenges and deterministic source-energy envelopes ∥sa∥22,coef ≤ Ea

give

E

∥∥∥∥∥∑
a

ca ∗ sa

∥∥∥∥∥
2

2,coef

 ≤ µ :=
∑
a

min{Γ 2
a , κ

2
2,a/αa}Ea.

For a nonnegative integer squared-norm bound S, the probability of exceeding it is at most µ/(S + 1). The
same upper bound applies after coefficientwise centering modulo q.
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Proof. Negation pairs show that the mean is zero. Under the raw signed sparse shell, independent fair
signs make the coefficient cross terms vanish, while the fixed total energy gives E[Mul(c)TMul(c)] = κ22I.
Conditioning a nonnegative quadratic form on an event of probability at least α increases its expectation
by at most 1/α. The pointwise operator bound gives the other bound. Apply Lemma G.3. Since squared
coefficient norms are integers, failure of the bound means that the norm is at least S+1; Markov’s inequality
completes the proof.

The lemma requires only negation symmetry of the accepted family; it does not require independent signs
within an accepted challenge. The coefficientwise and energy conditions are combined through Corollary G.7.
For example, a deterministic coefficient envelope can certify encodability while this lemma certifies the
additional Euclidean bound.

Lemma G.5 (Coefficient tails under symmetric fixed filters). Fix the sources in an honest response
z =

∑
a ca ∗ sa, first evaluated over the integers. Suppose that the ca are independent, each uniform on a

nonempty, negation-closed fixed subset of a signed sparse shell of energy κ22,a and challenge dimension da.

Let αa > 0 lower-bound its accepted fraction. For each output coefficient u, let E loc
a,u bound the squared norm

of the da source coefficients that can enter (ca ∗sa)u, and let ma,u bound its absolute value for every accepted
challenge. Set

V := max
u

∑
a

min

{
m2

a,u,
κ22,aE

loc
a,u

daαa

}
, M := max

a,u
ma,u.

If the response has N ring coefficients, then, for t > 0,

Pr[∥z∥∞ > t] ≤ 2N exp

(
− t2

2(V +Mt/3)

)
.

The same bound holds after centered coefficient reduction modulo q. The case V = 0 has deterministic zero
response.

Proof. Fix u and put Xa = (ca ∗ sa)u. Negation symmetry centers Xa. In the raw shell, support and sign
averaging give E[X2

a ] ≤ κ22,aE
loc
a,u/da. Conditioning this nonnegative quantity on acceptance costs at most

1/αa, while the deterministic magnitude bound gives E[X2
a ] ≤ m2

a,u. For 0 < θ < 3/M , expansion of the

exponential, centering, and |E[Xk
a ]| ≤ E[X2

a ]M
k−2, together with k! ≥ 2 · 3k−2 for k ≥ 2, give

E[eθXa ] ≤ exp

(
θ2E[X2

a ]

2(1− θM/3)

)
.

Multiply over the independent challenges and apply Chernoff with θ = t/(V + Mt/3). Apply the same
argument to −Xa and union-bound over the N output coefficients. Centered reduction cannot increase an
absolute coefficient, proving the last claim.

For an embedded challenge subring, E loc
a,u refers to the exact da-coordinate source fibre contributing to

u, not the whole ambient ring. A uniform coefficient envelope Ba gives the simpler choices ma,u = K1,aBa

and E loc
a,u = daB

2
a. The proof uses independent accepted challenges, not independent coefficient signs within

each filtered challenge. All source envelopes must hold after fixing the preceding transcript.

An operator filter does not automatically preserve the unfiltered dense or one-hot tails. To use either
bound for a filtered family, one must prove that its accepted distribution retains the independence, centering,
and fixed-weight structure used by that result. Otherwise the schedule must analyze the accepted distribution
directly, for example with Lemmas G.4 and G.5, or treat the resulting joint admission probability as modeled.

G.2 From Response Bounds to Completeness

The preceding lemmas give two ways to certify a uniform bound on qh(τ). The first uses deterministic
envelopes that cover every accepted challenge and every reachable source.
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Corollary G.6 (Completeness from deterministic response envelopes). Fix an admissible schedule.
For every response stage h, response r ∈ Rh, and reachable honest prefix τ , form the unreduced integer
response as

zh,r =
∑

a∈Qh,r

ch,a ∗ sh,r,a(τ).

Suppose the schedule gives bounds, uniform over these prefixes,

∥sh,r,a(τ)∥∞ ≤ Bh,r,a, ∥sh,r,a(τ)∥22,coef ≤ Eh,r,a.

For every accepted challenge, suppose also that ∥ch,a∥1 ≤ K1,h,a and ∥ch,a∥mul,2 ≤ Γh,a. Define

Uh,r :=
∑
a

K1,h,aBh,r,a, Dh,r :=

(∑
a

Γh,a

√
Eh,r,a

)2

.

If Th,r ≥ Uh,r for every response and Smax,h,r ≥ Dh,r whenever ph,r = 2, then qrsph (τ) = 0 for every reachable
honest prefix. Consequently, any certified lower bound ah ≤ ah gives

ξh = (1− ah)Ntry,h

in Theorem 10.9, without a modeled-response assumption.

Proof. Young’s coefficient inequality and the triangle inequality give ∥zh,r∥∞ ≤ Uh,r. The multiplication-
operator bound and the Euclidean triangle inequality give ∥zh,r∥22,coef ≤ Dh,r. If the protocol centers coef-
ficients modulo q, this can only decrease their absolute values and squared norm. Thus every successfully
sampled challenge tuple satisfies every honest admission predicate, including those of the terminal. No inde-
pendence among responses is required. It follows that qh(τ) = 1− ah ≤ 1− ah; apply Corollary 10.10.

The envelopes may be obtained from the scheduled digit alphabets and source maps. They need not
assume that recursive digits are independent or uniformly distributed. Earlier challenge choices and successful
nonce searches may therefore determine the sources adaptively, provided the same envelopes hold for every
resulting honest prefix. Without an operator filter one may always use Γh,a = K1,h,a. These sufficient
conditions do not certify the optimized schedules derived from the response model: enlarging their bounds
can change the digit depths, recursive witness dimensions, and Module-SIS widths, so the resulting schedules
must be closed and validated again.

Deterministic envelopes can be conservative. The next route instead assigns a failure budget to each
encoding and energy event, then combines the resulting marginal bounds without assuming that the events
are independent.

Corollary G.7 (Completeness from marginal response bounds). Fix a response stage h, and let
pacc,h ∈ (0, 1) be its target lower bound on the conditional response-admission probability after successful
challenge construction. The following gives a correlation-agnostic sufficient condition from separate marginal
tails. For each response r, choose an encoding-failure allocation εench,r > 0. For each Euclidean response, also

choose an energy-failure allocation ε2h,r > 0. Suppose∑
r∈Rh

(
εench,r + 1{ph,r=2}ε

2
h,r

)
≤ 1− pacc,h. (322)

For every reachable prefix τ , suppose the source-specific analysis gives

Pr
ch

[¬Ench,r(zh,r) | τ, ch ̸= ⊥] ≤ εench,r. (323)

For a dense response satisfying the conditional Rademacher-sign premises of Lemma G.1, with Nh,r coeffi-
cients and uniform squared-weight bound Vh,r, it suffices to choose a symmetric threshold Zh,r ≤ Th,r such
that

Zh,r ≥

√√√√2Vh,r log

(
2Nh,r

εench,r

)
. (324)
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The one-hot tail of (317) gives the analogous root instantiation. For each Euclidean response, suppose addi-
tionally that for every reachable prefix

E[∥zh,r∥22 | τ, ch ̸= ⊥] ≤ µh,r

and set
Smax,h,r ≥

µh,r

ε2h,r
. (325)

Then
qrsph (τ) ≤ 1− pacc,h, qh(τ) ≤ 1− ahpacc,h (326)

for every reachable prefix. The expected number of nonce trials at that level, conditioned on reaching it, is at
most 1/(ahpacc,h), and nonce exhaustion contributes at most

(1− ahpacc,h)Ntry,h (327)

to (189). No independence between different responses at the same level is required.

Proof. Equation (323) controls the canonical digit decomposition required on both norm routes. For a dense
source it follows from Lemma G.1 and (324); for a canonical one-hot root it follows from Theorem G.2.
Markov’s inequality and (325) control the additional Euclidean event. The union bound and (322) give the
pointwise conditional response bound. Equation (183) gives (326). Apply Corollary 10.10.

The corollary makes no independence assumption between encodability and response energy. It is useful
when those two events are controlled by separate certified bounds. A response model may instead propose a
bound on the joint event in Definition 10.5 directly, as in Appendix G.3.

G.3 A Response Model for Parameter Selection

The preceding results certify response bounds under explicit deterministic or distributional premises. The
planner may instead use a model to propose bounds and estimate honest retry cost, as discussed in Sec-
tion 12.3. We record its moment calculations and acceptance parameters here. Their choice does not establish
the history-conditional completeness premise for the actual integer responses; that premise is stated sepa-
rately below.

Acceptance Targets and Moment Estimates At level h, let pacc,h ∈ (0, 1) be the target probability that
all responses satisfy their bounds, conditioned on successful construction of the candidate challenge tuple.
For each response r, let prsph,r be its target probability of satisfying its complete honest admission predicate.
Unless a joint analysis of several responses is provided, the policy requires∑

r∈Rh

(
1− prsph,r

)
≤ 1− pacc,h. (328)

For a single recursive response, prsph,r = pacc,h. Certified analyses may instead instantiate the marginal failure
allocation of Corollary G.7. Let ρmodel,h ≥ 1 be an envelope for model error, and let Roundmom,h : R≥0 → R≥0
be a monotone upward-rounding map. These are planning parameters, not verifier challenges. The schedule
separately records the bound derived from them and the allowed nonce count Ntry,h.

For challenge coordinate u, let αh,u be the certified lower bound on the accepted fraction of its raw
shell and let Lh,u be its raw-draw allowance. The planner uses the certified challenge-construction success
probability

ah,u := 1− (1− αh,u)
Lh,u , ah :=

∏
u∈Uh

ah,u ≤ ah. (329)

An unfiltered coordinate has αh,u = 1. Thus the modeled response target and the certified sampler bound
combine into complete per-attempt success at least ahpacc,h. The sampler also satisfies the polynomial bounds
and random-oracle query-accounting conditions of Definition 9.2, ensuring the compatibility required by
Lemma 10.2.
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For one recursive source, define the component set

RespPart := {z, e, t, r, cmp}.

We record the moment estimates separately for each component as

M =
(
dpack; (µχ, v

full
χ , vlocalχ )χ∈RespPart

)
. (330)

Here µχ models the total squared coefficient norm of component χ. The statistics vfullχ and vlocalχ are inputs
to the model’s peak-column estimate: the former uses an average over a complete packing ring, whereas
the latter estimates a largest coefficient second moment when a strict local subring is exposed. They are
planning surrogates, not certified maxima of the ring-coefficient second moments. In particular, the packing
update below uses a zero-cross-moment approximation for the local statistic. The modeled total energy is
µ(M) :=

∑
χ µχ. Every stored coordinate is rounded upward through Roundmom,h.

Rigorous root states. Let a balanced source contain L base-field coefficients, and let digit plane j have
absolute bound Bdig,j . Its deterministic initialization is

µz = L

δ−1∑
j=0

B2
dig,j , vfullz = vlocalz = max

j
B2

dig,j . (331)

For a unit one-hot source, the canonical layout determines the number H of unit coefficients after packing
exactly, giving

µz = H, vfullz = vlocalz = 1. (332)

Thus neither root state assumes a distribution on the incoming witness. The corresponding coefficient tails
are proved in Lemma G.1 and Theorem G.2.

For a uniformly distributed centered base-b digit, define

munif
2 (b) :=

1

b

b/2−1∑
a=−b/2

a2 =
b2 + 2

12
. (333)

When a public setup value is modeled as uniform in the field, its digit component sums (333) over the
complete planes and uses the actual residual width of the final plane.

Peak-column functional. Let Nsrc be the number of source coefficients that can enter one response column.
For ⋆ ∈ {full, local}, define

Peak⋆Nsrc
(M) := max

 ∑
χ∈RespPart

nχv
⋆
χ : 0 ≤ nχ ≤

µχ

v⋆χ
,
∑
χ

nχ ≤ Nsrc

 , (334)

with a zero component omitted. Equivalently, fill the Nsrc positions from the largest component moments
downward, using at most the component’s total energy. This definition prevents disjoint witness components
from each being charged the full column capacity.

Propagating Moments through a Fold Consider a response with N ring coefficients, challenge squared
energy κ22, ring dimension d, and Bcol source blocks per response column. When only a slice or response
chunk is folded, M below denotes the state restricted to the exact source spans assigned to that response.
The model first sets

µ̂resp := κ22µ(M), (335)

v̂resp :=
κ22
d
Peak⋆dBcol

(M), (336)
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where ⋆ = full if the exposed ring equals dpack and ⋆ = local otherwise.
The response is then digit-decomposed. Let ⌊x⌉ denote nearest integer rounding and let centb(x) be the

centered residue of an integer modulo b, and define the rounded-normal digit moment

GDig(σ, b) := EX←N (0,σ2)

[
centb(⌊X⌉)2

]
. (337)

For response base b and digit depth δf , the recursive z component is modeled by

µ′z := N

δf−1∑
j=0

GDig

(√
µ̂resp/N/b

j , b

)
, (338)

v′z := max
0≤j<δf

GDig
(√

v̂resp/b
j , b
)
. (339)

Equations (338) and (339) are the Gaussian-inspired step of the model. They are not used for the rigorous
root bounds above.

The e, t, and r components use the uniform digit moment of (333) at their exact component-specific scalar
counts and digit depths. A negative-binary compression coordinate has modeled second moment 1/2, so a
compression span of length Lcmp contributes Lcmp/2. These component calculations use the actual witness
layout rather than one scale factor applied to its total length.

Finally, the two-bank packing map (46) has integer-lift energy

∥c∥22 =
∑
t

(a2t,0 + b2t,0) + 2
∑
t

k−1∑
j=1

(a2t,j + b2t,j). (340)

Thus exchangeable second moments across extension coordinates give the expected total-energy multiplier
(2k − 1)/k; no independence is needed because the cross terms cancel between the two packed coefficient
positions. The planner applies this factor to total energy and to its full-ring averaged statistic. Its local
approximation gives the following update:

µpack
χ =

2k − 1

k
µχ, vfull,packχ =

2k − 1

k
vfullχ , vlocal,packχ :=

{
vlocalχ , k = 1,

2vlocalχ , k > 1.
(341)

This is the implemented model update, not a bound on every packed coordinate. For an overlapping coefficient
pair A,B, the exact second moments are

E[(A±B)2] = E[A2] + E[B2]± 2E[AB]. (342)

If both input second moments are at most v, zero raw cross moment gives the local bound 2v used by the
model. Exchangeability alone does not imply this condition, and independence is insufficient for nonzero-
mean inputs. For example, independent uniform digits in {−1, 0} have second moment 1/2 but E[(A+B)2] =
3/2. Without a cross-moment assumption, Cauchy–Schwarz gives the conservative bound 4v instead. A
certified coordinate-wise propagation must retain these cross moments or use that bound; the implemented
update uses the zero-cross-moment approximation. Applying the upward-rounding map to the five packed
components produces the successor model state. Its use to select bounds remains subject to the history-
conditional admission premise (185).

From Moments to Scheduled Bounds For response r with N ring coefficients, let µ̂h,r be the energy
predicted by the state transition, and define its inflated energy and marginal-variance parameters by

µh,r := ρmodel,hµ̂h,r, (343)

v̂h,r := ρmodel,h max{µ̂h,r/N, v̂resp,h,r}. (344)

For every reachable transcript prefix, the model replaces the response by a centered jointly Gaussian surrogate
Xh,r satisfying

E[∥Xh,r∥22 | tr<h, ch ̸= ⊥] ≤ µh,r, max
u

Var[Xh,r,u | tr<h, ch ̸= ⊥] ≤ v̂h,r. (345)
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The coefficient model therefore uses both total and peak moments. Let Φ be the standard normal cumulative
distribution function. For a candidate digit depth δ, let Th,r(δ) be the positive endpoint of its canonical
representable interval and define

pboxh,r(δ) :=

(
2Φ

(
Th,r(δ)√
v̂h,r

)
− 1

)N

. (346)

If v̂h,r = 0, define pboxh,r = 1 for every nonnegative threshold: the Gaussian surrogate is identically zero.
At the terminal, no response-digit witness is created. If the implementation imposes an encoding limit,
choose Th,r(δ) so that every vector in [−Th,r(δ), Th,r(δ)]N fits the selected clear encoding. The box event is
then a sufficient condition for encodability. If the squared-norm bound alone guarantees encodability, take
Th,r = +∞ and pboxh,r = 1 in the following bounds, so the box condition is vacuous. Repeated application of
the Gaussian correlation inequality [85] to the coordinate slabs of Xh,r gives

Pr[∥Xh,r∥∞ ≤ Th,r(δ) | tr<h, ch ̸= ⊥] ≥ pboxh,r(δ). (347)

For an energy bound S > µh,r, Markov’s inequality gives the ball score

pballh,r(S) := 1−
µh,r

S
. (348)

If µh,r = 0, the surrogate is identically zero; define pballh,r(0) = 1 as well. The cube and Euclidean ball are
both centrally symmetric and convex. Applying the Gaussian correlation inequality once more gives the joint
surrogate bound

Pr
[
∥Xh,r∥∞ ≤ Th,r(δ) ∧ ∥Xh,r∥22 ≤ S | tr<h, ch ̸= ⊥

]
≥ pGh,r(δ, S) := pboxh,r(δ)p

ball
h,r(S).

(349)

No independence between the coordinates, or between the box and ball events, is used in this calculation.

For a target prsph,r and a depth satisfying pboxh,r(δ) > prsph,r, the least bound implied by the surrogate score is

SG
h,r(δ) :=

⌈
µh,r

1− prsph,r/p
box
h,r(δ)

⌉
. (350)

The planner enumerates the admissible digit depths and closes the complete downstream cost of each pair
(δ, SG

h,r(δ)). On the coefficient route it instead requires only pboxh,r(δ) ≥ p
rsp
h,r.

The actual recursive response is integer valued and is not proved to be Gaussian. For a model-derived
response, the schedule therefore invokes the joint history-conditional premise

Pr[HAdmh,r(zh,r) | tr<h, ch ̸= ⊥] ≥ prsph,r (351)

for every reachable prior transcript. Equation (349) motivates this premise but does not prove it. For an
integer response, the deterministic condition Smax,h,r < (Th,r + 1)2 is an alternative sufficient route: in that
case the energy event itself implies encodability.

Proposition G.8 (From per-response model premises to stage completeness). Suppose (351)
holds for every response at level h, with response targets satisfying (328). Then the level satisfies (185)

with δ̂rsph = 1 − pacc,h and (184) with δh = 1 − ahpacc,h. Consequently, one complete nonce attempt succeeds
with conditional probability at least ahpacc,h, and allowing Ntry,h fresh nonce attempts makes the exhaustion
probability at most (1− ahpacc,h)Ntry,h .

Proof. Apply a union bound to the complete response-admission events. Equation (328) gives the history-
conditional one-shot claim; no independence between responses is required. Fresh random-oracle nonces, the
bounded-sampler guarantee (329), and Lemma 10.7 give the exhaustion bound.
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Comparing Coefficient and Squared-Norm Bounds The distinction between coefficient-wise and
squared-norm bounds remains even within a single response model. Let NA be the number of response
coefficients, and let Z∞ and Smax be their respective bounds. Suppose, for intuition, that the ring coeffi-
cients are independent Gaussians with scale σ. A coefficient bound that fails with probability at most ε∞
has the approximate size

Z2
∞ ≈ 2σ2 log

(
2NA

ε∞

)
, (352)

whereas the total energy concentrates around NAσ
2. A corresponding energy bound has the approximate

form
Smax ≈ σ2

(
NA + 2

√
NA log(1/ε2) + 2 log(1/ε2)

)
. (353)

When NA dominates log(1/ε2), these estimates give

NAZ
2
∞

Smax
≈ 2 log

(
2NA

ε∞

)
. (354)

The box loses a logarithmic factor in squared radius, or its square root in radius. Thus the ℓ2 guarantee
remains useful even when the ℓ∞ bound uses the same response model: it proves that many coordinates
cannot simultaneously approach the bound.

G.4 A Certified Alternative for Digit Energies

The Gaussian digit transition can be replaced by a pointwise certificate. Let Ib,δ be the exact integer interval
representable by the canonical balanced base-b, depth-δ decomposition, and write

gb,δ(x) :=

δ−1∑
j=0

digitb,j(x)
2.

For a rational θ ≥ 0, define the finite maximum

Ab,δ(θ) := max
x∈Ib,δ

(
gb,δ(x)− θx2

)
.

Every representable vector z of length N and squared norm at most S then satisfies

N−1∑
i=0

gb,δ(zi) ≤ NAb,δ(θ) + θS. (355)

Indeed, the defining inequality for Ab,δ(θ) holds at each integer coefficient, and summing it proves the claim.
The certificate therefore remains valid in the presence of correlations, carries, and earlier nonce selection. It
can be checked by exact enumeration of the interval or by a certified digit recurrence. A finite search over
rational θ gives certified upper bounds without a model of the digit distribution.

This bound supplies a certified alternative to a modeled digit-energy entry, but it need not fit the next
fold’s existing budget. Carry patterns allowed by the preceding coefficient and norm bounds can already con-
tribute too much digit energy, even before the opening, matrix-image, and compression segments are added.
Preserving optimized parameters therefore requires information about the actual honest source distribution
beyond these bounds, or a proved bound on the probability of exceptional source histories. Restricted source
windows and coefficient packing also require their exact multiplicities after packing. Any enlarged envelopes
must be propagated through the complete schedule and its Module-SIS parameters; this certificate does not
change the model-derived classification of a schedule that uses model-derived response bounds.

Conditions for certifying the optimized parameters. The quantitative targets are history-conditional energies
and local second moments for the individual source segments, together with a covariance bound for the
actual filtered challenges. The accepted-fraction bound of Lemma G.4 can be much larger than the modeled
conditional mean. A proof may instead establish the source properties outside a small exceptional set of
honest histories, charging its probability separately from nonce exhaustion. Parameter search can still use a
model to propose bounds, while an independent check verifies each level’s source premise, energy propagation,
conditional tail, and joint retry budget. Such a check would remove the modeled-response premise only for
schedules whose proposed parameters satisfy all these conditions.
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H PCS Benchmark Scope and Parameters

The standalone comparison measures native PCS openings at equal nominal field capacity. This appendix
specifies which evaluation problems the rows represent and which reductions are excluded from the measure-
ments. The raw observations and their source identities are supplied in the anonymous reproduction artifact.
Each reported value is the median of ten measured runs after one warmup. Verification uses one thread. The
artifact retains several measurement cohorts; its manifest records their source identities and the result-file
digests.

Variable counts and equality weights. For a multilinear polynomial over F with N = 2ℓ evaluations on the
Boolean cube, the nominal payload is B = N log2 |F|. The input values are sampled over the native field,
rather than restricted to 0 and 1. This capacity is measured before Akita decomposes field elements into
small digits for its lattice commitment; the digits do not redefine the polynomial or its number of variables.
An opening point has ℓ coordinates in the opening field E, and evaluation weights the 2ℓ input values by
ẽq(r, x). Changing the coefficient field at fixed B therefore changes both the point dimension and the number
of values processed.

For a nominal target B = 2b, the approximately 32-, 64-, and 128-bit fields use N = 2b−5, 2b−6, 2b−7,
respectively. At B = 231, their multilinear polynomials have 26, 25, and 24 variables. The two-coordinate
difference between the 32- and 128-bit profiles corresponds to a factor of four in the number of equality
weights. Akita’s opening fields have extension degrees 4, 2, and 1 over these three base fields, so each opening-
field element has approximately 128 bits. A dense array with one such element per Boolean evaluation would
thus be four times larger for the 32-bit profile, even though the input coefficient arrays have the same nominal
capacity. These counts describe the workload; they do not assert that every prover allocates such an array.

Opening-field sizes also differ across implementations. Plonky2 uses a quadratic extension of Goldilocks;
Plonky3 FRI, STIR, and WHIR use a degree-5 extension of KoalaBear; SP1 uses a degree-4 extension
of KoalaBear; and WorldFnd WHIR uses a cubic extension of Goldilocks. Their opening-field sizes are
approximately 128, 155, 124, and 192 bits, respectively. Binius64 and Flock open over F2128 .

FRI/STIR measure univariate batches at large inputs. Plonky3 FRI and STIR use a different evaluation
interface from the multilinear PCSs. Their KoalaBear field supports power-of-two transform domains only
up to 224. At the measured code rate 1/2, a single native univariate instance can therefore have at most
223 input evaluations. The adapter distributes larger inputs among columns of a matrix with height 223 and
opens every column as a separate univariate polynomial at one shared extension-field point. The resulting
workloads are:

Input bits Field elements Values/poly. Polynomials

227 222 222 1
229 224 223 2
231 226 223 8
233 228 223 32
235 230 223 128

In particular, the 235-bit row proves 128 univariate evaluation claims, not one opening of a 30-variable mul-
tilinear polynomial. No reduction from that multilinear claim to the batched interface is included. Batching
shares commitment and proof work, but queried input rows contain column values and the evaluation vector
has one entry per polynomial. Opening-proof sizes exclude this separately reported evaluation vector; total
communication includes it. The effect on runtime and proof size cannot be attributed to input capacity alone.

The transform limit belongs to the selected configuration, not to FRI or STIR in general. We report
these native batched-univariate workloads rather than interpreting their timings as costs for the multilinear
statement.

Packed openings and omitted tensor-algebra reductions. The Binius64 and Flock adapters directly measure
openings of multilinear polynomials over F2128 . Binius64 generates native field elements; Flock generates the
same packed-field representation of its nominal bit input. For a target of 2b bits, both measured polynomials
have 2b−7 field elements and b−7 variables. Neither adapter measures the tensor-algebra reduction needed to
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convert an arbitrary evaluation claim about an original bit or binary-subfield polynomial into the packed-field
claims. This is the type of reduction discussed in Section 3.7, often called ring switching in the binary-field
PCS literature; it is distinct from our quotient-lift ring switching.

For example, packing 2b bits in groups of 128 changes the table length from 2b to 2b−7. An arbitrary
opening of the original b-variable bit polynomial is not simply an opening of this (b−7)-variable polynomial:
the original query weights vary within each packed group. The omitted reduction must account for those
weights. Its prover and verifier time, additional communication, and working memory are excluded from the
reported Binius64 and Flock results. The equality-weight work required by their native packed-field openings
remains included in the adapters’ opening measurements.

Query points and reusable public parameters are excluded from communication totals; the different point
dimensions still affect the computation.

Timing boundaries and input preparation. For SP1, the harness separately computes the expected evaluation
to check correctness, outside the timers; the opening timer includes producing the evaluation returned with
the proof. This avoids charging the prover for a second evaluation used only by the benchmark to check its
answer.

Plonky3 WHIR timings begin after construction of its native witness layout. For the measured single-
polynomial input, this constructor duplicates the input without changing its order. We retain this timing
boundary to measure commitment given the prepared native witness. The copy is an implementation choice,
not an inherent WHIR operation; at 235 nominal bits it creates an additional 4GiB array. Its construction
time is excluded, while its allocation contributes to process peak RSS. Its timing contribution has not been
measured separately.

The WorldFnd WHIR adapter transfers ownership of its input vector to the prover buffer and borrows
that buffer for evaluation. It therefore retains a single witness allocation rather than a redundant input copy.
These measurements use that adapter. Claim evaluation remains inside the opening timer; the ownership
transfer leaves the protocol parameters and proof-size accounting unchanged.

Security and parameters. Table 14 records the measured configurations. Targets follow each implementation’s
analysis and are not a common end-to-end security guarantee. The refreshed FRI, STIR, Binius64, WorldFnd,
and SP1 rows use their upstream benchmark or product profiles. In the STIR row, MCA means mutual
correlated agreement ; capacity specifies the list-decoding regime, while MCA is the agreement assumption
used in its soundness accounting. The row reports the upstream target under those assumptions.

Table 14: Security accounting and parameter provenance for the hash-PCS comparison. RBR denotes round-
by-round soundness, and UDR denotes unique decoding.

Scheme Configuration in current measurements Parameter source

Akita 128-bit Module-SIS and 128-bit classical-ROM transcript target;
planner-selected schedules

Native implementation

Plonky2 FRI Standard recursion profile: rate 1/8, 28 queries, 16 work bits; ∼100-bit
conjectural estimate

Native implementation

Plonky3 FRI Rate 1/2, 100 queries, 16 work bits; 113.7-bit random-words estimate Upstream benchmark profile
Plonky3 STIR Rate 1/2, fold 4 throughout; 100-bit capacity/MCA target Upstream benchmark profile
Plonky3 WHIR 128-bit RBR target; capacity decoding through log2 N = 26, then

unique decoding
Closest feasible upstream profile at
each size

Binius64 Rate 1/2, SHA-256; 96-bit UDR query target Product default
Flock Default Fast: rate 1/2, Johnson and two OOD checks, SHA-256;

128-bit RBR target
Native implementation

WorldFnd 128-bit RBR target, Johnson bound; rate 1/2, fold 4, BLAKE3 CLI defaults
SP1 100-bit target; rate 1/4, 124 queries, 16 work bits, stacking height 21 Product default

I Benchmark Methodology and Detailed Measurements

The measurements in Section 13 use the native interfaces and parameter profiles described in Appendix H.
This appendix records their software provenance, measurement procedure, and communication accounting.
The lattice results appear in Table 8 and Fig. 10; the hash results appear in Table 9 and Fig. 11. The detailed
hash tables below retain both prover thread counts and all input sizes, including separate communication,
memory, and reusable preprocessing measurements. The reproduction artifact records their provenance.
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I.1 Software and Measurement Procedure

The v0.1.0 release contains 16 workspace crates and approximately 248,000 lines of Rust across the libraries,
tools, tests, benchmarks, and examples [63].19

The standalone Akita implementation is the source snapshot supplied in the anonymous reproduction
artifact, with planner-selected dense schedules for p32 = 232 − 99, p64 = 264 − 59, and p128 = 2128 − 232 +
22537. The direct and recursive setup-offload configurations share this revision. Planning and independent
validation precede the measured online operations. Schedules using model-based response bounds retain the
completeness premise of Section 12.3; passing the validator does not replace that premise with a proved
honest-acceptance bound.

Both standalone comparisons use the raw observations supplied in the anonymous reproduction artifact.
Each displayed value is the median of ten measured observations after one warmup for its scheme, input
size, and thread count. Speedups are computed from unrounded medians. Each observation runs in a fresh
process. Greyhound uses revision 672e7410, with the security-parameterized sparse-ternary reference and
contextual wire encoding described in Section 13. RoKoKo uses revision 26d07c73, which includes the radix-
recomposition repair ba83b317. The current security qualifications are described in Appendix F.2; these
measurements do not characterize the earlier implementation error. Hachi has no implemented end-to-end
PCS in its public artifact and Grand Danois has no public runtime implementation, so neither is a timing
baseline.

Standalone builds enable native CPU instructions. Akita uses Rust 1.95; RoKoKo uses nightly Rust with
its native parameter features; Greyhound uses -O3 -flto=auto -march=native. The lattice harness disables
RoKoKo’s optional parallel-commitment feature and Greyhound’s selected parallel kernels. Commitment,
opening, and verification therefore use one thread in this comparison. The hash comparison measures one-
and eight-thread proving, with one-thread verification. Hardware and process-memory limits are given in
Section 13.

Measurement cohorts. The result artifact retains several separately recorded campaigns. The hash file con-
tains 1540 observations, including 140 warmups; the lattice file contains 220 observations, including 20
warmups. Unsupported and out-of-memory rows are explicit observations rather than successful measure-
ments. The hash comparison retains three cohorts: Plonky2 FRI, Plonky3 WHIR, and Flock; Plonky3
FRI/STIR, Binius64, SP1, and WorldFnd; and the six Akita field/offload profiles. The lattice compari-
son retains separate Greyhound/RoKoKo and Akita cohorts. The campaigns were not contemporaneous.
The reproduction manifest records source identities, build commands, executable and lockfile digests, and
the SHA-256 digest of each result file. A clean harness identity covers tracked files and nonignored source
files; ignored vendor checkouts are recorded separately through dependency pins and executable digests. The
implementation revisions for the hash baselines are listed in Table 15; their parameter profiles and timing
boundaries are specified in Appendix H.

Table 15: Implementation revisions for the hash-PCS measurements. The linked commits identify the exact
artifacts; security profiles are recorded separately in Table 14.

Implementation Revision

Plonky2 FRI e1c2d354

Plonky3 FRI and STIR 3da160d0

WHIR (Plonky3) 9d496524

Binius64 BaseFold 6e75a2d1

Flock Ligerito 43f0eee0

WHIR (WorldFnd) ProveKit 6481f961; WHIR 8804e80e

BaseFold (SP1) 0f2a1e13

19 We count source-file lines, including comments and blank lines, in the main workspace at release commit 029cece;
generated SIS tables and third-party dependencies are excluded.

https://github.com/LayerZero-Labs/greyhound-reference/commit/672e74100496f6ef698ba35e241cf7593e3d57af
https://github.com/lattice-arguments/rokoko/commit/26d07c73c54872b9e8d2b3200117a6a0a21b10ee
https://github.com/elliottech/plonky2/commit/e1c2d35450948b88fca6a7e69e2643c3ecad3caa
https://github.com/Plonky3/Plonky3/commit/3da160d09d1c6a878adaa5b339939fcdccda5d36
https://github.com/Plonky3/Plonky3/commit/9d496524560f3c699473906c6f50fca7cf343730
https://github.com/binius-zk/binius64/commit/6e75a2d1d2e716578ae3ccb62806413fb1615176
https://github.com/succinctlabs/flock/commit/43f0eee06d887d87ad25d72614cbc2b17fe91430
https://github.com/worldfnd/ProveKit/commit/6481f961fc78615811b9cbaa9aa2380f1f6703c9
https://github.com/worldfnd/whir/commit/8804e80e8e890d01bb585f2bd5e5b564ac0fd80d
https://github.com/succinctlabs/sp1/commit/0f2a1e1389747ac0dbee1c4d40243eed20baba86
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I.2 Inputs and Communication Accounting

For a nominal input target B = 2b, coefficient counts are N = 2b−5 for the approximately 32-bit fields, N =
2b−6 for 64-bit fields, and N = 2b−7 for 128-bit fields. RoKoKo uses native sets with N = 222, 224, 226, 228, 230

over an approximately 50-bit field; KoalaBear has about 31 bits, so its achieved capacities are slightly below
the nominal 32-bit targets. The opening field need not be the coefficient field. Appendix H specifies the
opening-point dimensions, equality-weight workloads, univariate batching, and omitted packing reductions.

The hash harness uses implementation-specific input and point samplers. Its Akita adapter samples
uniformly from each full coefficient field and the corresponding extension-field opening domain; WorldFnd
WHIR likewise uses uniform Goldilocks coefficients and cubic-extension opening points. Nominal committed
bits thus record field capacity rather than sampled entropy; the runs do not constitute a controlled comparison
across different fields and opening domains.

Akita’s commitment payload is 128 bytes. Its self-describing CommittedGroup carries approximately 214–
215 additional bytes of public profile and shape metadata, which the refreshed hash results report as excluded
verifier context. Hash communication totals include the commitment, the separately transmitted evaluation,
and the opening proof. Query points and reusable public parameters are excluded. Greyhound’s contextual
wire encoding excludes public u1 and the fold schedule, which are verifier context. A dash denotes an
unsupported input or an unavailable separate measurement; OOM denotes an input that did not complete
within the memory limit.

I.3 Jolt Measurement Artifact

The measured integration uses Jolt revision f09bbc1e3, Akita revision 69438de6, and dory-pcs 0.4.2. The
reproduction artifact retains all 72 runs, exact commands, hardware details, timings, and traces. Prover time
uses nanosecond root durations; proof size is the complete serialized Jolt proof, rather than only its PCS
component. Appendix E describes the integration.

https://github.com/a16z/jolt/commit/f09bbc1e34777e7ff2cb5b73c639460fd48695c4
https://github.com/LayerZero-Labs/akita/commit/69438de6cd8ce8ed7c9ebb21bdf60b813e8fcabc
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I.4 Detailed Hash-Based PCS Measurements

The following tables give the measurements from the hash cohorts described above. Timing columns distin-
guish commitment and opening with one or eight threads; verification uses one thread throughout. Fields
and coefficient counts follow the configurations in Appendix H. Rows marked (1) use batched univariate
FRI/STIR once log2N > 23; rows marked (2) use Plonky3 WHIR’s unique-decoding configuration.

Table 16: Hash PCS timings. Commit and open times are in seconds; verification is in milliseconds.

Bits committed Scheme
Commit
1 thr.

Commit
8 thr.

Open
1 thr.

Open
8 thr. Verify

227 Akita (p32) 0.0964 0.0204 0.999 0.255 7.6

227 Akita (p64) 0.0719 0.0189 0.602 0.172 5.7

227 Akita (p128) 0.126 0.0262 0.509 0.153 5.6

227 Plonky2 FRI 14.3 2.25 5.26 1.77 1.9

227 Plonky3 FRI 1.09 0.216 2.56 0.526 8.8

227 Plonky3 STIR 1.09 0.217 3 0.696 3.6

227 WHIR (Plonky3) 0.089 0.0239 0.494 0.113 1.7

227 Binius64 BaseFold 0.0378 0.00724 0.0135 0.00692 0.5

227 Flock Ligerito 0.0342 0.00631 0.101 0.0233 1.3

227 WHIR (WorldFnd) 0.382 0.0662 2.18 0.345 1.0

227 BaseFold (SP1) 2.24 2.09 3.35 3.35 25.8

229 Akita (p32) 0.333 0.0519 1.53 0.359 9.2

229 Akita (p64) 0.229 0.0406 1.03 0.261 8.2

229 Akita (p128) 0.435 0.0703 0.86 0.198 6.5

229 Plonky2 FRI 57.2 9.02 21 7.21 2.3

229 Plonky3 FRI(1) 2.38 0.491 5.13 1.04 9.6

229 Plonky3 STIR(1) 2.37 0.487 5.95 1.42 3.8

229 WHIR (Plonky3) 0.368 0.11 8.93 1.51 1.9

229 Binius64 BaseFold 0.161 0.0401 0.0516 0.0252 0.7

229 Flock Ligerito 0.116 0.0317 0.416 0.0922 1.4

229 WHIR (WorldFnd) 1.73 0.299 9.3 1.45 1.0

229 BaseFold (SP1) 2.96 2.91 3.42 3.36 25.8

231 Akita (p32) 1.24 0.172 2.7 0.549 12.7

231 Akita (p64) 0.816 0.125 1.88 0.409 10.3

231 Akita (p128) 2.26 0.328 2.19 0.438 10.6

231 Plonky2 FRI 239 38.4 84.7 29.6 2.5

231 Plonky3 FRI(1) 2.7 0.669 5.12 1.04 9.7

231 Plonky3 STIR(1) 2.7 0.671 5.94 1.4 4.0

231 WHIR (Plonky3) 1.5 0.476 37.8 6.25 2.1

231 Binius64 BaseFold 0.686 0.214 0.209 0.1 0.8

231 Flock Ligerito 0.574 0.124 1.42 0.3 1.1

231 WHIR (WorldFnd) 7.56 1.31 39.8 6.26 1.2

231 BaseFold (SP1) 5.33 5.34 3.54 3.42 26.3

233 Akita (p32) 6 0.8 6.6 1.19 21.1

233 Akita (p64) 6.7 0.942 4.5 0.834 17.5

233 Akita (p128) 4.8 0.736 4.41 0.768 15.4

233 Plonky2 FRI OOM OOM OOM OOM OOM

233 Plonky3 FRI(1) 5.35 1.56 5.26 1.06 9.8

233 Plonky3 STIR(1) 5.36 1.56 6.1 1.42 3.9

233 WHIR (Plonky3)(2) 4.96 1.63 26.4 7.77 10.0
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Table 16 (continued)

Bits committed Scheme
Commit
1 thr.

Commit
8 thr.

Open
1 thr.

Open
8 thr. Verify

233 Binius64 BaseFold 2.88 1.08 0.784 0.385 1.0

233 Flock Ligerito 1.86 0.583 5.7 1.21 1.7

233 WHIR (WorldFnd) 33.7 5.73 174 27.1 1.2

233 BaseFold (SP1) 18.7 18.7 4.05 3.88 27.4

235 Akita (p32) 24.2 3.46 16.1 2.71 32.6

235 Akita offload (p32) 24.2 3.46 18.4 3.01 15.9

235 Akita (p64) 26.3 3.77 10.4 1.78 21.1

235 Akita offload (p64) 26.3 3.77 11.8 2.03 14.7

235 Akita (p128) 18.7 2.89 12.2 1.87 24.1

235 Akita offload (p128) 18.6 2.88 12.1 2.01 12.2

235 Plonky2 FRI OOM OOM OOM OOM OOM

235 Plonky3 FRI(1) 18.2 5.89 6.53 1.24 10.2

235 Plonky3 STIR(1) 18.2 5.89 7.34 1.6 4.3

235 WHIR (Plonky3)(2) 16.6 5.53 28.8 8.38 11.4

235 Binius64 BaseFold 12.1 5.01 2.93 1.41 1.1

235 Flock Ligerito 9.73 2.38 23.6 5.21 1.7

235 WHIR (WorldFnd) 146 24.7 765 117 1.4

235 BaseFold (SP1) 67.8 67.7 6.04 5.51 32.0

Table 17: Hash PCS communication. Total is the serialized commitment, separately transmitted evaluation,
and opening proof; KB denotes 1000 bytes.

Bits committed Scheme
Commitment

(B)
Proof
(KB)

Total
(KB)

227 Akita (p32) 128 61.3 61.5

227 Akita (p64) 128 65.8 65.9

227 Akita (p128) 128 65.7 65.9

227 Plonky2 FRI 520 88.0 88.5

227 Plonky3 FRI 32 462.2 462.2

227 Plonky3 STIR 34 177.8 177.8

227 WHIR (Plonky3) 32 91.4 91.4

227 Binius64 BaseFold 32 308.6 308.7

227 Flock Ligerito 4136 408.9 413.0

227 WHIR (WorldFnd) 56 196.6 196.7

227 BaseFold (SP1) 32 1179.4 1179.5

229 Akita (p32) 128 61.8 61.9

229 Akita (p64) 128 66.2 66.4

229 Akita (p128) 128 66.6 66.7

229 Plonky2 FRI 520 106.5 107.0

229 Plonky3 FRI(1) 32 512.3 512.4

229 Plonky3 STIR(1) 34 190.4 190.5

229 WHIR (Plonky3) 32 103.4 103.4

229 Binius64 BaseFold 32 390.4 390.4

229 Flock Ligerito 4136 340.8 345.0

229 WHIR (WorldFnd) 56 221.6 221.6

229 BaseFold (SP1) 32 1182.5 1182.6
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Table 17 (continued)

Bits committed Scheme
Commitment

(B)
Proof
(KB)

Total
(KB)

231 Akita (p32) 128 63.1 63.2

231 Akita (p64) 128 66.7 66.8

231 Akita (p128) 128 68.3 68.5

231 Plonky2 FRI 520 117.6 118.1

231 Plonky3 FRI(1) 32 520.7 520.9

231 Plonky3 STIR(1) 34 192.4 192.6

231 WHIR (Plonky3) 32 113.6 113.6

231 Binius64 BaseFold 32 472.8 472.9

231 Flock Ligerito 4136 494.6 498.8

231 WHIR (WorldFnd) 56 256.9 256.9

231 BaseFold (SP1) 32 1194.8 1194.9

233 Akita (p32) 128 64.5 64.6

233 Akita (p64) 128 67.6 67.8

233 Akita (p128) 128 68.9 69.0

233 Plonky2 FRI OOM OOM OOM

233 Plonky3 FRI(1) 32 528.6 529.3

233 Plonky3 STIR(1) 34 200.5 201.2

233 WHIR (Plonky3)(2) 32 590.6 590.7

233 Binius64 BaseFold 32 569.4 569.5

233 Flock Ligerito 4136 524.8 529.0

233 WHIR (WorldFnd) 56 281.5 281.5

233 BaseFold (SP1) 32 1244.0 1244.0

235 Akita (p32) 128 64.6 64.7

235 Akita offload (p32) 128 67.3 67.5

235 Akita (p64) 128 68.5 68.6

235 Akita offload (p64) 128 71.8 72.0

235 Akita (p128) 128 69.1 69.3

235 Akita offload (p128) 128 72.0 72.1

235 Plonky2 FRI OOM OOM OOM

235 Plonky3 FRI(1) 32 570.2 572.8

235 Plonky3 STIR(1) 34 233.5 236.1

235 WHIR (Plonky3)(2) 32 690.9 690.9

235 Binius64 BaseFold 32 666.7 666.8

235 Flock Ligerito 4136 570.5 574.6

235 WHIR (WorldFnd) 56 317.4 317.5

235 BaseFold (SP1) 32 1440.6 1440.6

Table 18: Hash PCS memory and reusable setup. RSS includes the dense polynomial; state is persistent
preprocessing storage.

Bits committed Scheme

RSS (GiB)

1 thr.

RSS (GiB)

8 thr.

Prep.

(s)
State
(GiB)

227 Akita (p32) 0.129 0.137 0.0081 0.0020

227 Akita (p64) 0.122 0.131 0.0108 0.0028

227 Akita (p128) 0.125 0.14 0.0174 0.0049

227 Plonky2 FRI 2.79 2.79 0.0000 0.0000
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Table 18 (continued)

Bits committed Scheme

RSS (GiB)

1 thr.

RSS (GiB)

8 thr.

Prep.

(s)
State
(GiB)

227 Plonky3 FRI 1.75 1.75 0.0268 unknown

227 Plonky3 STIR 1.41 1.41 0.0267 unknown

227 WHIR (Plonky3) 0.179 0.178 0.0013 unknown

227 Binius64 BaseFold 0.0917 0.0914 0.0040 unknown

227 Flock Ligerito 0.0912 0.0912 0.0001 0.0000

227 WHIR (WorldFnd) 0.174 0.181 0.0002 0.0000

227 BaseFold (SP1) 1.33 1.33 0.0001 unknown

229 Akita (p32) 0.254 0.262 0.0083 0.0020

229 Akita (p64) 0.22 0.232 0.0162 0.0044

229 Akita (p128) 0.216 0.228 0.0206 0.0059

229 Plonky2 FRI 11.2 11.2 0.0000 0.0000

229 Plonky3 FRI(1) 3.57 3.57 0.0588 unknown

229 Plonky3 STIR(1) 2.88 2.88 0.0616 unknown

229 WHIR (Plonky3) 0.703 0.703 0.0054 unknown

229 Binius64 BaseFold 0.357 0.357 0.0164 unknown

229 Flock Ligerito 0.373 0.372 0.0002 0.0000

229 WHIR (WorldFnd) 0.685 0.72 0.0002 0.0000

229 BaseFold (SP1) 1.56 1.56 0.0001 unknown

231 Akita (p32) 0.695 0.704 0.0199 0.0049

231 Akita (p64) 0.486 0.501 0.0212 0.0059

231 Akita (p128) 0.811 0.833 0.0526 0.0156

231 Plonky2 FRI 44.6 44.6 0.0000 0.0000

231 Plonky3 FRI(1) 3.94 3.94 0.0584 unknown

231 Plonky3 STIR(1) 3.25 3.25 0.0619 unknown

231 WHIR (Plonky3) 2.8 2.8 0.0277 unknown

231 Binius64 BaseFold 1.42 1.42 0.0666 unknown

231 Flock Ligerito 1.37 1.37 0.0002 0.0000

231 WHIR (WorldFnd) 2.73 2.85 0.0002 0.0000

231 BaseFold (SP1) 2.5 2.5 0.0001 unknown

233 Akita (p32) 1.38 1.39 0.0384 0.0098

233 Akita (p64) 1.5 1.53 0.0539 0.0156

233 Akita (p128) 1.58 1.61 0.104 0.0313

233 Plonky2 FRI OOM OOM OOM OOM

233 Plonky3 FRI(1) 5.44 5.44 0.0618 unknown

233 Plonky3 STIR(1) 4.75 4.75 0.0616 unknown

233 WHIR (Plonky3)(2) 9.6 9.6 0.0633 unknown

233 Binius64 BaseFold 5.67 5.67 0.265 unknown

233 Flock Ligerito 5.41 5.42 0.0002 0.0000

233 WHIR (WorldFnd) 10.9 10.9 0.0002 0.0000

233 BaseFold (SP1) 6.25 6.25 0.0001 unknown

235 Akita (p32) 4.69 4.71 0.0745 0.0195

235 Akita offload (p32) 4.71 4.74 0.442 0.0313

235 Akita (p64) 4.83 4.9 0.107 0.0313

235 Akita offload (p64) 4.87 4.95 0.452 0.0313

235 Akita (p128) 5 5.05 0.204 0.0625

235 Akita offload (p128) 5.06 5.15 0.819 0.0625

235 Plonky2 FRI OOM OOM OOM OOM
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Table 18 (continued)

Bits committed Scheme

RSS (GiB)

1 thr.

RSS (GiB)

8 thr.

Prep.

(s)
State
(GiB)

235 Plonky3 FRI(1) 12.2 12.2 0.0603 unknown

235 Plonky3 STIR(1) 12.2 12.2 0.0594 unknown

235 WHIR (Plonky3)(2) 17.1 17.1 0.0628 unknown

235 Binius64 BaseFold 22.7 22.7 1.02 unknown

235 Flock Ligerito 21.6 21.7 0.0002 0.0000

235 WHIR (WorldFnd) 43.4 43.4 0.0002 0.0000

235 BaseFold (SP1) 21.3 21.3 0.0001 unknown
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